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ELECTRONIC STRUCTURE OF QUANTUM DOTS

ABSTRACT

In this thesis, an efficient method for reducing the computational effort of
variational calculations with Hylleraas-like wavefunctions is introduced. The
method consists in introducing integral transforms for the terms as 7%, exp (—A7y3)
arising out from the explicitly correlated wavefunctions. Introduced integral
transforms provide the calculation of expectation value of energy and the related
matrix elements to be done analytically over single-particle coordinates instead of

Hylleraas coordinates.

We have applied the method to calculate the ground state energies of different
types of two-particle systems (atomic systems and artificial atoms). The first
application of the present method has been done on atomic two-particle systems.
The ground state energies of helium and a few helium-like ions with nuclear
charge Z = 1 — 6 were computed by four-parameters wavefunction, satisfying
the boundary conditions for coalescence points and combined with Hylleraas-like
basis set. To further the investigation of the applicability of the method, we
have studied the ground state energies of electron-hole pair and two electrons
in zero-dimensional semiconductor systems. The effects of quantum confinement
on the ground state energy of a correlated electron-hole pair in a spherical and
in a disk-like quantum dot have been investigated as a function of quantum dot
size. Moreover, under parabolic confinement potential and within effective mass
approximation, size and shape effects of quantum dots on the ground state energy

of two electrons have been studied.

The results show that, the method proposed in this thesis provides
powerful tool to obtain the ground state energy of two-particle systems. With a
properly chosen trial wavefunctions, variational determination of the ground state
energy of two-particle systems were achieved without time-consuming numerical
calculations. The results of calculations even with a small number of basis sets

are in good agreement with previous theoretical works given in literature.

Keywords: quantum dot, exciton, Hylleraas basis, Ritz’s method



KUANTUM NOKTALARIN ELEKTRONIK YAPISI

oY/

Bu tezde, Hylleraas-benzeri deneme dalgafonksiyonlarimi kullanan
varyasonel hesaplamalardaki sayisal ugrasilari azaltmak icin etkin bir yontem
sunulmaktadir. Yontem, acikca baglantili olan dalgafonksiyonlarindan ortaya
cikan r¥, exp (= rp) gibi terimler igin integral doniigiimlerinin takdim edilmesine
dayanmaktadir. Sunulan integral temsilleri, enerjinin beklenen degerinin ve
ilgili matris elemanlarimin  Hylleraas koordinatlar1 yerine tek-parcgacik

koordinatlari iizerinden analitik olarak hesaplanabilmesini saglamaktadir.

Bu yontemi farkli tipte iki-pargacikli sistemlerin (atomik sistemler ve
yapay atomlar) taban durum enerjilerini hesaplamak i¢in uyguladik. Sunulan
yontemin ilk uygulamasi iki-parcacikli atomik sistemler iizerine gerceklenmistir.
Cekirdek yikii Z7 = 1 — 6 olan Helyum ve birka¢ helyum-benzeri iyonlarin
taban durum enerjileri, birlesim noktalarinda smir kosullarini saglayan ve
Hylleraas benzeri baz seti ile birlestirilmis dort-parametreli dalgafonksiyonu
kullanarak hesaplanmigtir. Yontemin uygulanabilirligi iizerindeki incelemeleri
daha ileri gotiirmek icin sifir boyutlu yariiletken sistemlerdeki elektron-desik cifti
ve iki elektronun taban durum enerjisini inceledik. Kuantum kugatmanin kiiresel
ve disk-benzeri kuantum noktasindaki korele elektron-degik ciftinin taban durum
enerjisi tizerindeki etkileri, kuantum noktanin biiyiikliigiiniin fonksiyonu olarak
aragtirilmistir.  Ayrica parabolik hapsetme potansiyeli altinda ve etkin kiitle
yaklagimi igerisinde, iki elektronun taban durum enerjisi tizerindeki kuantum

noktanin biiyiikliik ve bigim etkileri incelenmigtir.

Sonuglar, bu calismada onerilen yontemin iki-parcacikli sistemlerin taban
durum enerjisinin elde edilmesi igin giiclii bir ara¢ oldugunu gostermektedir.
Secilen uygun deneme dalgafonksiyonu ile iki-pargacikl sistemlerin taban durum
enerjisinin varyasyonel belirlenmesi zaman alan ntimerik hesaplar kullanmaksizin
gergeklenmektedir. Sonuglar, az sayida baz seti ile bile, literatiirde verilen daha

onceki teorik ¢aligmalarla uyum icindedir.

Anahtar sozciikler: kuantum nokta, ekziton, Hylleraas bazi, Ritz’s yontemi
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CHAPTER ONE
INTRODUCTION

“A journey of a thousand miles starts with one single step...”

An old Buddhist saying

In the rapidly expanding field of nanotechnology, semiconductor quantum
dots have proven to be a fascinating laboratory to observe interesting phenomena
with profound implications on the basic solid state physics and great potential for
application in future technology (Masumoto, & Takagahara, 2002; Bellucci, 2005;
Michler, 2003; Jacak, Hawrylak, & Wojs, 1998). They have dimensions from
nanometers to a few microns and contain a controlled number of electrons,
typically from one to several thousands. The tunable shape, size, and
electron number of these “artificial atoms”, as well as their pronounced
electron-electron correlation effects, make them excellent objects for studying

various many-electron phenomena.

The aim in this work is to study the electronic structure and the correlation
picture in regimes of parabolically confining spherical quantum dot
potential. In general the calculation of the electronic structure of a system of
many electrons cannot be solved exactly. Variational methods are
powerful tool for studying the Coulomb-three body bound-state problems. This
well-known and effective method builds very accurate solutions of the Schrodinger
equation and has numerous applications in many field of physics. Approximate
calculations based on basis sets are standard practice. The approach using basis
sets, which has been adopted in this work, usually has an advantage of analytical
calculation of the required single- and double-electron integrals. The disadvantage

in the approach however is the incompleteness of the desired basis set.



In this work, we proposed an efficient method for reducing the
computational effort of wvariational calculation with  Hylleraas-like
trial wavefunction. The method consists in introducing integral transforms for
the terms as 7%, exp(—Aryp). This leads to the significant simplification of the

calculation of expectation value of energy and the related matrix elements.

For this study two-electron atomic systems have been used as starting point of
the method adopted here.  Numerical calculations for the ground state
energies for Helium-like ions with the nuclear charge up to Z = 6 have been
performed. Relatively simple wavefunction for obtaining the ground state energy
of two-electron atoms is constructed in terms of exponential and power series.
In order to fulfill conditions for coalescence points special care is taken. Our
work, with low number of parameters, is based on modifying and extending the
wavefunction proposed by (Bhattacharyya, Bahttacharyya, Talukdar, & Deb,
1996) with Hylleraas-like basis set to get improved accuracy than the work done by
them for He atom and apply the same wavefunction for He-like ions. Variational
parameters for improved versions of ground state wavefunction have been

determined.

The present work also focuses on calculation of ground state energies of
two-particle systems, electron-electron pair and correlated electron-hole pair, in
spherically and cylindrically symmetric quantum dots subjected to isotropic
harmonic potential. Within the framework of Ritz’s variational approach and
effective-mass approximation, trial wavefunctions constructed by extending the
harmonic oscillator basis to the fully correlated Hylleraas-like one have been
used as a trial functions. The basic assumptions here is that charge carriers are
subjected to the unscreened confining potential and distortion of Coulomb
interaction formed due to the difference between dielectric constants of quantum

dot and matrix material is neglected.



A two-particle quantum dot is first nontrivial case of many particle systems.
Analytical and approximate solutions for the two-electron quantum dot
problem have been reported. The harmonic oscillator potential has been
extensively used as a model potential for real quantum dots in the
calculation of the energies of low lying states (Halonen, Chakraborty,
& Pietilainen, 1992; Elsaid, 2002; Zhu, Li, Yu, Ohno, & Kawazoe, 1997; Xie, 2000;
Pino, & Villalba, 2001; Harju, Siljamaki & Nieminen, 2002; Ciftja, & Kumar,
2002). In the second and third stage of the present work, benefits derived from
explicitly correlated wavefunction and analytical convenience provided by the
profile of confining potential have been used. The harmonic oscillator model has
of course undeniable merits with regard to the analytic form of the one-particle
energies and wavefunctions and assistance to the analytical calculation of the
matrix elements when expanded in basis of harmonic oscillator functions (Kimani,
2008). This is particularly convenient for the calculation of the
integrations over single-particle coordinates. The effects of quantum
confinement and many-body interactions on the ground state energies of

semiconductor quantum dots are investigated.

Optical properties of three-dimensionally confined electrons and holes in
semiconductor quantum dots have been extensively studied in recent years from
the interest in the fundamental physics of finite systems as well as in their
potential use as efficient nonlinear optical and laser materials
(Masumoto, & Takagahara, 2002). The interaction between confined electrons
and holes is more effective than their bulk counterparts and confined exciton
binding energy is enhanced. In the present work the size and shape effects on the

ground state energy for parabolically confined heavy- and light-hole excitons in

QDs have been studied.

This work is organized as follows: In Chapter 2 we give a brief overview of

quantum dots and their fabrication techniques. We present the fundamental



electronic structure methods and explicitly correlated wavefunctions in Chapter
3. Chapter 4 is devoted to introduce the method and formalism used in this
work. Application of the method and results obtained for the systems with two
-distinguishable and -indistinguishable particles is given in Chapter 5. A short

concluding chapter summarizes our findings.



CHAPTER TWO
QUANTUM DOTS

2.1 Artificial Atoms: An overview

Bulk crystalline semiconductors started a new era in the development of
science and technology. Their optical and electronic properties constitute the
basis of an entire industry including electronics, telecommunications,
microprocessors, computers and many other components of modern technology.
Further innovation was brought by reducing the semiconductor’s spatial
dimensions, leading to huge enhancement in their optical nonlinearities due to
confinement of the carriers (Babocsi, 2005). A semiconductor heterostructure
is called to be of reduced dimensionality, when the motion of at least one type
of charge carriers is confined in at least one direction within a spatial extent
comparable to the de-Broglie wavelength of the carriers. The carriers
momentum in that direction is quantized and its energy spectrum is given by
the discrete solutions of the Schrbodinger equation, the eigenenergies. As a
consequence the carrier has a non-vanishing minimum kinetic energy, the quantum
confinement energy. For confinement in one, two, and three dimensions the
expressions quantum well (QW), quantum wire (QWR) and quantum dot (QD)

have been established, as shown in Figure 2.1.

Semiconductor quantum dots (QDs) are very small three-dimensional (3D)
artificial semiconductor based structures whose dimension ranges from
nanometers to tens of nanometers in  all  three  directions
(Mlinar, 2007; Masumoto, & Tagahara, 2002). Their confinement, smaller than
de Broglie wavelength in semiconductors, leads to a discrete energy spectrum and
a delta function atomic-like density of states, which enables the analogy with real

atoms.
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Figure 2.1 Density of states of the bulk, quantum well, quantum wire, and
quantum dot.
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Therefore, QDs are often referred to as artificial atoms although
containing from 103 to 10° atoms. Furthermore, the coupling between QDs to
obtain new functional units, leads to a formation of quantum dot molecules
(Michler, 2003). With respect to to system sizes, these structures are intermediate
between molecular and bulk systems so the structure of dot shows both

molecular and bulk features (Kouwenhoven, Austing, & Tarucha, 2001).

The interior of the quantum dot contains a crystal structure which
resembles a bulk crystal. However, the periodicity of the crystal is violated near
the dot surface before the dot size reaches an infinite volume limit. The electronic
properties of QDs show many analogies with those of atoms; the most
relevant is their discrete energy spectrum resulting from confinement: electrons
and holes occupy discrete quantum levels, similarly to the physical situation in
atoms (Bellucci, 2005). A characteristic quantity for QDs is the addiction energy,
analogous to the ionization energy of an atom, which is the energy required to
add or remove one electron from the dot. The addiction energy is a finite quantity,
experimentally measurable injecting carriers one by one on to the QD in
Single-Electron Tunnelling Spectroscopy (SETS) or capacitance experiments
(Kouwenhoven et al., 2001; Reusch, 2003). Shell structure for the correlated

electron system, magic numbers, singlet-triplet transitions and fine corrections to



the energy due to exchange interactions (Hund’s rule) (Bellucci, 2005).

However, quantum dots show important differences with respect to natural
atoms: for example in QDs the number of charge carriers N is tunable starting
from N = 0, and the characteristic lengths of the system corresponding to
external confinement potential, electron-electron interaction, and an applied
magnetic field are of comparable size. Even if electrons are free to move in a
quantum dot, the mass of electrons is different from a free electron mass due to the
surrounding host semiconductor material (Helle, 2006). Usually the
electrons in the QD devices can be described with an effective-mass
approximation. Some of these factors are favorable to explore the
fundamentals of few-body interacting systems: for example, the relatively large
dimensions of QDs make that experimentally accessible magnetic field regimes
(up to s 20 T') correspond to regimes of the order 106 T for real atoms. Therefore,
applying external fields generated by standard laboratory sources,
transitions never observed in the spectra of natural atoms can be seen in the
artificial ones (Siljamaki, 2003). Moreover, due to the increased role of
electron-electron interactions, these systems exhibit new physics which has no
analogue in real atoms. In addition to the fact that QDs are excellent
laboratory  to  investigate the  properties of few-body  strongly
interacting systems, the basic technological motivation to study QDs is that
smaller electronic components should be faster and may also dissipate less heat;
besides, quantum-mechanical effects are so important in such systems that devices
with fundamentally new properties could be obtained. In this perspective relevant
examples are single-electron transistors, or micro-heaters and micro-refrigerators
based on thermoelectric effects. Otherwise, since QDs absorb and emit light in a
very narrow spectral range, they might find application in the realization of more
efficient and more controllable semiconductor lasers. The strong quantization of
electron energy, with parameters suitable for laser action, will probably allow

QD-based lasers to operate at higher temperatures and lower injection currents



(Bellucci, 2005; Mlinar, 2007). The small dimensions and the possibility of dense
packing of QD matrices could also permit them to be used for computer memory
media of huge capacity; furthermore, recent advances in nanoscale fabrication
techniques have raised hopes for the possible realization of QD-based scalable
quantum computing devices. Indeed, the demonstration of spin effects in QDs
and the unusually long spin dephasing times make the electron spin in QDs a
natural candidate for the quantum bit (qubit), the fundamental unit of quantum
information processing. Some years ago, in a famous proposal, it have been shown
that spin qubits in QDs satisfy all requirements for realizing a scalable quantum

computer (Rasanen, 2004; Saarikoski, 2003).

The optical excitation of quantum dots is a process of creating electron-hole
pairs in the quantum dots. The created electron-hole pair forms a bound state due
to the attractive Coulomb interaction between the electron and hole. The bound
state is called an exciton. To create excitons requires meeting two conditions.
First, a photon energy of an optical excitation source should match the energy
required to create an exciton due to the conservation of energies. Second, the
total angular momentum of an exciton should be the same as that of an absorbed
photon, i.e. one, due to the conservation of angular momenta. Therefore, the
measurement of the response of quantum dots to the optical excitation such as
absorption and emission measurements reveals the exciton level structures of the

dots.

The energy band structure forms the basis of understanding the most
optical properties of semiconductors. The conditions for a mnanocrystal
to be considered as a quantum dot are related to their spatial dimensions. From
the theoretical point of view, the ground state property of an electron and hole
confined in nanocrystal poses a fundamental problem of quantum mechanics: The
competition between the attractive Coulomb force and the repulsive

confinement force gives rise to a distinct size-dependent change of motional state



of the electron-hole pair. This is in contrast to the electron system with
repulsive interaction alone, where the main concern is the occurrence of shell
structures and the emergence of collective movements
(Uozumi, & Kayanuma, 2002). It can be readily inferred that there are two
limiting situations according to the ratio of characteristic length R indicating the
size of the nanocrystal to the effective Bohr radius a} of the exciton in the bulk
material. In the limit R/a’ > 1, the exciton can be envisaged as a quasiparticle
moving around the quantum dot with only little energy increment due to
confinement (Marin, Riera, & Cruz, 1998). In opposite limit R/a® < 1, the
confinement effect dominates and the electron and hole should be viewed as in-
dividual particles predominantly in their respective lowest eigenstate of quantum
dot with only little spatial correlation between them (Kayanuma, 1988). In this
regime (called the strong-confinement regime), the exciton in the quantum dot

feels the boundary effects strongly.

2.2 Fabrication Techniques

Various techniques have been developed to obtain QDs, leading to systems

with different shape and characteristics (Figure 2.2).

Figure 2.2 Scanning electron micrographs of quantum dot pillars with various
shapes. The pillars have widths of about 0.5 um. (from Ref. Kouwenhoven et
al. (2001))
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The reliable production of QDs offers outstanding opportunities for optical
and electronic technologies as well as the development of new technologies. First
attempts to produce QD systems with sufficient optical quality were based on
conventional post-growth lithography and etching methods or epitaxy on
patterned substrates. The main problem with these techniques are introduction
of interface damages and impurities, and relatively poor resolution of post-growth
lithography methods. The more successful techniques are based on in-situ growth
of self-assembled QDs, where nucleation at desired sites is promoted introducing
nonplanar features or strained patterns. In general, demands in the fabrication
of QD systems are ranging from precise position control i.e. to achieve ordered
QD systems, or tailored optical emission and absorption, to effective integration
with photonic devices such as optical cavities, waveguides, and photonic crystals.
In what follows, we briefly introduce various techniques used in QD fabrication

without going into the details.

2.2.1 Lithographic Techniques

Method frequently used to create quantum confinement in a semiconductor
heterostructure is the lithographic patterning of gates (Figure 2.3), i.e. nanoscale
electrodes are created on the surface of a heterostructure (Mlinar, 2007). The
widely used lithographic techniques are: optical lithography and holography,
X-ray lithography, electron and focused ion beam lithography, and scanning
tunnelling microscopy. The application of appropriate electric voltages over the
electrodes then produces a suitable confining potential, thus creating areas where
electrons have been pushed away at desired locations (depletion areas).
The typical size of this kind of dot, with currently available lithographic
techniques, is generally large (Bellucci, 2005). These quantum dots are better

suited to electrical rather than optical manipulation (Bianucci, 2007).
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Figure 2.3 Schematic diagram of a semiconductor
heterostructure. The dot is located between the two
AlGaAs tunnel barriers(from Ref. Kouwenhoven et
al. (2001)).

2.2.2 Epitaxial Growth

Epitaxial growth techniques are currently the best choice to grow high-quality
crystalline films. Molecular Beam Epitaxy, in particular, is noted for its ability
to grow crystalline materials one atomic layer at a time and is predominantly
used to make nanostructures such as Quantum Wells (QW), where a thin layer (a
few nm high) of a low bandgap semiconductor sits between two layers of a higher
bandgap one (Bianucci, 2007). MOCVD is a chemical vapour deposition method
of epitaxial growth of materials, especially compound semiconductors from the
surface reaction of metalorganics compounds or metal hydrides containing the
required chemical elements. In contrast to MBE, the growth of crystals is by
chemical reaction and not physical deposition, where formation of the epitaxial
layer occurs by final pyrolisis of the constituent chemicals at the substrate surface

(Mlinar, 2007).
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Self-assembled quantum dots

When growing epitaxial layers of a material on top of a substrate with a
different lattice constant, the mismatch causes strain that accumulates as the
material is deposited. When the crystal thickness exceeds certain value, a
significant strain is accumulated in the layer which leads to the break-down of such
an ordered structure and to the spontaneous creation of randomly distributed
islands of regular shape and similar sizes (Mlinar, 2007). The growth conditions,
the misfit of the lattice constants (strain) and the growth temperature determine
the form of self assembled dots, which, for example, can be pyramidal, disk shaped
or lens shaped. Self-assembled QDs are the best candidates to realize lasers and

to perform photoluminescence spectroscopy (Bellucci, 2005).



CHAPTER THREE
THEORETICAL BASIS

3.1 Motivation

Computational physics is based on theoretical models describing the
interactions between particles in specific material.  Different models vary
significantly in their accuracy and computational cost, both of which are
important factors to be considered when modeling is undertaken (Lehtonen,
2007). Some models include all electrons explicitly, others consider particles
classically. To choose the right model for a particular problem is not always
straightforward, and often different models yield complimentary information.
However, more often the computational resources are the limiting factor in

determining which model can be used.

The aim of all electronic structure methods is to solve the Schrodinger

equation. Usually the solution is obtained within some well defined
approximations. There are two main approaches to describe electronic
structure of systems: the wavefunction and density based methods

(Kohanoff, 2006). In the wavefunction based methods an approximation for the
actual wavefunction is constructed and the structural properties are calculated
based on it. In the other approach the electron density is taken as the fundamental

variable.

In the following the most common electronic structure methods are described.
Some of the methods are described, not because they are applied in this work, but
to provide a consistent overview on available methods and to show the similarities

and differences between the methods.

13
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The time independent Schrédinger equation for a system of N particles

interacting via the Coulomb interaction is (Kent Thesis)

A

HY(i, 7y, . TN, 01,09, ...,0n) = EV(F, 7, ...,rN, 01,09, ..., ON)

where

N
H= V(7

> (o V) L g
and ¥ is an N-body wavefunction. 7 denotes spatial positions of particles and
V(r) the external potential applied to the individual particles. FE denotes the
energy of either the ground or an excited state of the system. The solutions

to the above equation would provide a detailed theoretical description of multi

electron quantum dots, in particular, their energy structures.

If the electrons were assumed to not interact with each other, the above
equation could be reduced to a single electron Schrodinger equation which can be
solved by any method. These electrons would then sequentially fill the
single electron energy levels starting from the lowest state according to the Pauli’s
exclusion principle. The total energy of a multi-electron quantum dot would be

a simple sum of the energies of individual electron in the quantum dot.

However, the Coulomb interactions between the electrons are significant,
especially when they are comparable with the confinement potential imposed
by external electrods, and therefore cannot be ignored. Several computational
schemes have been developed to deal with the interacting electrons in quantum
mechanically confined systems, such as atoms and molecules. These methods
have been extended to study the electronic structure of quantum dots and other

nanosystems. Their strengths and limitations are reviewed in this section.
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3.2 The Born-Oppenheimer Approximation

A common and very reasonable approximation used in the solution of
Schrodinger equation is the Born-Oppenheimer Approximation. In a system of
interacting electrons and nuclei there will usually be little momentum transfer
between the two types of particles due to their greatly differing masses. The
forces between the particles are od similar magnitude due to their similar charge.
If one then assumes that the momenta of the particles are also similar, then the
nuclei must have much smaller velocities than the electrons due to their far great
mass. On the time-scale of nuclear motion, one can therefore consider the elec-
trons to relax to a ground state given by the Hamiltonian written above with the
nuclei at fixed locations (Saarikoski, 2003). This separation of the electronic and

nuclear degrees of freedom is known as the Born-Oppenheimer Approximation.

3.3 Effective-Mass Approximation

The effective-mass approximation models a single-particle Hamiltonian with
the dispersion relations of bulk bands near the minimum and maximum. The
kinetic energy of the single-particle Hamiltonian is described by replacing a bare
electron mass with an effective mass (Saarikoski, 2003). The effective mass m*
is obtained from the band curvature near the minimum and maximum when the

dispersion relation E(k) of the band is given:

11 PE(k)

m*  h? Ok? |,

(3.3.1)

In the simplest case where the coupling between the lowest conduction and the

highest valence bands is negligible, the effective Hamiltonians of low-lying electron
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and hole levels in quantum dots can be separately written as

. h -
H, = o V2 4+ V. (r) + E,, (3.3.2)
. R,
H, = — Vi .3.
h 2m}iv + Vi(r), (3.3.3)

where m} and m; are the electron and hole effective masses. E, is a bulk band
gap, i.e. the energy difference between the bottom of the lowest conduction band
and the top of the highest valance band. The confinement of the quantum dot is
imposed in the potential V (r).

The single-band effective-mass approximation can be improved by including
more bands and by allowing couplings between different bands. Since the
Hamiltonian is constructed based on the parabolic dispersion relations of bands
near [', this approximation is valid only if relevant bands near I' can be
approximated as parabolic curves, and relevant properties are attributed to
single particle levels near I The low-lying electron and holes states of
quantum dots appear near I' as the dot size increases.  Therefore, the
effective-mass approximation is applicable to relatively large quantum dots with

interior properties outweighing surface properties (Lee, 2002).

3.4 Electronic Structure Methods

3.4.1 Hartree-Fock Theory

Hartree-Fock theory is one the simplest approximation theories for solving
the many-body Hamiltonian. In this mean-field model for quantum systems each
electron is assumed to experience an averaged repulsive potential due to all the

other electrons in the system. It is based on a simple approximation to the
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true many-body wavefunction: that the wavefunction is given by a single Slater

determinant of N spin-orbitals

Ya(x1) Palx2) - Ya(xn)

1| vp(x1) ¥p(x2) -+ Yp(xn)
\II(Xl,XQ, 'aXN) == ﬁ . . . . (341)
¢V(X1) ¢V(X2) T ¢V(XN)
where the variables x = (7}, 0;) include the coordinates of space and spin.

W (x;) = ux(73)xa is the spin-orbital of the ith electron with a collective quantum
number A, and u and x are respectively the spatial and spin wavefunction. This

definition, in conjuction with the requirement of orthogonality, i.e.

< Pulthr >= 0 (3.4.2)

ensures that the total wavefunction is antisymmetric. Proceeding with the

variation leads to the system of equations

N N
i) + Y [ 0i00) b tdin) = Y [ wi6) oG, ()
p=1 1] p=1 1]

= E\ia(xs)
(3.4.3)

known as Hartree-Fock equations (Szabo, & Ostlund, 1989). To solve this set of
one electron equations, an iterative procedure is adopted. At the nth iteration,
one has an estimate for each spin-orbitals denoted by v¥. Then we can write

Hartree-Fock equations as follows:

n+1 Xz +Z/¢n* (X])dX]’l/Jn+1( Z)
(3.4.4)

= —Z/W* % kg )dx by () X (%)
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Self-consistency is obtained by repeating this procedure iteratively until the

difference between ¢! and ¥} is negligibly small.

Hartree-Fock theory, by assuming a single-determinant form for the
wavefunction, neglects correlation between electrons. The electrons are subject
to an average non-local potential arising from the other electrons, which can lead

to a poor description of the electronic structure.

3.4.2 Density Functional Theory

Density Functional Theory (DFT) is formally exact one-electron theory based
on the charge density of a system (Williamson, 1996). The number of degrees
of freedom is reduced from 3N to 3, and the problem is drastically simplified.
Working within the Born-Oppenheimer approximation, the many-body
Schrodinger equation is replaced by a set of N one-electron equations in the

from (in a.u.)

(=594 V0 ) i) = 0. (3.45)

where 1;(7) is a single-electron wavefunction. These one-electron equations
contain a potential V' (7) produced by all the ions and the electrons. DET properly

includes all parts of the electron-electron interaction, i.e. the Hartree potential

Vi (r) = / g L7) (3.4.6)

|77 = 7|

where p is the charge density of all the electrons, a potential due to exchange and

correlation effects, Vxc(7), and the external potential due to the ions, Ve (7),
V(P) = Vexe (F) + Vi (F) + Vxe (7). (3.4.7)

Hohenberg and Kohn originally developed DFT theory for application to the

ground state of a system of spinless fermions. In such a system the particle
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density is given by
T) = N/|\IIO(F,F2,--- PN |2diy - - - diy (3.4.8)

with Wy being the many-body ground state wavefunction of the system. Total
ground state energy of the system is a functional of the density, E[p(r)], and if
the energy due to the electron-ion interactions is excluded the remainder of the

energy is a universal functional of the density, F'[p(r)].

Kohn-Sham equations

Kohn and Sham introduced a method based on the Hohenberg-Kohn
theorem that enables one to minimize the functional E[p(7)] by varying p(7) over
all densities containing N electrons (Rasanen, 2004). Kohn and Sham chose to

separate F'[p(7)] into three parts, so that E[p(7)] becomes

E[p(7)] = Tulp(?)] + / / |W§| FFAF + Exolp(7)] + / (Vi (P (3.4.9)

where Ti[p(7)] is defined as the kinetic energy of a non-interacting electron gas

with density p(7),

7)) = —% ; / i (F)V24; (F)dF. (3.4.10)

Expression for the energy functional also acts as definition for the exchange

correlation enerqgy functional, Exc|p(7)],

SExclp(r)]

Vaelp()] = 55

(3.4.11)

If one considers a system that really contained non-interacting electrons moving
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in an external potential equal to Vg ()

p(7)
|7 — 7|

Ve (7) = Vet (7) + / dr + Vxel(7). (3.4.12)

then the ground state energy and density, Ey and po(7) can be find by solving

the one-electron equations

(=594 Vaal) =) ) . (3.4.13)

As the density is constructed according to

N
p(F) =Y i) (3.4.14)
i=1
complete solution can be obtained by self-consistent procedure.

The simplest approximation for Ex¢ is the Local Density Approzimation (LDA)
where the the properties of the homogeneous electron gas (EG) are extrapolated

to inhomogeneous systems (Torsti, 2003; Dreizler, & Gross, 1990),

B2 = [ dp(rehe o), (3.4.15)

where e£%(p(7)) denotes the exchange-correlation energy per electron of a uniform

electron gas with density p.
3.4.3 Configuration Interaction

Configuration Interaction (CI) methods are one of the conceptually simplest
methods for solving the many-body Hamiltonian. Although theoretically elegant,
in principle exact, and relatively simple to implement, in practice full CI can

be applied to only the smallest systems (Pauncz, 1979). In order to take into
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account the electron correlation, wavefunction of the system is construct as a
linear combination of multiple Slater determinants orthogonal to each other. Such
determinants can be constructed using the orthonormal orbitals obtained from the
canonical HF orbitals by exciting electrons from the occupied to
unoccupied orbitals, i.e. replacing an occupied orbital with an unoccupied one
in the determinant. This approach is called the configuration interaction (CI)
method. Based on the variational principle, the solution is found by minimizing
the energy with respect to the expansion coefficients in front of the determinants.

A general CI wavefunction can be written as

ICT>= "¢li > (3.4.16)

(2

where |i > are configuration state functionals and ¢; are expansion coefficients
to be determined by variational principle. The linear variation problem reduces
into solving a secular equation, i.e. finding the eigenvalues and eigenvectors of a

matrix equation (Lehtonen, 2007)
HC=CE (3.4.17)

where H is a matrix having the expectation values < z|]3[ |7 > between different
configurational state functions, C has the eigenvectors as columns and E the
eigenenergies on its diagonal. The matrix elements of H can be expressed in terms
of one- and two-electron integrals using Slater-Condon rules (Szabo, & Ostlund,
1989). In this method a very large number of configurations is required to yield
energies and wavefunctions approaching the exact many-body wavefunction. In
practice the expansion must be limited on physical grounds, as the total number

of determinants is

M!

[ L 41
NI(M = V)| (34.18)

where the length of the expansion k., is given in terms of the number of electrons,

N, and the number of basis sets, M, in the expansion (M > N). The scientific
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problem in adapting the CI method in to a practical one is to obtain the best
wavefunction with the shortest expansion length due to the computational costs.
Although truncation of the expansion can be applied performing within a finite
reference space, an additional problem, lack of ”size-extensivity”, with the method

becomes apparent.

3.5 Explicitly Correlated Wavefunctions

The methods described above are based on one-electron orbitals. Although
these methods are easier to deal with, they ignore the fact that the position
of an electron is correlated to the position of all the other electrons. This is
recovered in by constructing combinations of products of one-electron orbitals
which requires many number of combinations. A more efficient approach would
be to try and build the correlation directly into the trial wavefunction (Kohanoff,
2006). Explicit inclusion of an rj5 dependent term into wave function improves
significantly convergence of energy as compared with other functions not having
such correlation term. Today, the methods based on explicitly correlated wave
functions are able to achieve the spectroscopic accuracy in atomic and molecular

energy calculations (errors of the order of one phartree).

Several methods using different expressions of ri5 dependence have been
developed. They can be divided into two groups depending on the form of the
correlation factor wused (Rychlewski, 2004). In the first group the
correlation factor has the form of 7}, whereas in the second one, the
correlation factor has the exponential form of exp(—ar?,) or less often exp(—aris).
An extension of approaches are to introduce an explicit dependence on the
interelectronic dependence such that the cusp conditions are verified (cusp at

the origin, r12 = 0 meaning a discontinuous first derivative, and nuclear cusp due

to the electron-nuclear distance). A general approach is to propose a
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wavefunction of the form ®pis = ~({r;;})®cs, where v is an appropriate

correlating function. Possible expressions are (Kohanoff, 2006)

Y= 1"‘627"27‘ (3.5.1)
i>j
7= H(l + Bri;) (3.5.2)
i>j
B2 rij
y=e > (3.5.3)

Correlating functions which can be handled more easily are also used in variational

quantum Monte Carlo calculations.

Although explicitly correlated methods are potentially more accurate than the
usual one-electron approaches, they have not yet reached the efficiency required

to become widely adopted as a standard tool.

3.5.1 Huylleraas-type Wavefunctions

Hylleraas wave function can be described as composed of three factors:
exponential (Slater type), power expansion of the coordinates and correlation
factor. Therefore this function is not based on the one-electron approximation.
The Hylleraas method is very accurate, and only a few terms in the expansion
are required. Unfortunately it is only applicable to atomic systems with a few
electrons.  The explicitly correlated wave functions, i.e. wave functions
containing an interelectron distance, ri; = |y — 71|, have been introduced at
the end of 1920s. Successful construction of an accurate wave function for the

singlet S state helium and its isoelectronic series had been done by Hylleraas
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(1929). His original ansatz reads

U = ks, kt, ky)

5.4
O = exp(—s/2) > chonm s"tHu™ (3.5.4)
n,l,m=0
with
S=r1+ry, t=-—-ri+re, U=T (3.5.5)

Hylleraas determined the scaling factor, k, and the expansion coefficients, ¢; for
the sets of non-negative integers {n,l,m}. The breakthrough work was the six
term expansion which lead to the energy only by 0.0005Ey higher than the exact
value. Koga (1990) followed the method applied by Hylleraas and studied optimal
selections of terms in longer (up to 20-term) Hylleraas expansions and found a

much better set on integers of the six-term expansion that improves the energy.

The original definition of the Hylleraas wave function was generalized in two
directions (Rychlewski, 2004). Half-integer powers of the Hylleraas variables have
been introduced in 1956 by H.M.Schwartz (Schwartz, 1956)

b =exp(—s/2) Z Cotms™ 2 ™2 (3.5.6)

n,l,m=0

and in 1957 the domain of {n,[,m} to negative integers have been extended by

Kinoshita (1957)

b =exp(—s/2) Z Crotms" "t ™ (3.5.7)

n,l,m=0
Both modifications significantly increased the flexibility of the wave function.
Bartlett et al. (1935) introduced another modification of the the Hylleraas wave

function by suggesting the inclusion of terms with logarithmic dependence on the
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s variable

d = exp (—s/2) Z Crtmi 8"t U™ (s* + t2)i/2 (Ins)’ (3.5.8)
n,1,m,i,j=0

This form of the helium wave function was fully exploited by

(Frankowski, et al.,1966). Pekeris (1959) applied the atomic wavefunction

introduced by Coolidge and James (Coolidge, & James, 1936) to calculate the

ground and excited states of two-electron atoms which is closely related to the

Hylleraas ansatz. This wave function depends on perimetric coordinates
U:€(7’2+T12—’f’1), UZE(Tl—I—’f’lg —7“2), w=5(r1+r2 —7“12); (359)
and has the form

O =expl— (u+v+w) /2] Y Apmnli(t) Lo (v)Ly(w) (3.5.10)

I,m,n

L; being the normalized Laguerre polynomial of order I.

In search of better description of the electron shell structure, wave functions ex-
panded in a doubled basis set were later used in high precision calculations on two-
electron atoms
(Coolidge, & James, 1936). Recently, there are many works with triple basis
set in Hylleraas coordinates. The Hylleraas-type wave functions was generalized
also towards systems with more than two electrons. Coolidge, & James (1936)
expressed their 3-electron wave function in terms of the following spatial basis set

(Rychlewski, 2004)

O = rijexp [— (871 + 7o+ yrs)|rsry'ry (3.5.11)
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later on generalized to

® = exp [~ (ary + Bry +yrs)|rivirkrlrmen, (3.5.12)
Over the years, many authors have used the last form, augmented by proper
angular and spin functions to calculate energies of the ground and excited states

of lithium-like atoms.



CHAPTER FOUR
THEORETICAL METHOD

In this chapter we would like to present some of the necessary details to obtain

the results of this thesis.

4.1 Variational Calculations

The work presented in this thesis relies heavily on the Rayleigh-Ritz
variational principle. With the availability of computers this method has become
an important tool. Typically the necessary expectation values are computed
analytically or numerically by means of appropriate approach to the proposed
trial wavefunction. We defer the discussion about the choose of wavefunction is
actually done to Chapter Five and concentrate here on the physically important

aspects of the method.

4.1.1  Variational Principle

The application of quantum mechanics to a physical system in principle is a
simple process, easily accomplished by writing and solving the Shrodinger wave
equation for the given system. In practice, however, this differential equation
is usually too difficult or impossible to be solved analytically. But with the
”Variational Methods”, often used to approximate solutions to problems,
mathematical complexity is no longer a deterrent. Moreover, these methods
provide a framework for numerical computations that can harness the power
and efficiency of of modern day workstations (Nistor, 2004). The variational
principle provides the starting point for almost all methods whose objective to

find an approximate solution to Schrédinger equation. It is also possible to use

27
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variational methods to study excited states, but the real strength of this principle

lies in finding ground state energies (Williamson, 1996).

The key theorem of the calculus of variations is the Euler-Lagrange equation

(Inci, 2004). This corresponds to the stationary condition on a functional
z2
J = /f(x, Y, Yz) dx, (4.1.1)
1

where f(x,y,y,) is a function of indicated variables z, y and y, = g—g. x1 and xq
are fixed end points, but the dependence of y on x is not fixed. It means that the
exact path of integration is not known. The variational principle is that we choose
the path of integration from points (1, y1) to (x2, y2) to minimize J subject to the
fixed endpoints constraint. The method of solution is to consider small deviations
of actual path y(x) requiring that the variations §.J introduced in J vanish. This
is presented as in Figure 4.1. Here n(x) is the arbitrary deformation of the path

¥

':X2= ¥zl

H

Figure 4.1 Illustration of the actual path
y(z) and the varied path connecting fixed end
points.
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and € is a scale factor. Applying the variational principle to the equation gives

[ag(j)} =0 (4.1.2)

The condition for the existence of a stationary value can be satisfied only if,

of _dfof _

Jdy  dx Oy,

(4.1.3)
known as the Euler-Lagrange equation (Inci, 2004).

Equivalently, the problem is to find the path y(x) that minimizes the value of
the integral J; or, find the path y(z) such that the value of the integral is made

stationary with respect to variations in y(x).

As an extension of the above considerations, applying the variational
principle to stationary states (i.e. time independent states) in quantum
mechanics, results in the energy of the system being stationary (i.e.
variationally stable) with respect to the first order variations in the
wavefunction. The foundations of the variational calculations in this work is
in principle that the energy is stationary with respect to first order variations in

the wavefunction.

The expression for the expectation value of the Hamiltonian His
(v | v)

E = (4.1.4)
(V] w)

~

The expectation value of the Hamiltonian (H) = E [¥] that is a functional of the

wavefunction. Small variation to the state vector can be defined as:

|0) — | 0) + | 60) (4.1.5)
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Then the variation in the trial energy E' is then given by

SE = EU+00]— E V]

- oty Lsv[i - p1 ) + (o - 1w oe)

(4.1.6)

where O [§U?] represents the higher order in §¥ that are ignorable.

Thus 0E [V] = 0, when |U) is an eigenstate of Hamiltonian and F [¥] is
eigenvalue (Cassar, 2004).

4.1.2 Matrix Equivalency

In this section, we show that the variational principle is equivalent to the
solution to a matrix eigenvalue problem. In practice, we write a trial wavefunction

in the form

N
Vi) =D ailow). (4.1.7)

where the arbitrary basis set of functions ¢ (subject to integrability and
suitable boundary conditions) becomes complete only when the summation is
carried out over an infinite number of terms. The linear expansion coefficients
a; are determined according to the variational principle such that the resultant

energy should be a minimum.

According to the variational principle, where the energy E depends on any

given set of linear parameters a;, we can write

oE

Sa; =0 (4.1.8)
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For arbitrary nonzero variations da;, requiring 6 £ = 0, implies

oE

=0
8&2‘

identically for all 7. Applying this condition to the energy leads to a system of N

homogeneous linear equations (k has the same range as 1)

8E1t7‘
8ak

=0, for all ay. (4.1.9)

Using the equation for trial wavefunction, we may rewrite quotient for the energy

<\Ijtr [:[‘ \Iltr>
Etr

<\I]tr| qjtr)

ij
*
> a;a;Si
7

as

where Hy; = <¢i

]:I‘ ¢j> and S;; = (¢i| ¢;). Then taking the derivative with

respect to ax, we can write as

N N N N
doafa;Siy | | DoarHid | — | DoarajHy | | D0 arSiion
ok, ij ij ij ij

day, N 2
(Z a; aﬁij)
ij

N N N
> a;Hy, >_ajaiHij | | >0 aiSi
ij ij

ij

N N 2
>_aia;S;; (Z a;FajS,-j)
ij i

Using the equation for the energy quotient we can write the last equation in the

(4.1.11)



form
N N
oF > a; H > a; Sik
tr ) i
Oay, "X ~ (Eir) N
ZajajS,-j ZaiajSij
1) )

From the variational principle this should be zero, so that

N N
~ ~(By) 57— =0
> aia;S; > a;a;Si;

N

N
> a;Hy —(Ey) ) aiSy = 0

(3

N
ZCL: (sz — Etr SZ ) = 0
Taking the complex conjugate of the last line, we get

Z a; [sz — L, Sz'k] =0
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(4.1.12)

(4.1.13)

(4.1.14)

where H},. = Hy;, S}, = Sk and Ey,. = E}.. If we write this expression in matrix

form, we obtain

Hy Hy ... Hin 431 St Sz

Hy  Hyp ... Hoy ag 521 522
- Etr

i Hyy Hye ... Hyn 1L an i i Sn1 Sne

SNN ]

431

ag

an

 (4.1.15)

We write the equivalent, yet more compact and in more convenient way, equation:

Ha=F,Sa

(4.1.16)
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where H;; denote the matrix elements of H, and similarly for S;;. Diagonalizing
H yield to N eigenvalues EJ. (j = 1,2,3,...,N). The j™ column vector of a

represents W, in the chosen basis.

4.1.3 Rayleigh-Ritz’s Variational Principle

The Rayleigh-Ritz variational principle is one of the most powerful
nonperturbative methods in quantum mechanics (Baym, 1974). It may be stated
as follows: 7 The expectation value of a Hamiltonian, H, calculated using a trial
wavefunction, Y, is never lower in value than the true ground state energy,
€0, which is the expectation value of H calculated using the true ground state

wavefunction, Wo.”(Williamson,1996, p.15)

This statement means that it is always possible to find an upper bound for
the ground state energy. Variational calculations rely on making a physically
plausible guess at the form of the ground state wavefunction of the Hamiltonian.
The trial wavefunction depends on a number of variable parameters which can be
adjusted to minimize the energy expectation value. If the guessed values of these
parameters are good and the chosen functional form has an enough variational
freedom to adequately describe the the system, then very accurate estimates of

the ground state energy can be obtained.

Even if U is not an exact eigenfunction of H, the Schrodinger variational
principle is still useful because the corresponding energy eigenvalue of the func-
tion ¥ is an upper bound to the exact eigenvalue. The proof of this theo-

rem is relatively straightforward. We can expand an arbitrary trial wavefunc-

tion W, in terms of the exact eigenfunctions ¢;, according to W, = > a;¢;,

=1
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where H ¢; = E; ¢;. Considering the Rayleigh quotient,

<\Ijt7’ [j[’ \Ijtr>
Ep,=-—"
! <\Dtr |\Dtr>

and using the fact that (¢; |¢;) = d;;, substitution of the trial wavefunction leads

<\Dtr f{‘mtr>
Bo = g, 1w,
Saias (6 |f1] ;)
_ (4.1.17)
o, (616)

o
* 2
= Y aaEd; =Y |alE
i i=0

to

Note that > |a;|* = 1 and we can write this in the form
i=0

[e.e]

jaolP =1-) |aif?

i=1

Using this equation along with the Rayleigh quotient for the energy proves that

the trial energy is no lower than the exact eigenenergy

By = Bo+ 3 |ail? (Ei — Ey)
' = (4.1.18)
Etr Z EO

If we have a set of states we can choose the ”best” approximation to the ground
state as the one with the lowest expectation value for the energy. However, we
should keep in mind that the only rigorous result is the upper bound to the ground
state energy. (Heeb, 1994).
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4.2 The Method and Formalism

4.2.1 Hamiltonian and Trial Wavefunction

The aim of this thesis is to investigate the ground state of the two-particle
spherical symmetric systems such as excitons in quantum dots, two-electron
quantum dots, He atom and its isoelectronic sequence. The Hamiltonian of such
systems includes six independent electronic spherical coordinates. In
order to take the electron-electron correlation effects, it is convenient to use the
coordinate system that explicitly includes rq5 interelectronic distance. The most
used is 71, 79, 712, v, 0 and -y basis set where «, § and v are three Euler angles that
define the rotation from space-fixed axis to the body-fixed axis
(Forrey, 2004). Due to the spherical symmetry of the system, after removing Euler
angles three independent coordinates, i.e. the sides of the triangle constructed
by the distances of position vectors, r; and ro, of two particles and r5 distance
between two particles, are sufficient enough to describe completely the S-states
(Ancarani et al., 2007; Myers et al., 1991). Thus the Hamiltonian of the system
expressed in Hylleraas coordinates should be written in Hylleraas coordinates

(Aquino et al., 2006).

We can express symbolically the total wavefunction of N-particle system as a

function of relative and independent coordinates as follows

U= ‘I’(ﬁ, T2y s TN3T12, 7135 -y TIN; 7235 .-y T2N 5 -5 TN—l,N)

W= W{r, {r}

The kinetic energy terms in Hamiltonian should be expressed in new defined



coordinates. Let’s firstly define the gradient and divergence expressions.

N
- - OV - ov
VZ\I] = (Vﬂ” )— —+ (Vlr k)
; J 87”]' i<k J 8Tjk
- " 07"]' A@rj Aa’f’j ’FJ
Vir; :Eaxi + y@yi + Z@zi 5er—j

rie = [(z; —xe)? + (Y — ue)? + (2 — 2)°] 2

orjr, 1 —1/2

— xk)rj_kl/2 — Oi(j — xR )T)),

8Tjk _ (52] — 5 )(xj — xk)

81’2' Tjk

oy (0ij — Ok )Tk
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(4.2.1)

(4.2.2)
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Arrangement of the expression for derivative according to the it coordinate gives

- ov 0 ov
Vv = 7’1 +§ zk Tjim—
zk — aTji

J<e ~—

:Brij

2?%9 (4.2.3)

(4.2.4)

N ov
G+ {(w Vo + a5

Let’s look at the effect of operator V on the unit vectors and extend this derivation

to the D-dimension

Viri = Vir_ = D —Ti (Vri)
T T ’T’Z-
(4.2.5)
D 1.  (D-1)
= — —27’Z- c =
T; T T;
- Vit -V 1. -
Virij = Yo _z(rz —75)(Viryj)
(4.2.6)
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Al a . 0*U
Vil5-) = TiWﬂLZTik

or; T OriOry,
(4.2.7)
- 0¥ A A
VZ( 87"2-]- ) - 87‘Z-8rij * ik 8rij8rik

Rearrangement of all expressions leads to the general formula for Laplacian

3 D-1)9¥ 82\11 02
2\11 - ( 7
Vi Ti 87"2 a7 T ZT " Ori0ra,
(4.2.8)
ov (. 0*W 0%
+ ; Tij 87’,] +Tij (Ti 87’,07°ij * ;Tikﬁnjﬁmk>
B} 0% (D —1)0¥
2 —
Vit = Or? - r;  Or; ZQTZ " 0, 87’187"2]
(4.2.9)
+ ( ) Tij Tzk
; Tij 87"2] ;; ] or zgﬁrzk
——
J7#k

Products of unit vectors are evaluated as follows:

— — — 2 - —
~ ~ . T; Ti_rj_ri_ri-rij
T 'Tij = —. ==
T Tij 7"2'7"2']‘
2 _ 2
Ty = Tty — 27T
1 1
~ ~ 2 2 2
Ti-Ty = T; (7"2- +ri—=r )
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Similarly the dot products of other interparticle unit vectors can be defined as

(7 —75) (7o =) (r] =707 — 73T 4 75.7%)

Tij - Tik = . =
T'ij Tik TijTik
1 1 1 1
2 2 2 2 2 2 2 2 2 2
= ry —z(ri vy =) — =y =) F s e —
TiiTik i 2( i J 2]) 2( i k zk) 2( J k jk)
Tij * Tik ! [7'@'23' + 7’@'21@ + 7“]21@}
2rijrik

Hamiltonian expressed in Hylleraas coordinates in D-dimensional space can be

rewritten as

N
= Zﬁz + ZVij
i=1

1<j
. K o(® (D-1)0
i = S G ) o)
N N
K2 (r; —r2+ry) 07
_'_ZZ:;(_ me); rir; 87’,07°ij
4.2.10
+> LY e Al I +U(ry) e
— 2 m; mj 87"2 Tij 8Tij "
1<j )
N N N
(Tizj + 7’@'21@ - T?k) 0?
+ Z:Z]:Zk: 2Tijrik Orijﬁrik
———
JFkF

If ”D” stands for the dimension of space, Hamiltonian of system with

two-particle interacting via Coulomb force in central field can be written in
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Hylleraas coordinates as follows

o1 90 0
H = —— — Z P2y, y
2mq TgD_l) 87’1 (Tl 87’1) + (Tl)

o1 0 oy 0

- - = V1V
2m2 T;LD_I) 87‘2 (T2 87’2) + (T2)
2 2
B AR (4.2.11)
2 m mo T(D_l) 87’12 12 07“12 4me 712

12

R (r? —ri+rl) 0

2m1 T1T12 ) 87’107“12

RE(r:i—r?+r3) 02

2m2 T2T12 ' 87’207“12

Under this circumstances the basis set for the trial wavefunction for investigation

of two-particle systems can be proposed as
U (11, r9, 712) = 1 (7)1 (72) FP) (112) (4.2.12)
In order to take into account the correlation effects we define (p € 2)
F®(ry) = e Az b (4.2.13)

Total wavefunction describing the system is proposed as a linear combination of

4.2.12
Np

U(ry,ra,m12) = Y _CUP (r1, 19, 712) (4.2.14)

p=0
According to the Ritz’s variational principle energy of the system is minimized
over the subsets of the W(ry, 9, 712) constructed as a linear combination of N,

number of basis:
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Optimization with respect to the C), coefficients leads to the generalized eigenvalue

problem:

HC=ESC (4.2.15)

Here matrix H involves kinetic energy terms, energy from Coulomb effects and
the other potentials while matrix S is the norm with respect to the basis function.

Elements of S overlap matrix are

Sp’p: /dT\I](p/)(’I"l,Tg,Tlg)\If(p)(Tl,Tg,Tlg)

whereas elements of matrix H are calculated as

Hp’p = /dT\I/(pl) (7"1, T, 7"12) H \I](p) (7’1, T, 7’12)

There are some useful steps which are helpful in the evaluation of various
expectation values. For the calculation of the expectation value of the kinetic

energy for a product wavefunction, one can use an identity deduced by Le Sech
(1997)
JGaviisgar = [1£49 - T Folar

Another useful step is that the integrals of type

I = /F(T’l,rz)f(ﬁz)d?’ﬁd?’rz

as are greatly simplified by taking the angular orientation of 75 with respect to

71, as variables, so that
d37"2 = T;d’f’g sin 912d912d¢12.

Then with

er = rf + r% — 211719 o8 019,
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one gets

rodreriadr
3 20797120712
d’rg = —=———=dp13.

1
Using this in general expression for the integrals and carrying out the angular

integrations, one gets for the integral (Patil, 2004)

(ri+ra2)

I = 87'('2 / F(’f’l, 7"2) 7"1d7"1 TQdTQ / f(Tlg)TlngQ (4216)

|r1—r2|

in terms of ry, r9, 712, known as the Hylleraas coordinates.

The general procedure for the evaluation of integrals in the matrix elements
while working with wavefunctions expressed in Hylleraas coordinates is to use the

Equation 4.2.16.

The aim of this thesis work is avoid of integration over Hylleraas coordinates
and perform most of the integrals analytically over single-particle coordinates. In
this thesis unlike the general procedure mentioned above, the Fourier transforms

have been used for the terms including interparticle distance 7.

4.2.2 Integral Representations

In order to study only with single-particle coordinates instead of Hylleraas
coordinates we can pass by using Delta function. Taking r1s = |} — re| we can

write this expression with the aid of delta function as follows

A(ri2) = /dlﬂ—F2|5(|F1—F2|—rlz)A(|F1—F2|)
(4.2.17)
I = /d|F1 _F2|5(‘F1 _Fﬂ —7’12)
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The Fourier transforms for three-dimensional system are defined as (Deb, 1994;

Bhattacharyya et al., 1996)

o7 1 oITT
=— [ —————dq¢ 4.2.18
r 272 / (N +¢?) ¢ ( )
and o :
1 1 eiR~ 1 —To .
—_— = — . 4.2.1
T12 271'2 R2 dnt ( 9)

Using this definitions we can obtain the general expression for the terms as
rPexp—Ar. This can be done by the consecutive derivative of the terms given

above as

o (e 2 %) 1
—Ar _ 7 — =01\ iq-7
)Y ( r ) (2m)? /dQ( D oA <q2+>\2> ‘

0 2 0? 1
—Ar (1) D (AT — 20 1\2 Y
re = (=) (%)2/65@1( U 55 <q2+)\2

0 2 03 1
2 —Ar (N —Ar — d_’_13_ -
he Hgre™) (%)2/ 1D gw gw
So for p € Z and p=10,1,2, ... we obtain
2 or 1 -
PV = (—1pP—= [ df (1) == | 55— | 7" ;p=0,1,2,..
oo = cap s farcay Jo (i) e =i

Using the definition of delta function we can find the explicit expression for terms

including interparticle distance:

M7 |2 = (o > G G o 1
o AF—72] 17 _T2‘(p 1) _ T /dqqudﬁqeq 1k 2(—1)1?8)\10 |:(q2+>\2>]
0

(4.2.22)

We define new expression

Qsplg, A, p) = (_1)1788; {((f Jlr A2)} , p=0 (4.2.23)
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To find more compact form for this expression we use the Rayleigh equation
for the terms as €47 (Arfken, & Weber, 2005; Abramowitz, & Stegun, 1972).
The Rayleigh equation states that a plane wave may be expanded in a series of

spherical waves:

pidqT cosy _ Zil (21+1)5(qr) P(cos~) (4.2.24)
1=0

where j(qr) are spherical Bessel functions and Fj(cosy) are Legendre

polynomials.

In spherical coordinate system let’s (61, 1) and (6, p2) indicate two different
directions separated by an angle . There is a trigonometric expression between
these angles

cosy = cos 6y cos Oy + sin 0 sin O cos(p; — p2)

According to the Addition Theorem for spherical harmonics Legendre Polynomial

can be written as

l

Py(cos) 2l—|-1 Z (015 91) Y1, (02, 2) (4.2.25)
Using the 4.2.24
giareosy _ iil(2l+1)jl(qr)ﬂ(cosy)
o) !
= T = ary Y ii(gr)Yi () Yim () (4.2.26)
I=0m=-1

. T\ 1/2
gx) = (%) Jl+%(:)3) : 1=0,1,2, ...

By using the definitions given above we find an expression for the terms including
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interparticle coordinate

—A7r12 (;U— 1) _
€ 12 =

dq q2 quQ[qu Avp]

(47) Z Z Y (@)Y o () Vi (1) (4.2.27)

11=0m1=—I,

47T Z Z jlg qra Y22,m2 (QQ>Y22,m2(Q2)*

lo=0mo=—1I>

Orthogonality relations between Spherical Harmonics would lead to the

f Q2 Yil mi (QQ)Yizﬂnz(QQ) = 511,l25M1,m2

fszYz“mL =V 4W51i,05mi,0

After some simple arrangements we arrive to the integral representations for the

terms like e =12 ¢l

/ dfh / dQ ez ™) = / i lan) S 72) o1 3 )

)
° (4.2.28)

Qapla Ap) = (_1)1708; {(q?iv)}

Similar derivation can be obtained for the two-dimensional system. Fourier

transform for two-dimension is given as

“Ar 1 % igF
c - / df— (4.2.20)
0




46

Following the same steps as for three-dimension

o (e 1 0 1 -
=xr _ 7 - 20 1) 1q-T
c T 8)\< T ) (QW)/dq( 1)0)\< q2—|—)\2>€

0

—AT 1\ (AT _ L/—*_ 282 iq-7
re = (Ngre) = g [T g 77 (4.2.30)

r?e N = (_)%(TQ_M) = &/dg’(—l)s 80)\3 ( 21

Pid T
@+ A
So for p e Z and p=0,1,2,... we obtain
1 oP 1 -
—Ar (=) — (1yY—— [ da(—=1)P r : =0,1,2,..
€ r ( )(271')/(]( )a)\p<\/q2—|—7)\2>6 ’ p P )

(4.2.31)
Using the definition 4.2.17 we can find the explicit expression for terms including

interparticle distance.

Lo 1 7 TR oP 1
—\|F1—72| ‘—* = ‘(p—l) — /d /dQ 1q-T1 Z(I'?‘z(_l)il’
e T T2 -— qq q e e
27 ONP 2 2
(2m) / V@& + A
(4.2.32)
and we define new expression

Oanla \p] = (10 | >0 (4.2.33)

2D |4, N\, P| = a)\p /7(]2_'_)\2 D =2 e

According to Jacobi-Anger expansion, a plane wave may be expanded in a series

of cylindrical waves (Arfken, & Weber, 2005).

ez st — Z 0™ T (2) €™ (4.2.34)
where J,,(2) are Bessel functions of the first kind. With the assistance of 4.2.34

and orthogonality relations we can express the terms as 7, e=*"12 in more compact
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form. Expansion for the exponential in two-dimension is given as

T = gtareos (0g=0r) — Z (i)™ J, (qr).e™a=0) (4.2.35)
M2 — T i
= Z (i)™ T (qry).e"Oa=0m) . Z (=)™ Ty (qra).e~™ Oa=brs)
) ) (4.2.36)
Using the integral definitions of delta function and Equation 4.2.33
1 i(n—n'
% def]'e( )6a = Onn/
(4.2.37)
/d@l.e_mel = 277'(5”,0 ) /d¢926w2 = 271'5”70
we obtain the integral representations for the terms like e=*"12 0,
[t [dgzever™ — 2m? [ dgaQala, Aopl ) dfare)
0 0 0
(4.2.38)
oP 1

Qa2p(q, A\ p] = (=1)F ,p>0

ONP

NrEDE

Utilization of this integral representations for the terms in the form of
riy exp (=Ar), (K € Z and X is a parameter) avoid the use of general
integration technique for Hylleraas coordinates. This approach provides the
calculation of most of integrals to be done analytically over single-particle

coordinates instead of Hylleraas coordinates



CHAPTER FIVE
NUMERICAL RESULTS

5.1 Ground State Energy of He Isoelectronic Sequence

5.1.1 Brief Overview

The theory of two-electron atoms has played an important role on development
of theoretical physics since the early days of quantum mechanics. He and helium
like atoms in  which the electron-electron correlation has an
important effect, do not have analytical solutions; for this reason these systems
have been a field of intensive study since the early times of quantum mechanics
(Kleinekathofer et al., 1996; Aquino, 1996). Complete understanding of these two
electron systems would guide to the solution of more complicated many-electron
systems. Although several methods have been proposed to solve the problem
(Styszynski, & Karwowski, 1988; Braun et al., 1993; Rodriguez et al., 2007),
variational method is still a standard technique applied in the study of atomic
properties (Frankowski, & Pekeris, 1966; Freund et al., 1984; Bhattacharyya et
al., 1996; Le Sech, 1997; Patil, 2004; Otranto et al., 2004). Determination of
accurate and simple wavefunctions is not only important for understanding of
single-particle properties but also for understanding of physical processes like
double ionization (Ancarani et al., 2004; Rodriguez, & Gasaneo, 2005).
Calculation of cross section of inelastic collision processes involves evaluation of
multidimensional integrals (Le Sech, 1997). The wuse of simple
wavefunctions allows partial analytical development of double ionization
amplitudes which reduces the difficulty of the calculations (Otranto et al., 2004;
Ancarani et al., 2004).

Efforts related to the determination of accurate wavefunctions for atomic bound

48
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states could be divided into two main approaches: first one is based on
sophisticated calculations where many variational parameter wavefunctions are
used to produce highly precise approximations (Frankowski, & Pekeris, 1966;
Freund et al., 1984; Pekeris, 1959; Goldman, 1998; Korobov, 2000). More recently,
by using wavefunction depending on exponential-type functions with complex
variational parameters chosen in a quasirandom manner, Korobov (2000)
obtained highly accurate energies for helium and positive hydrogen molecular ion
with 2200 number of basis set. Drake et al. (2002) used triple basis set in Hylleraas
coordinates including 2300 terms and obtained 22-figure accuracy for non
relativistic energy of He. Increment in the number of variational parameters and
utilization of huge basis sets needed to improve the wavefunction,
generally not only results in more time-consuming calculations
(Otranto et al., 2004), but also it is not realistic for the use in scattering
calculations (Ghoshal et al., 2003).  Within the second approach trial
wavefunction generally is constructed to fulfill the correct asymptotic behavior
and  involves  relatively low  number of variational parameters
(Kleinekathofer et al., 1996; Le Sech, 1997; Patil, 2004; Otranto et al., 2004;
Ancarani et al., 2007; David, 2006). Le Sech (1997) reported an accuracy for
two-parameter wavefunction which fulfill the cusp conditions at singularities and
correct behavior for large interparticle separations to be about 1073, Patil (2004)
brought out the structural importance of the correlation property of two-electron
systems in terms of simple zero- and one-parameter wave functions. Lateen
Ancarani et al. (2007) proposed parameter free simple wave function
satisfying all two-particle cusp conditions that given fully analytical expressions
for energy and other mean values. The shortage of this approach is that the
energies are not good enough to describe the system (Rodriguez et al., 2007).
Hylleraas-type wavefunctions can be considered as an intermediate approach
(Rodriguez, & Gasaneo, 2005). After the manifestation of explicitly correlated
basis set at the end of 1920s, several works for the calculation of ground state

energy of He atom and He-isoelectronic sequence using different derivatives of
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Hylleraas basis set have been published (Goldman, 1998; Korobov, 2000; Bartlett
et al., 1935; Chandrasekhar et al., 1953; Green et al., 1953; Thakkar, & Koga,
1994). Following the method applied by Hylleraas, Schwartz (1956) allowed an
half-integer powers of the Hylleraas variables while Kinoshita (1957) extended
the domain of powers of three Hylleraas coordinates to negative integers. After
introduction of atomic wavefunction closely related to the Hylleraas ansatz by
Coolidge, & James, (1936) successful application of wavefunction depending on
perimetric coordinates had been done by (Pekeris, 1959). Frankowski, et al.(1966)

suggested the inclusion of terms with logarithmic dependence.

In this part of the thesis we focus our work on the determination of ground
state energy for helium and He-like ions with nuclear charges Z = 1—6. Relatively
simple wavefunction for obtaining the ground state energy of two-electron atoms
is constructed in terms of exponential and power series. In order to to fulfill
conditions for coalescence points special care is taken. Our work, with low number
of parameters, is based on modifying and extending the wavefunction proposed by
Bhattacharyya et al. (1996) with Hylleraas-like basis set to get improved accuracy
than the work done by them for He atom and apply the same wavefunction
for He-like ions. Variational parameters for improved versions of ground state

wavelunction have been determined.

5.1.2 Theory and Method

The non-relativistic three-body (two electrons and nucleus) Coulomb

Hamiltonian in the infinitely heavy nucleus approximation is given as
VE - - T (5.1.1)

where j = (1,2), r;, indicates the location of j% electron relative to the

nucleus and 715 is interelectronic distance. The Hamiltonian in 5.1.1 includes six
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independent electronic spherical coordinates. Using coordinate system which
explicitly includes 75 interelectronic distance render possible to treat the
electron-electron correlation effects. The most used is ry, r9, 12, @, 0 and 7~y
basis set where «, 3 and v are three Euler angles (Forrey, 2004). After taking
away the Euler angles, Schrodinger equation reduces to Hylleraas equation which
leads to the reduction of six-dimensional system to the three-dimensional system.
For complete description of S-states these three independent coordinates are
sufficient (Ancarani et al., 2007; Myers et al., 1991).Thus the Hamiltonian of the
system  expressed in  Hylleraas coordinates can be  written as

(Aquino et al., 2006)

H = —— | — _ —_— ——-'-27:1'7212
2\0r2 1 0ry  0r?, 119 0rp Orir1a

~ 1<62 2 0 0 2 0 82)

_1<a2 20 & 20 02)
2

87’% T2 07“2 07“%2 T12 87’12 87’27’12

71, T9 stands for the unit vectors for electron-nucleus distance and 715 denotes the

unit vector of interelectronic distance.

One of the most important point in the works on two-electron systems is the
choice of wavefunction which satisfies proper symmetry under the interchange
of the electron coordinates and correct cusp conditions that are responsible for
the two-body Coulomb singularities. The ground state wavefunctions of He and
He-like ions are expressed as a product of wavefunction describing the orbital
motion of free-particles in the field of nucleus area and a correlation function
depending on the interelectronic distance 72 (Bhattacharyya et al., 1996;
Le Sech, 1997). Following these ideas we proposed here in this article

wavefunction, without inclusion of Hylleraas basis set, that ensures the
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conditions: the separability of the wavefunction when the two electrons are far
apart r15 — oo and requirement of small finite value of correlation function in
r19 — 0 limits. The wavefunction proposed in this connection is constructed as a
product of Slater-type orbitals that are solutions of non-interacting system and
(1 — Ae™#"2) term which defines two-electron correlation. Our ansatz for finding
the appropriate wavefunction describing the ground state of atom (ions) in He

isoelectronic sequence is chosen in the form of
G(r1,72,112) = e~ ZorAr2)gmlriz (] _ \emHr2) (5.1.3)

where o, 3, A\ and p are adjustable variational parameters and Z denotes the
nuclear charge. The difference between wavefunction of Bhattacharyya et al.
(1996) and ours is the e™#"12 term that is important for the evaluation of integrals
by means of integral representations obtained for the terms containing powers of
r19 coordinates. The approximate solution is built by expanding the wavefunction

expressed in analytical form with Hylleraas-like basis set

P(r1,re,712) ZZCN‘I’N(H,TQ,HQ) (5.1.4)
N
where
\I’N(Tla r9,T12) = G(11, 79, 712) (1 + Pro)r{try?ris? (5.1.5)
Here n;, (i =1,2,12) are integers and N = {ni,ns,nio} are sets of all

parameters incorporated in wavefunction. P denotes permutation operator of
coordinates r; and ry.  Factor (1 + Pj3) accounts for spatial symmetric
combinations associated with singlet state. For simplicity, in what follows we
shall drop the (11, 79, 712) dependence of W (71, ro, 715). As a consequence of S = 0
(antisymmetric spin function) for the ground state of the systems,
spatial function ¥ has to be symmetric under the exchange of electron coordinates
imposing the constraint Cy, nyn1, = Chgnyng,- 1o fulfill with that symmetry the

series on 5.1.4 has to include terms up to the same value of the indices n; and ns.
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In order to investigate the convergence of each form of a given excitation level
all possible combinations of variables have been considered. Optimization with
respect to the C)y linear expansion coefficients in 5.1.4 is a generalized eigenvalue

problem, consisting in diagonalization of matrix
HC=FESC. (5.1.6)

Here matrix H denotes kinetic energy, energy from Coulomb interaction and
interaction with nucleus whereas matrix S denotes the norm with respect to the
basis function. Cy stands for column matrix of C),, ,,.n,, coefficients. Elements

of overlap matrix S are given as
Sun = (IMEN) = / / dry dry UM N (5.1.7)
and elements of H Hamiltonian matrix are

Hyy = (UM H|TY)

1 = * d — * —
— = / / A7 vn\yM S VAR AN VAR 2 ~VT2\IIN)

(1 1
-7 / / drydiy oM ( )\IIN
™
/ / dr i u L g
T12

Matrix elements are calculated using integral representations obtained for 3D

(5.1.8)

in Equation 4.2.28. Since these integral representations separate coordinates of
each electron from other one, integrals in similar form are obtained for each
electron. These separated integrals are calculated analytically in terms of gamma
and trigonometric functions. Integrations over r; and r, coordinates are
performed analytically whereas numerical procedure is applied for the

integrations over ¢ variable coming from the integral representations.
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5.1.3 Results and Discussion

We have performed calculations for ground state energy of He atom and
He-like ions by means of wavefunction expressed as Hylleraas-like basis set 5.1.4,
which spans powers {nj, na, nio} for the corresponding coordinates 71, ro and 712
and commensurate with the condition n; + ns + nyp < 8. Calculation of ground
state energies have been actualized in two stages. The first one is
getting o, A and p variational parameters which minimizes energy by using 5.1.3,
in other words without wusing Hylleraas-like series expansion with
G~ 0, Nipax = 0, Nopax = 0 and ni9,x = 0 we obtained optimal values of
variational parameters. Here the notation n(  , where (i = 1,2,12), indicates
the maximum power of corresponding coordinate. Columns three, four and five of
Table 5.1 present the optimized values of variational parameters.  The
corresponding calculated energies of the systems H~, He, Lit, Be?*, B3 and

C** are given at the last column of Table 5.1.

Table 5.1 Ground state energies of H™, He, Lit, Be*t, B3t, C** calculated using the
wavefunction given in 5.1.3 and values of the corresponding optimized parameters. All
obtained energies are in atomic units.

System Z Q@ A L — Energy
H~ 1 0.81 0.89 0.07 0.5076
He 2 0.92 0.95 0.02 2.8911
Lit 3 0.94 0.44 0.60 7.2669
Be?t 4 0.96 0.61 0.22 13.6443
B3t ) 0.96 0.22 1.52 22.0167
Cchr 6 0.98 0.46 0.45 32.3951
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Table 5.2 Ground state energy of He atom (in atomic units) for different number of
maximum degrees of ni, ns and nis corresponding to the coordinates rq, ro and 719
respectively.

N1max (n2max) N12max - Energy

1 2.8969
2.9030
2.9033
2.9028
2.9032
2.9034

wW N =W NN
NN = =

Second stage of the calculation is the incorporating Hylleraas-like series
expansion by using the values of parameters obtained at the first stage. We
introduced the exponential factor e ¥z in the wavefunction 5.1.3 in order to
calculate the integrals related to interelectronic distance analytically by using
Fourier transforms. Also we fixed the parameter 3 to 1072 for all two-electron
systems since, it showed a little sensitivity to the evaluated energy value.
Expansion of different powers, (nq,ns,n12), of all coordinates is performed by
putting into account the values for non-linear variational parameters obtained
in the first stage of the calculation. By using the wavefunction as in 5.1.4,
relatively low expansions are sufficient to accomplish reasonably accurate energies
describing the ground state of the systems. To illustrate the appreciable
improvement on the energy of adding more terms to the expansion, we show
dependency of energy with different number of maximum degrees of nq, ny and

nyo only for He atom in Table 5.2.

Inclusion of higher degrees of r1, ry and r15 coordinates into the expansion leads
to an considerable improvement in variational energy for the systems

considered in this work. This situation is evident in Table 5.3 in comparison
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to the energies given in Table 5.1.

The conditions that measure the quality of the approximate wavefunction
at singular points of potentials have been tested. Parameters related to the
electron-nucleus coalescence point are not far from their exact values. Expected
value for this coalescence point is equal to the negative value of nuclear charge
of the two-electron system. So in our calculations the value of non-linear «
parameter should be equal to 1. As seen in Table 5.1 o parameter approaches
to its exact value with increase in nuclear charge. Parameters related to the
electron-electron coalescence point, R.., are presented in Table 5.3. Except the
case of H™, obtained values for R, are smaller than the expected value which is
0.5. This can be interpreted as underestimation of interelectronic repulsion by the
proposed wavefunction.  But more significantly ground state energies of
isoelectronic sequence have been found to be within reasonable accuracy. The
wavefunction proposed in this work yields ground-state energies for the
helium-like atoms with Z = 1 (H™) to Z = 6 (C**) within 0.0009—0.0002 au of the
eract energies of Ref. (Pekeris, 1958) which is widely wused in
literature as a reference work. These results are significantly better than the
results obtained with previous models. Rodriguez et al. (2007) reported angular
correlated configuration-interaction method to analyze n-parameter Hylleraas
wavefunctions satisfying all cusp conditions. Results obtained by Rodriguez
(Rodriguez et al., 2007) are given in Table 5.3 for comparison. We also
compared energies with the energies found by Otranto et al. (2004). They used
relatively simple analytical wavefunctions, by modifying the wavefunctions used
by (Bonham, & Kohl, 1966) and Le Sech (1997). In spite of a little
complexity, relative to the Ref. (Otranto et al., 2004), wavefunction proposed
in this work gave slightly closer values for energy. This can be interpreted as the
wavefunction proposed in this work describes better the ground state of the

systems under consideration.
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Table 5.3 Ground state energies calculated using the wavefunction given in 5.1.4 and
electron-electron cusp condition. Exact energies are taken from Ref.(Pekeris, 1958). All

energies are in atomic units.

System

Z

— Energy

- EnergYCxact

RCC

H-

He

Be2+

B3+

C4+

1

0.5268
0.5258 P
0.5259 ¢
2.9034
2.9020°
2.9019°
7.27972
7.2778 P
7.2780°
13.6551
13.6534 "
13.6536 °
22.03072
22.0287"
22.0290°
32.4056
32.4039°

32.4043°¢

0.5277

2.9037

7.2799

13.6555

22.0309

32.4062

0.5564

0.3700

0.4614

0.3440

0.3781

0.3733

2 this study

b Ref. (Rodriguez et al., 2007)
¢ Ref. (Otranto et al., 2004)
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5.2 Ground State Energy of Two-electrons in Parabolic Quantum Dot

5.2.1 Introduction and Motivation

The progress in nanofabrication technology makes it possible to fabricate
low-dimensional nanostructures with controllable chemical composition and
geometric structure. Quantum dots (QDs), quasi-zero dimensional systems, are
nanostructures where the strong confinement is imposed in all three spatial
dimensions (Pino, & Villalba, 2001). In these systems, finite number of electrons
are confined in a small spatial region whose dimensions are comparable to the de
Broglie wavelength of carriers (El-Said, 2000; Drouvelis et al., 2004; Dineykhan
et al., 2005). Due to the nanoscale extensions in all spatial dimensions, QDs
possess discrete energy levels that can be tuned (El-Said, 1995). As a consequence
of reduced dimensionality with design flexibility, the singular nature (J-function
like) of density of states, presence of several comparable energy and length scales,
QDs show new physical phenomena quite different from those of the bulk (Peeters,
& Schweigert, 1996).

There is an increasing interest in this extremely fascinating field in the last two
decades which is motivated by the physical effects and potential novel
device applications of QDs (Boyaciglu et al., 2007), such as electronic
memories, single-electron transistors, quantum dot lasers and ultrafast
computers (El-Said, 1995; El-Said, 2007. The capability of control over the
properties of QDs in semiconductors has attracted great attention both for
experimental (Sikorski, & Merkt, 1989; Tarucha et al., 1996; Ellenberger et al.,
2006; Thn et al., 2006) and theoretical works (Pino, & Villalba, 2001; Merkt
et al., 1991; Pfannkuche, & Gerhardts, 1991; Taut, 1993; Zhu et al., 1997;
Lamouche, & Fishman, 1998; McKinney, & Watson, 2000; Adamowski et al.,
2000; Ciftja, & Faruk, 2005; Ciftja, & Faruk).
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Various theoretical approaches have been employed to study the energy
spectra and correlation effects of interacting electrons confined in QDs. Widely
used methods include numerical diagonalization (Pfannkuche, & Gerhardts, 1991;
Lamouche, & Fishman, 1998; Sun et al., 2003), variational method
(Ciftja, & Kumar, 2004; Szafran et al., 1999; Vazquez et al., 2004), Monte Carlo
simulations (Harju et al., 2002; Siljamaki et al., 2005), shifted 1/N method (Pino,
& Villalba, 2001; El-Said, 2007), series expansion method (Zhu et al., 1997) and
configuration interaction method (Bielinska-Waz et al., 2001; Sako, & Diercksen,
2003a; Sako, & Diercksen, 2003b). Most of these theoretical studies have assumed
the model electron confinement usually described by a parabolic potential due to
the fact that the pronounced shell structure measured in the addition energy
spectra of QDs is a direct consequence of it (Tarucha et al., 1996; Brey et al.,

1989; Peeters, 1990).

Experimental investigations have allowed the characterization of the energy
spectra of a few-electron QDs where interesting phenomena like singlet-triplet
transitions, charge quantization and Coulomb blockade have been observed
(Maksym, & Chakraborty, 1990; Lin, & Jiang, 2001). But from a theoretical point
of view these few-body systems represent a challenging problem. Inability of exact
analytical  solution of this problem leads works to resort to
numerical methods or approximation schemes (Gu, 2006). However a fully
quantum mechanical treatment requires numerical calculations which could be
computationally expensive and time-consuming as the number of electrons grow.
The simplest example of a few-electron QDs is a system consisting of two
electrons, interacting via Coulomb force, where carriers are trapped by
parabolic confinement potential. But nevertheless an exact analytical solution of
this two-electron problem is not attainable (El-Said, 2007). The insights provided
by the studies of this minimal system may be the first step on the understanding

of the many fundamental properties of systems with a larger number of particles.
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In the present part, we calculated the ground state energy of a two-electron
quantum dot confined by a two-dimensional (2D) and three-dimensional (3D)
isotropic harmonic potential by using variational method with Hylleraas-like trial

wavefunction.

5.2.2 Model and Method

The effective mass Hamiltonian for an interacting pair of electrons confined

in a quantum dot by a parabolic potential is given as

2
H=> (- s V2 4 L) 4 ¢ (5.2.1)
S\ 2w 2 T ) ey -

Here wy is the confining frequency and ¢ is the dielectric constant of the medium
where the particles move. The location of each electron, with effective mass m*,
relative to the center of QD is labeled by 7 and 75 for the first and the second
electron, respectively. 7o represents the interelectronic distance. In terms of
simplicity distortion of Coulomb interaction formed due to the difference between

dielectric constants of quantum dot and matrix material has been neglected.

In order to express the Hamiltonian in dimensionless form, we define

dmeh? h
- 5 and lo =
m*e m*wy

*

a =

(5.2.2)

where a* is the effective Bohr radius and [ is the characteristic length of quantum
dot. The effective Rydberg Ry* = h?/2m*a* and the effective Bohr radius a* are
taken as the energy and length scales, respectively. The introduced dimensionless
parameter W = 2 (a*/l)? describes the relative magnitude of the confinement

1/2 is related to the confinement region

energy and Coulombic energy scales. W™
of electrons in QD which later will be used to investigate the quantum size effects.

Upon the definitions introduced above, dimensionless Hamiltonian of parabolic



61

quantum dot with two electrons is written as

2

Ei:z;(—ﬁf+iwﬂﬁ)+7%. (5.2.3)
The Hamiltonian in 5.2.3 includes six independent spherical coordinates.
Using Hylleraas coordinate system Hamiltonian can be expressed in terms of 7y,
ro and rio which render possible to treat electron-electron correlation effects (My-
ers et al., 1991; Forrey, 2004). One of the most important point in the variational
works on two electron systems is the choice of appropriate wavefunction. In
variational treatment of three-body Coulomb systems, functions expanded in
terms of generalized Hylleraas basis set are widely used (Aquino et al., 2006).
The built-in correlated character of these functions render possible to ensure
accurate energies for ground state of two-electron and three-body molecular
systems over relatively low expansions. Having this in mind, our ansatz for
wavefunction describing the ground state of two electron QD confined by

parabolic potential is chosen in the form of
D (ry,72,712) = ZCN‘I’N (11,72, 712) (5.2.4)
N

where

on (r1,72,712) = @ (1) ¢ (72) e N2 Tt Ty Tt (5.2.5)

Basis function ¢ (r;) has been chosen to be the solution of the non-interacting

system in the form of
-2
¢(ri) =eVT . (i=1,2). (5.2.6)

Here, v and M\ are adjustable variational parameters varied so as to minimize
the expectation value of energy. Product ¢ (1) ¢ (r2) defines the ground state of
uncorrelated electron pair in parabolic confinement with strength W.

—Ario

Exponential term e , which defines the correlation between electrons, not
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only has physical meaning but also has crucial role in the perspective of this
study. The main importance of this term is to yield the evaluation of integrals
by means of integral representations obtained for the terms like ¥, exp (—A712).
And finally, r{" r5* r{5* product in 5.2.5 is introduced in order to take into account
the spatial correlations. Proposed wavefunction is spanned by N = {ny, no, ni2},
where integers, n; (i = 1,2,12), in the series expansion part of the wavefunction
corresponds to the powers of coordinates ry, 79 and rqo, respectively and are
positive or equal to zero. For simplicity, in what follows we shall drop the

(r1,79,712) dependence of UN (ry, 79, 1r5).

Having the trial wavefunction 5.2.4, the standard energy eigenvalue problem
arising out of the Ritz’s variational principle for determination of correlated basis
Uy takes the form

HC=FESC. (5.2.7)

Here H consists of kinetic term, Coulomb interaction, and interaction with
confinement potential, S denotes the norm with respect to the basis function

UV and C stands for column matrix of C,,, ., n., coefficients.
) 1,n2,n12

Elements of S overlap matrix are given as
Sun = (UM UY) = / / it dity UM N (5.2.8)

In order to express Hamiltonian of the system in Hylleraas coordinates we use

the definition of vector operator del in Hylleraas-type coordinates as

= N a ~ a

After a simple arrangement, the elements of Hamiltonian matrix H can be
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evaluated as follows:

Hyy = (MH|TY)

= Mt <1
= / / drydr {VH\IJM VW U WP \DN]

2 _ .2 2 \IIM* N \I/M* pN
N //dﬂdfg(rl 5+ 115) <8 0 +8 9, )

2’/“17’12 0r1 07“12 07“12 87’1
(5.2.10)
- = « 1
+ / / dFydFy [VTZ\IIM Vi U W I W @N}

2 .2 2 M* N M* N
. / / dLd (13 —ri+ ) (OUMTOUN | OV ow
27”27’12 87”2 87”12 87”12 87’2

- . = x 2
+ //df’ldfé |i2 vmz\I]M ' Vru + \IIM - (T12) \IIN:|

12

Evaluation of the matrix elements is achieved by using integral representations

for 3D:

o0

/dQl /dQQ e_)\h2 Tg_l) = 327T/dq S (qu) S (q7‘2) QgD[q, )\,p]

(A1 T2

0

where (5.2.11)

or 1
S A, pl = (—=1)P =0,1,2,...

and €, (i = 1,2) are solid angles describing spatial orientation of each electron.

Since these integral representations separate coordinates of the electrons from

each other, the integrations over r; and r5 in 5.2.8 and 5.2.10 leads to the integrals

in similar form for each electron. These separated integrals, let’s name them Gsp,

are calculated analytically and have the general form in terms of hypergeometric
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(1F71) and gamma (I') functions as

1

1
G3D(q7 % W, m,n, k}) — iq(WV)%(_k_m_n_mF (2

(k+m+n+2))

ify (ke mant2)d -2
= m+n P=;—
2 2 AWy
(5.2.12)
Initially integrations over r; and ro coordinates are performed analytically for
Hy;n and Sy, then the numerical procedure is applied for the integrations over

q variable introduced in 5.2.11.

Under these definitions, 5.2.11 and 5.2.12, the elements of S matrix for 3D are

obtained according to the expression given below

e ¢}

SﬁfN = 327T/dq Qsp(q, 2N, m1a +nya + 1)
0
x Gsp(q,v, W,m1,nl,1)Gsp(q,v, W,m2,n2,1).

(5.2.13)

By using the lengthly definitions of A,4, Bng4, Cns and D,4 given below, the

elements of H matrix are calculated as follows:

Hify = 32n / dq [Q3p(q, 2N, M2 + 1o — 1) Asp + Q3p (g, 2X, mag + n12) Bsp
0

+ Qsp(q, 2A, mig + n1a + 1)Csp + Qsp(q, 2N, maa + nyg + 2) Dsp|
(5.2.14)

Procedure similar to the Fourier transforms in three-dimension can be applied to
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two-dimensional disk-like QD (2D). Integral representations are obtained as:

[e.9] o0 [e.9]

/d91/d92.e‘””r§2’_1) = (27T)2/dqu0(qu>JO(qT2>Q2D[q7 A, 1

0 0 0

where (5.2.15)
oP 1

Q2D[Q7 Avp] = (_1)19 p:0,1,2,...

ONP

Jox

where Jj is Bessel function. The analytical expression for the integrals in similar
form over the separated electron coordinates is found in terms of hypergeometric

1F1 and gamma (I") functions as follows:

1 1 1
G2D(qa 7, W> m,n, k) - §(W’Y)§(_k_m_n_l)r (5(1{5 +m+n+ 1))
(5.2.16)

1 q>
A= 1);1;—
X111 <2(k+m+n+ ), s 4W’}/>

The evaluation of the matrix elements in 2D is similar to the calculation in 3D.
Using the definitions for A,4, Bhg, Cnq and D,4 given below, the matrix elements

of S and H for 2D are

e}

Szz\fN = (27T)2/qdqQ2D(q72>\7m12+n12+1>

J (5.2.17)

X GQD(C], Y, W> my, Ny, 1)G2D(Q> e Wa ma, N2, 1)
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Hify = (2m)? / qdq [Q2p(q, 2X, m1g + n1g — 1) Asp + Qap(q, 2X, M2 + n12) Bap
0

+Q2p(q, 2X, miz + nig + 1)Cop + Qap(q, 2X, Mg + nig + 2) Dap] .
(5.2.18)

Auxiliary definitions:

If the subscript nd indicates dimension of space, 2D or 3D, definitions used for

calculation of the elements of matrix H are given below:

(_ (m2n12 + m12n2) Gnd(q7 e W7 my, Ny, B)Gnd(qa e W7 ma, Na, _1>

N —

And =

+ ((m1 4+ ma) n12 + maz (N + 4112 + ny))
XGnd(q777W7 my, Ny, 1)Gnd(q7f}/7w7 ma, Na, 1)

- (m12n1 + m1n12) Gnd(Q> e Wa my, Ny, _1)Gnd(Q> e Wa ma, N2, 3))
(5.2.19)

((ma 4+ n2) AGra(q, v, W, my,n1, 3)Gralq, v, W, ma, na, —1)

DN | —

— (—4—|— (m1 +4m12 + mo + Ny +4n12 +n2) )\)
XGnd(qa Y5 W> my, Ny, 1)Gnd(qa s W> ma, N2, 1)

+ (ml + nl) )\Gnd(cb v, Wa my, Ny, _1)Gnd(Q> v, Wa ma, Na, 3))
(5.2.20)
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1

Cnd - Z ((2 (m12n1 +my (2 ni + 7112)) Gnd(Qa s W> my, Ny, _1)
+ W2 (1 + 472) Gnd(q7 Y5 W7 my, M, 3))
XGTLd(q7 s W7 ma, Na, 1) + Gnd(q7 s W7 my, N1, 1)
X (2 (m12n2 + mo (n12 +2 n2)) Gnd(q7 Y5 W7 mo, Na, _1>
—4 ((ml + Mz + my +ng + 11z +ng) Wy — 2 >\2) Gna(q,7, W, mg, na, 1)
+ W2 (]- + 472) Gnd(Q>’y>Wa ma, N2, 3)))

(5.2.21)
1
Dya = —5A((ma+m) Gua(g,y, Wyma, m1, =1)Gralg, 7, W, mz, na, 1)

+Gnd(Q> e Wa my,ny, ]-) ((m2 + n2) Gnd(Qa e Wa ma, N2, _1)

— AWy Gralg,v, W, ma,no, 1)))
(5.2.22)

5.2.3 Results and Discussion

We have performed calculations for the ground state energy of two-electron in
parabolic quantum dot by means of Hylleraas-like wavefunction in 5.2.4, which
spans powers of {nj,ng, nio} for the corresponding coordinates ri, ro and rio
and commensurate with the condition (ny + ns + n12) < 6. Due to the built-in
correlated character of the wavefunction, relatively low expansions are sufficient to
ensure a good accuracy without lengthening calculation time. We have
calculated the ground state energies for the strengths of dimensionless

parameter W between 0.05 and 60.0, which describes the relative magnitude of the
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confinement energy and Coulombic energy scales. Also the effects of parabolic
confinement for the different quantum dot shapes (3D spherical and 2D disk-like)

have been investigated.

In Figure 5.1 we present our variational calculation results for the ground
state energy of two electrons in two-dimensional and three-dimensional parabolic
quantum dot. In order to show the quantum-size effects and compare with the

works have been done previously, we have plotted energies normalized by W as a

function of W—1/2,

7

ERy)/W

W—l/2

Figure 5.1 Ground state energy, E, normalized by W vs W—1/2,
The dashed curve represents the results of 2D system while dot
dashed curve represents the results of 3D.

The prominent feature of the variational parameters for the two-dimensional
QD is that in the weak confinement region, A parameter takes the same value
0.01, whereas the v changes in the range 0.33 — 0.48. For the intermediate and
strong regimes the situation is opposite, i.e., v takes the same value 0.5, whereas
the parameter \ varies in the range 0.01 —0.56. Similar situation is observed also

for the three-dimensional system. In the weak confinement regime, \ is fixed to
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0.01 whereas the range for the v is 0.40 — 0.50. Redound the value of W from 1.0
to 60.0, the ~ is fixed to 0.5 despite A varies in the range 0.02 — 0.40. The values
of the parameters v and A for each confinement strength W’s are presented in
Table 5.4 and Table 5.5. Another important indication of the calculation is that,
for the intermediate and strong confinement cases, the convergency is achieved

for the small number of expansions both for the 2D and 3D QDs.

Figure 5.1 shows that the qualitative property of the ground state energy level
for the 2D and 3D systems are similar with the change of the confinement region
of the system, W~1/2. However, the quantitative differences are also visible: the
normalized ground state energies for the two electrons in 2D QD are located
slightly below the corresponding energies for those in 3D QD. This is due to
the enhanced effective confinement of electrons in the 2D nanostructure. Also
the energies dramatically changed as the W~/2 changes from 0 to 4.4721. It
means that the ground state energy depends not only on the dot sizes but also
on the dot shapes. Adamowski et al. (2000) studied two electrons confined in
2D and 3D quantum dot under an assumption of Gaussian confining potential
and its parabolic approximation. They needed 55 number of basis elements in
trial wavefunction which explicitly includes interparticle distance to achieve the
required accuracy. In order to investigate the energy spectra of two electrons in 2D
harmonic QD, Merkt et al. (1991) applied the numerical diagonalization by using
a two-particle wavefunction. They reported that for fixed angular momentum,
matrices of size 50 x 50 are needed to obtain convergent eigenenergies. It is
readily seen that our results, obtained with relatively low number of expansions,
are in good agreement with those in Refs. (Merkt et al., 1991; Zhu et al., 1997,
Elsaid, 2002), which we can find to compare with. This indicates that the chosen
trial wavefunction 5.2.4 is suitable to describe accurately the two-electron states

confined in parabolic QDs.
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To demonstrate the efficiency of our method with respect to the QD
dimensionality and to investigate the details of size effect, it is interesting to study
the electron-electron interaction energies, F._. = (2/r12). The electron-electron
interaction energies, calculated at particular confinement frequency W, may be
obtained simply by substituting out the energies of noninteracting electrons in

parabolic potential from the total energy of the system.
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Figure 5.2 Comparison of the Coulomb interaction energy,
E. ., vs W for 2D and 3D quantum dot. The dashed curve
indicate the two-electron system in 2D while dot-dashed curve
indicate the 3D system.

In Figure 5.2, we show the behaviour of the Coulombic energies of the ground
state for the two-electron system in a spherical and disk-like QD as W increases.
Figure 5.2 is also in good agreement with the energies predicted by the calculations
done in Refs. (Zhu et al., 1997; McKinney, & Watson, 2000; Elsaid, 2002). We
show the comparison for the ground state energies as well as Coulomb energies
at various confinement strengths of two electrons in 2D QDs with those in 3D
QDs in Table 5.4 and Table 5.5. It’s important to give an attention to the
results for the W = 0.05 and W = 1.0 that are frequently given in literature.
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Table 5.4 Electron-electron interaction energy for 2D quantum dot calculated using
the wavefunction given in 5.2.4 compared with results given in literature. Energies are
in units of effective Rydbergs (Ry™*).

W Y A E Ee e
0.05 0.33 0.01 0.29662 0.1966%
0.2952P 0.1951P
0.2962¢
0.1 0.38 0.01 0.50822 0.30822
0.3048P
0.2 0.42 0.01 0.8816% 0.4816*
0.4732°
0.4 0.45 0.01 1.54792 0.7479%
0.7290°
0.6 0.47 0.01 2.1637% 0.9637%
0.9345P
0.8 0.48 0.01 2.75112 1.15112
1.0 0.49 0.01 3.31952 1.31952
3.2703P 1.2715P
3.3196°¢
2.0 0.50 0.01 6.0000% 2.0000%
4.0 0.50 0.06 10.99302 2.9930%
6.0 0.50 0.11 15.7675% 3.7675%
8.0 0.50 0.15 20.42522 4.4252*
10.0 0.50 0.18 25.0071% 5.0071%
24.744P
20.0 0.50 0.31 47.3033% 7.3033%
40.0 0.50 0.45 90.5677% 10.56772
60.0 0.50 0.56 133.0785% 13.0785?

& Present work
b Ref. (Elsaid, 2002)
¢ Ref. (Zhu et al., 1997)
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Table 5.5 Electron-electron interaction energy for 3D quantum dot calculated using
the wavefunction given in 5.2.4 compared with results given in literature. Energies are
in units of effective Rydbergs (Ry™*).

W y A E E,._.
0.05 0.40 0.01 0.3239* 0.1739*
0.1732b
0.1 0.43 0.01 0.5650* 0.2650*
0.2634P
0.2 0.46 0.01 1.0000* 0.4000*
0.3969"
0.4 0.48 0.01 1.7975% 0.5975*
0.5921P
0.6 0.49 0.01 2.5521% 0.7521*
0.7447°
0.8 0.50 0.01 3.2835% 0.8835%
1.0 0.50 0.02 4.0000* 1.0000*
3.9896" 0.9896"
2.0 0.50 0.04 7.4602% 1.4602*
4.0 0.50 0.08 14.1157* 2.1157*
6.0 0.50 0.12 20.6204* 2.6204*
8.0 0.50 0.15 27.0464* 3.0464%
10.0 0.50 0.17 33.4220* 3.42202

33.385P

20.0 0.50 0.25 64.8973% 4.8973%
40.0 0.50 0.34 126.9856* 6.9856*
60.0 0.50 0.40 188.5886* 8.5886*

& Present work
b Ref. (Elsaid, 2002)
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W = 1.0 is an intermediate regime where neither the confinement energy nor
the Coulombic energy scale dominates the other, whereas W = 0.05 is the weak
confinement regime. For both of these cases our results are in good agreement
with the references given in Table 5.4 and Table 5.5. In addition to this, as
the confinement strength strongly increases, i.e. W — oo (W™Y/2 — 0), the
energy values approach to the exact results of the harmonic oscillator energies:
E/W = 2.0 and 3.0, in 2D and 3D, respectively. Thus we can say that our method
and variational wavefunction is applicable to the entire range of W. Another
important conclusion seen from Tables 5.4 and 5.5 is that the energies enhance

as the dimensionality of the quantum dot increases.

5.3 Ground State Energy of Excitons in Parabolic Quantum Dot

5.3.1 Introduction and Motivation

Progress in modern nanofabrication techniques made it possible the growth of
low-dimensional semiconductor systems where the size and composition could be
controlled well. Structures where the strong confinement is imposed in all three
spatial dimensions are referred as quantum dot (QD) (Hui, 2004). Dynamical
confinement by application of external field on electrons and holes implements of
complete quantization of their free motion (Wen-Fang, 2006) that make possible
to observe Quantum size effect (QSE) in these quasi-zero-dimensional systems
(Kayanuma, 1991). Because of the quantum size effect, quantum dots show many

new physical features which differs from bulk systems.

Modern technologies, such as self-organized growth or molecular beam epitaxy,
allow scientists to fabricate QDs up to 10 nm where size, shape and properties
are well controlled in experiments (Tkach, & Seti, 2007). Since the natural length

scale of QDs is about a few nanometers they contain finite number of carriers.
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Thus QDs have discontinuous energy spectra (Nair, & Takagahara, 1997). So
the increased interest has been focused on Coulomb states of few-particles where
quantum mechanical effect can be strongly observed (Thao, & Viet, 2004). This is
an attractive area not only for technological application in optoelectronic devices,

such as quantum dot lasers, but also for the fundamental researches.

Optical methods are convenient experimental tools for studying the
properties of quantum dots. One type of elementary excitations in quantum dots
are excitons which play a central role on semiconductor optical properties (Jaziri,
& Bennaceur, 1995; Gammon et al., 1996; Xie, 2005). In quasi-zero-dimensional
quantum dot systems, the different quantum confinement dramatically changes
the optical and electronic properties of the system. Correspondingly, the excitonic
spectrum is expected to be strongly affected which improves the electron-hole

interaction (Takagahara, 1993).

Theoretical investigations of excitons in QDs have been in strong interest
of researches in last two decades. Many studies have been carried out on the
electron-hole pair in nanocrystals from various points of view. Among these,
variational studies assuming a model of a spherical quantum dot with an
effective-mass approximation have been widely used to gain insight into the
essential features of quantum size effects (Laheld et al., 1993; Bryant, 1988;
Nair et al., 1987; Marin et al., 1998). Generally infinite barriers have been
considered as a confinement potential of excitons. Exact numerical analysis of the
exciton problem has been done by Hu et al. (1990) where excitonic ground state
wavefunction is expanded in terms of single-particle wavefunctions. There are
also papers where non-spherical quantum dots, such as boxes, square flat plates
and cylindrical shapes, have been investigated (Kayanuma, 1991; Song, & Ulloa,
1995; Bryant, 1988; Marin et al., 2007).

In contrast to various works done on excitonic states in spherical quantum
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dots, the works on parabolic confinement are relatively low in numbers (Garm,
1996; Jaziri, & Bennaceur, 1995; Halonen et al., 1992; Xie, 2000). It has been
demonstrated theoretically that Far-Infrared light is strongly absorbed for bare
parabola frequencies for electrons confined in quantum dot (Brey et al., 1989;
Peeters, 1990; Yip, 1991). These theoretical predictions are consistent with
experimental measurements done on QDs (Johnson, & Payne, 1991). The
evidence that bare potential in many quantum dots has a parabolic form is basic
electrostatic models (Dempsey et al., 1990). Sikorksi ,& Merkt (1989) envisaged

that the parabolic model is suitable approach for a few electron quantum dots.

In this part of the thesis, we calculated the ground state energy of an
exciton in two-dimensional (2D) and three-dimensional (3D) quantum dot by

using variational method with Hylleraas-like trial wavefunction.

5.3.2 Model and Calculation

Within the framework of the effective mass approximation, Hamiltonian of

a system composed of electron and hole pair confined in a spherical or disk-like
quantum dot can be written as

. n? =, h? e?

_ AR v 2 _
H = A% thvh +V(re) +V(ry)

(5.3.1)

2m, Amerey,

Here m.(my,) and 7.(7%,) are isotropic effective mass of electron (hole) and position
vectors, respectively and r, = |7, — 7| indicates the distance between electron
and hole. Also here, ¢ is the dielectric constant of the medium where particles
move. In terms of simplicity distortion of Coulomb interaction formed due to
difference between dielectric constants of quantum dot and matrix material has
been neglected. In the model presented in this work unscreened V (r;), (i = e, h),
confinement potential with strength wy for i*" particle has been considered as

parabolic. So the spherical symmetric potential experienced by both of electron
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and hole is chosen to be
1 2 2 .
V() = oMol (i=e,h). (5.3.2)

Assumption of identical parabola frequency for the different charge carriers
indicates that the range of electron and hole potentials are approximately the
same. This is not a bad approximation for the materials like GaAs (Garm, 1996).
Therefore it’s expected great overlap between electron and hole wavefunctions

and strong Coulomb interaction.

By defining new parameters; u = 1/(m_* +m; ') as the reduced effective mass,
o; = m;/p as the dimensionless effective mass of electron (i = e) and hole (i = h),
we choose effective Bohr radius a* = 4weh?/pe® as the length scale and effective
Hartree energy B} = h?/ua’? as the energy scale. These new definitions lead to

the dimensionless Hamiltonian of the system to be

H 1 - 1=y - 8 1
= —— V2 — — V2 LV (F)+ V(7)) — —, 5.3.3
Ey, 20, "¢ 20, ™ (F) (7n) Teh ( )
where V (7;) = 10;W?r?, (i = e, h) is dimensionless confinement potential and
7;(j = e, h,eh) represent dimensionless coordinates. For simplicity, in what

follows we shall use ”tildeless” representation of coordinates unless otherwise is
stated. [y = +/h/pwe is the characteristic length of quantum dot and
dimensionless parameter W is defined as W = (a%/l)*. It’s clear that W~/

is related with the confinement region of the exciton in a parabolic quantum dot.

The Hamiltonian in 5.3.3 includes six independent spherical coordinates. Using
Hylleraas coordinate system which explicitly includes r.; interparticle distance is
very convenient for this problem (Kayanuma, 1988). In this coordinate system
six degree of freedom are classified into two groups named ”inner” and ” outer”.

Outer coordinates are chosen as three Euler angles that denotes the plane spanned
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by 7. and 7}, vectors. It is appropriate to adopt r. = |r.|, rn = |7 and
ren = |7 — Th| as the inner coordinates. After taking away the outer
coordinates, Schrodinger equation reduces to the form including only inner
coordinates (Uozumi et al., 1999; Forrey, 2004). Due to the spherical
symmetry of the system, complete description of the ground state can be

obtained by these inner coordinates.

The wavefunction expanded in terms of generalized Hylleraas basis set have
been used in variational treatment of three-body Coulomb systems with
optimization techniques chosen according to the desired accuracy (Aquino et al.,
2006). Owing to the correlated character of these functions it’s sufficient to
use rather low expansions to reach the accurate energies of free two-electron and
three-body molecular systems for describing their ground state. In this connection
the accuracy of both energy and wavefunctions can be improved by systematic
increase of expansion. Our ansatz to find the appropriate wavefunction describing

exciton in quantum dot confined by parabolic potential is chosen in the form of
© (re,rhyren) = Y CnUN (re, h, Ten) (5.3.4)
N

where

\IIN (Tea Th, Teh) = ¢ (Te> ¢ (Th> e_ATEh 7‘26 TZh T?ﬁh. (535)

The basis function ¢ (r;) is chosen to be solution of the non-interacting system in

the form of
2

¢(r) =e WS (i=e,h). (5.3.6)
The trial wavefunction, 5.3.4, is spanned by N = {n.,nu,ne}t which
corresponds to the powers of coordinates 7, r, and 7., respectively. ¢ (r.) ¢ (1)
product in 5.3.5 defines the ground state of uncorrelated electron-hole pair in
parabolic confinement with strength W. The next term, e *"»_ describes the

Coulombic correlation between electron and hole.  And finally rler)rlch
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product is introduced in order to take into account the spatial correlations where
the integers n.,np, ne, are positive or equal to zero. A\ and ~ are used as the
variational parameters. For simplicity, in what follows we shall drop the (7., 7, 7en)

dependence of UV (r¢, 74, 7en).

Having this trial wavefunction, the ground state energy of an exciton in 3D
and 2D QD system can be found by using Ritz’s variational principle. The
linear C,,, p, n., €xpansion coefficients and nonlinear v and A parameters in the

wavefunction are defined to minimize the average value of energy:
< B(y,\) >=< ®|H|® > | < D|® > (5.3.7)

Optimization with respect to the Cy linear expansion coefficients in 5.3.4 is a
generalized eigenvalue problem, HC = E S C. Here H consists of kinetic term,

Coulomb interaction and confinement potential, and S is the norm with respect

to the V. C stands for the column matrix of Cy, p, n., coefficients.
Elements of S overlap matrix are given as
Sun = (UMTN) = / / dr,di, UM N (5.3.8)

Using the definition of vector operator del expressed in Hylleraas-type coordinates

as

- ~ a ~ a
Vi=fig-+ Z i G (5.3.9)

JFi

and interaction potential U(re,) = —1/rep, elements of H Hamiltonian matrix
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can be evaluated as follows:

(UM )

- [ [ dran {

/ / Lo 1 (2= 42 (OUMT TN oM QU
+ dre +
20, 2reTeh Ore Oren Oren, Ore

Hy N

vV, UM, oY oMY (1) \IIN}

+ //dfedfh{ Vv, oMV, \IIN+\IIM*V(rh)\IfN]
2 .2 2 M* N M* N
+ //df'edf'h 1 (Th Te +Teh) ovM” v n oM™ ou
2O'h 2rhreh 8Th 8r6h areh arh

/ / dredrh[ Vo, UMV, UM () OV

(5.3.10)
Evaluation of matrix elements is performed by using Fourier transforms of the

terms like (e=*"<rr% ). The obtained integral representations are

/ do. / dQy e en p @D = 397 / sin (gre) S‘“S”‘) Qspla; A 1]

0

where (5.3.11)

or 1
A pl = (=1)P =0,1,2,...
and €;, (i = e, h) are solid angles describing spatial orientation of electron and
hole. Since these integral representations separate coordinates of electron and
hole from each other, the integrations over r, and 7, in 5.3.8 and 5.3.10 leads
to the integrals in similar form for each carrier. These separated integrals, let’s

name them G3p, are calculated analytically and have the general form in terms
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of hypergeometric (;F}) and gamma (I') functions as

1

1
G3D(q7770-7 W7m7n7 k) - §q(W70)%(—k—m—"—2)F (2

(k+m+n+2))

< Fy (R +mns2)2 ¢
= m-+n $=;— .
2 "2 4Wno
(5.3.12)
Initially, integrations over r. and r, coordinates are performed analytically for
Su.n and Hpyyy, then the numerical procedure is applied for the integrations

over g variable introduced in 5.3.11.

Under these definitions, 5.3.11 and 5.3.12, the elements of S matrix for 3D are

obtained according to the expression given below

e e}

SﬁfN = 327T/dq Q3p(q, 2A, Mep + nep, + 1)
0
XG3D(q7 7> Oes W7 Me, Ne, 1)G3D(q7 Y, Oh, W7 mMp, Np, 1)

(5.3.13)

By using the lengthly definitions of A,4, Bng, Cns and D,4 given below, the

elements of H matrix are calculated as follows:

Hipy = 32w / dq [Qsp(q, 2\, mep, + ne, — 1) Dsp 4 Qsp(q, 2N, Mep, + nen)Csp
0

+Q30(q, 2\, Mep, + Ne, + 1) Bsp + Q3p(q, 2A, Mep, + Nen, + 2) Asp]
(5.3.14)

Procedure similar to the Fourier transforms in three-dimension can be applied to



81

two-dimensional disk-like QD (2D). Using the integral representations,

[e.9]

/ do,. / gy, e rerr®D = (27)? / dq q Jo(qre) Jo(qrr)Qaplg, A, p

0

(5.3.15)

where

oP 1
A pl = (=1)P =0,1,2,...
Q2D[q7 7p] ( )a)\p \/m p 07 y &

and Jy is Bessel function. Analytical expression for the integrals in similar form
over the separated electron and hole coordinates is found in terms of

hypergeometric (;F;) and gamma (I") functions as follows:

1 1
Gap(g, 7,0, W,m,n, k) = §(W70)%(_k_’”_"‘”1“ <§(k: +m+n+ 1))

1 q2
x 1| =(k 1):1;—
e
(5.3.16)
The evaluation of the matrix elements in 2D is similar to the calculation in 3D.
Using the definitions for A,.q, Bng, Chq and D,4 given below, the matrix elements

of S and H for 2D are

SN = (277)2/0@ q Qa2p(q, 2\, Mep, + Nep, + 1)
e (5.3.17)

0
XG2D(q7 Y5 Oes W7 Me, Ne, 1)G2D(q7 > O0h, W7 Mp, Ny, 1)

[e.9]

Hity = (2n) / dqq [Qap(q, 2\, mep, + Nep, — 1) Dap + Qap(q, 2\, mep, + Nen) Cap
0

+Q20(q, 2N, Mep, + Nen + 1) Bap + Qap(q, 2A, mep, + nep, + 2) Agp)
(5.3.18)
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Auxiliary definitions:

If the subscript nd indicates dimension of space, 2D or 3D, definitions used for

calculation of the elements of matrix H are given below:

And - <_— - —> )\G”d(q7 7> Oes W7 Me, e, 1)G”d(q7 7> Oh, W’ s Ty _1)

_'_ <_Z::e - 4/):/:6) >\Gnd(q7 77 0-67 W7 m67 n67 _1)Gnd(q, /77 O‘h, W\A/v7 mh7 nh7 1)

"‘W’Y)\Gnd(qa Y 0es W7 Me, Ne, 1)Gnd(q7 > O0h, W7 Mp, Ny, 1)

(5.3.19)
B o meWV methY thfY neWV neth}/ nth}/ >‘2
nd — 2 2 2 2 9 T3

XGnd(q7 Y5> Oes W7 Me, Ne, 1)Gnd(q7 Y, Oh, W7 mMp, Ny, 1)

MeTe MepNe MeNep
+
20, 40, 40,

XGnd(qa 77 067 Wa me, ne> _]-)Gnd(qa 77 Oh, W7 mh7 Nh, ]-)

1 1
+ <§W205 + §W27206)

XGnd(q7 7> Oes W7 Me, Ne, B)Gnd(qv Y, Oh, W7 mMp, Ny, 1)

MpNp | MepMh | Mplleh
+ +
< 20‘h 40’h 40’h )

XGnd(Qa Y, Oe, Wa Me, Ne, 1)Gnd(Q> Y5 Oh,s W> Mp, Np, _1)

2 2
XGnd(q7 7> Oes W7 Me, Ne, 1)Gnd(q7 Y, Oh, W7 Mp, Np, 3)

1 1
+ (—Wzah + —W2720h)

(5.3.20)
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( meh)\ neh)\ me>\ ne>\ mh)\ nhA)
Cnd - —R —

2 2 4o, 4o, 4oy, 4oy,
XGna(q; Y, 0c; Wyme, ne, 1)Gra(q, v, oy, W, mip, g, 1)
M N
+ Gnd(q7 Y, Oe, W7 Me, Ne, _1)Gnd(q7 Y5> Oh, W7 mp, Np, 3)
4o, 40,
mpA  npA
+ —h + L Gnd(quf%(jeawv m67n673>Gnd(q777ahvwamh7nh7_1>
40'h 40’h
(5.3.21)
MepNen MepNe MeTep MepNp MmpnNep
D,
¢ <2+406+406+40h+40h)
XGnd(q7 7> Oes W7 Me, Ne, 1)Gnd(q7 Y, Oh, W7 mp, Np, 1)
+ ( MepNe meneh)
o, 4o, (5.3.22)

XGnd(qa 77 067 Wa me> ne> _]-)Gnd(qa 77 Oh, W7 mh7 Nh, 3)

+ MepNp MpNen
4o h 4o h

XGnd(q7 7> Oes W7 Me, Ne, B)Gnd(qv Y, Oh, W7 mMp, Np, _1)

5.3.3 Results and Discussion

We have performed calculations for ground state energy of exciton in
parabolic quantum dot by means of Hylleraas-like wavefunction in 5.3.4, which
spans powers of {ne,np,ne,} for the corresponding coordinates r., r, and re,
and commensurate with the condition (n. + ny + nep) < 3. Due to the built-in

correlated character of the wavefunction, relatively low expansions are sufficient to
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ensure a good accuracy without lengthening calculation time. We have
calculated the ground state energies for different radii of quantum dot for both
heavy- and light-hole. Also the effects of parabolic confinement potential for
different quantum dot shapes (3D spherical and 2D disk-like) have been

investigated.

In this section we present the numerical results for the parameters appropriate
to GaAs quantum dot. We chose dielectric constant ¢ = 13.1, electron effective
mass m, = 0.067 mg, and hole effective mass my, = 0.090mg for light-hole (1h)
and my, = 0.377mg for heavy-hole (hh) where my indicates free electron mass

(Jaziri, & Bennaceur, 1995; Halonen et al., 1992).

In Figure 5.3 we present our variational calculation results for the light- and
heavy-hole exciton ground state energies in two-dimensional (disk-like)
quantum dot as a function of single-particle confinement potential energy, Awy.
The variational parameters A\ and ~ vary in the ranges between 1.9 — 2.0 and
0.9 — 1.0, respectively. In principle, for more realistic calculations one should
consider the finite thickness of disk-like QD. However, we assumed that the
confinement in vertical direction is very strong, so the small corrections arisen

from the finite thickness can be ignored.

Decrease in confinement potential, in other words increase in quantum dot
radius, leads to monotonically decrease in ground state energy of the exciton.
This is due to the decrease of individual confinement energies of the electron and
hole states. The confinement of exciton for larger quantum dot radius is getting

weaker and behaviour of the exciton resemble to the bulk material.
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Figure 5.3 Ground state energy of 2D exciton in GaAs quantum dot
as a function of a single-particle confinement potential energy. The
solid curve here is for heavy-hole exciton while dashed curve is for
light-hole exciton.

As seen in Figure 5.3, the energy of light-hole exciton for the same quantum dot
radius is greater than that of heavy-hole. The effect of quantum
confinement appears more for the electron and light-hole pair than the electron
and heavy-hole pair, as expected from lighter charge carriers
(Jaziri, et al., 1995). Halonen et al. (1992) calculated the ground state
energies for 2D hydrogenic heavy-hole exciton in GaAs by the method of numerical
diagonalization. = They needed 500 basis states for the expansion of the
wavefunction of the system in terms of the eigenfunctions of the non-interacting
electron-hole pair to describe accurately the ground state of the system. Que
(1992) reported the results for the energies for the exciton in 2D disk-like QD
obtained by configuration interaction method, where more than 20 basis states
were used. Our results, obtained with relatively low number of expansions, are in
good agreement with these previous theoretical calculations of Refs.
(Halonen et al., 1992; Que, 1992; El-Said, 1994; Xie, 2005), indicating that the

chosen variational wavefunction 5.3.4 is suitable for the exciton states
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confined in parabolic QDs.

To further our investigation of the behaviour of the exciton ground state
trapped in GaAs QD, in Figure 5.4, we plot the ground state energy of the exciton
in 3D spherical parabolic QD as a function of confinement potential. We found
the variational parameters A and v of 3D exciton in the range of 0.6 — 0.8 and
0.8 — 1.1, respectively. Although the general behaviour of 3D exciton is similar
to the 2D disk-like system, there is an obvious quantitative difference in energy
values. It’s clear that the effect of the effective mass of hole on the system energy
is less than that of the 2D exciton. As seen in Figure 5.3 and Figure 5.4 the
light-hole exciton calculation stops earlier than the heavy-hole exciton. The

reason for that is, simply, we used the same W value for both calculation.
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Figure 5.4 Ground state energy of 3D exciton in GaAs quantum dot
as a function of a single-particle confinement potential energy. The
solid curve is for heavy-hole exciton while dashed curve is for light
hole exciton.

Additionally, in order to compare the effect of confinement on the shape
of excitonic systems, we present the behaviour of ground state energy of the

heavy-hole exciton in parabolic quantum dot for 2D disk-like and 3D spherical



87

quantum dot as a function of radius of nanocrystal in Figure 5.5. The energy
decreases rapidly with increasing QD radius both for 2D and 3D excitons with a

quantitative differences.
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Figure 5.5 Ground state energy of 2D and 3D heavy-hole exciton
in GaAs as a function of quantum dot radius. Dashed curve shows
the results for 2D exciton and the dot-dashed curve for 3D exciton.

For smaller values of radius, the energy of exciton is more sensitive to the size
of the dot. Increasing exciton energies are obtained in the case of narrower QD
where the effect of quantum confinement is more pronounced. In this case spatial
overlap between electron and hole increases which leads to the enhancement of
Coulomb binding energy. Against of this for larger QD radius confinement comes

weaker so the energy of the exciton resembles to its bulk value.

The energy of 2D disk-like QD is lower than the value of 3D spherical QD for
the same radius. The reason of this situation is the enhanced effective confinement
of electron and hole in 2D disk-like QD. This result is in agreement with the results
given by Xie (2005).



CHAPTER SIX
CONCLUSION

The main objectives of this work have been the variational calculations of the
ground state energy of two-particle systems by using Hylleraas-like wavefunctions.
Emphasis has also been set on developing and testing the computational method

which is useful and essential in these calculations.

In this thesis it has been introduced an computationally efficient approach for
the calculation of the expectation value of ground state energy. The choice of
explicitly correlated trial wavefunction has an crucial role in application of the
introduced method. Hylleraas-like wavefunctions have been used in variational
calculations. In this work unlike general numerical integration procedure for
Hylleraas coordinates, integral representations obtained from the Fourier
transforms for the terms like e™*"2 7% have been used. This representations
provide the calculation of the most of the integrations in matrix elements to be
done analytically over single-particle coordinates instead of Hylleraas coordinates,
without time-consuming numerical calculations. Inevitable numerical procedure

has been invoked at the last stage of the calculations.

In present work, to ensure the validity of our method, ground state energy of
three different types of systems composing of two particles have been
examined. Firstly, ground state energies of He-like ions have been calculated via
Hylleraas like wavefunction. Utilizing minimization parameters obtained from
the three parameter simple wavefunction, series expansion leads to the significant
improvement on the energy. The accuracy for all two-electron atomic systems
which have been investigated in this work have been obtained to be better than
1 x 1072 au. As a second problem, size and shape effects of quantum dot on the
ground state energy of electron pair have been investigated. Calculations for the

two-electron system in two-dimensional disk-like and three-dimensional spherical

88
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quantum dot lead to qualitatively similar but quantitatively different results for
the ground state energies as well as electron-electron energies as expected. Finally
ground state energy of exciton in parabolic quantum dot has been considered. De-
pendencies of the ground state energy as a function of confinement potential and
effective mass ratios for the exciton in 2D disk-like and 3D spherical quantum
dot have been investigated. Calculations for an exciton in 2D and 3D quantum
dot lead to qualitatively similar but quantitatively different results for ground
state energies as expected. Comparison with the previous theoretical works both
for the excitons and two-electron systems, revealed a good agreement for ground

state energies.

Explicit incorporation of interparticle distance in the wavefunction made it
possible to accomplish reasonable accurate energies with relatively low number
of expansions. Appropriately chosen build-in correlated trial wavefunction de-
scribes accurately the ground state energies of the two-particle systems confined
in a parabolic quantum dot as well as atomic systems like He isoelectronic se-
quence. Results on artificial atoms and real atomic systems confirm that the
method introduced in this work provides a powerful tool for variational calcula-
tions by means of suitable chosen correlated wavefunction. This suggests that
the presented method could be used successfully to address the other problems,

especially those where a small number of particles are existing.

Application of the introduced method is extendable to many electron quantum
dots. However calculations are no so straight forward due to the limitations arising
from the inclusion of all interparticle distances in Hylleraas-like wavefunction.
As a subsequent work, we are planning to apply the method to the trions and

exciton-ionized donor complexes in quantum dots.
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The main results of the thesis have been published elsewhere as follows:

1. S. Sakiroglu, U. Dogan, A. Yildiz, K. Akgiingor, H. Epik, Y. Ergiin, H. Sar
and 1. Sokmen, (2009). Ground state energy of excitons in quantum dot treated

variationally via Hylleraas-like wavefunction. Chin. Phys. B, 18, (04), 1-08.

2.S. Sakiroglu, K. Akgiingor and 1. Sckmen, (2008). Ground state energy of
He isoelectronic sequence treated variationally via Hylleraas-like wavefunction.

Chin. Phys. B, accepted.

3. S. Sakiroglu, A. Yildiz, U. Dogan, K. Akgiingor, H. Epik, Y. Ergiin, H. Sar1
and 1. Sokmen, (2008). Fourier Transform Technique in variational treatment of

two-electron parabolic quantum dot. Chin. Phys. B, under review.
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APPENDIX

FOURIER TRANSFORMS FOR exp (—A7)/r in 3D and 2D

A. FOURIER TRANSFORMS FOR exp (—=Ar)/r in 3D
Method A. 1:

since Y=o m=0(£2q) = \/%

Il - \/E/ qu lfm(Qq)YE),O(Qq) - \/E(5170(5m70

2 ¢ , 1
I = 4 VAT ——
(27T)2{dq (q2 + )\2) W]O(qr) ™ /_471'
2 °r o
= ;/dquo(qT)

0

Spherical Bessel functions are defined as

Jolz) = %Jm(x)zsmﬁ ;Jl/g(x):\/%sin(x)
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oo

[ gsin(gr) _ 2 1 /dq gsin(gr)
r (¢2+ X)) 7r 2 (> + N\?)
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Using residue theorem for the integration in complex plane
ge' . qe Ay, o
dg———~ = 2m —— =2mi—e " =Ti.e
_/ q(q2 + A2) (g +iN) [ 2\i
in this situation R
o2l
mr 21 T

Method A. 2:

If we assume ¢ = g2

2 .
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B. FOURIER TRANSFORMS FOR exp (—Ar)/r in 2D
Method B. 1:

g

o [T
T q /qZ_I_)\Z.

do eiqr cos 0

o | 10 |
T 449 q2+)\20

zz cosp __ § " mgp

n=—oo

By using Rayleigh equation we can perform the integration over df as

zqr cosf __ § in zn@

The integral I is obtained
I = / " Jn(qr / —e'm
\/q + A2 n_z_:oo

By using the expression

_em — 5n,0

we obtain

e—)\r

_ q -
I—/dq.\/mjo(qr) .
0

This integral can be evaluated in Mathematica. In this situation we can write

—Ar 1 1 .
=" = — [ df-——— '
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Method B. 2:

G

e M1 / o1
= — [ df———=c¢
T 2T A /q2 —+ )\2

With aid of Hankel-Nicholson type
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integral expressions we can easily show that
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