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ELECTRIC, MAGNETIC AND ELASTIC WAVES IN ANISOTROPIC
MATERIALS

ABSTRACT

In this thesis new methods for the fundamental solutions of elastodynamics
of anisotropic  crystals, quasicrystals and fundamental solutions of
electromagnetodynamics of anisotropic materials are suggested. These methods
are based on the Fourier transformation with respect to space variables and some
matrix computations. Robustness of the methods are confirmed by computational
examples. Simulation of elastic, electric and magnetic waves arising from pulse
point sources in crystals and quasicrystals, electrically and magnetically anisotropic
materials are obtained. Moreover, a new method for solving the initial value problem
for the system of electromagnetoelasticity is proposed and theorems about existence

and uniqueness of the solution of the initial value problem are proved.

Keywords: Time-dependent equations of anisotropic elasticity in crystals,
quasicrystals, Maxwell’s equations of anisotropic electrodynamics, equations of the
electromagnetoelasticity, fundamental solution, analytical method, computational

experiments, simulation.
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ISOTROPIK OLMAYAN MATERYALLERDE ELEKTRIK, MANYETIK VE
ELASTIK DALGALAR

0z

Bu tezde isotropik olmayan kristaller ile yar1 kristallerde ve isotropik olmayan
materyallerde elastodinamigin ve elektromagnetodinamiklerin temel ¢oziimlerini
bulmak i¢in yeni metodlar sunulmustur. Bu metodlar uzay degiskenlerine gore
Fourier doniisiimlerine ve baz1 matris hesaplamalarina dayanir. Metodlarin dogrulugu
hesaplamali Orneklere dayanarak gosterilmistir.  Kristallerde, yar1 kristallerde,
elektriksel ve manyetiksel isotropik olmayan materyallerde nokta kaynaktan dogan
elastik, manyetik ve elektrik dalgalarin simiilasyonlar1 elde edilmigtir.  Ayrica
elektromagnetoelastik sisteminin baglangic deger problemini ¢ozmek i¢in yeni bir
metod Onerilmistir. Bu baglangi¢ deger probleminin ¢oziimiiyle ilgili varlik ve teklik

teoremlerinin ispatlar1 verilmistir.

Anahtar sozciikler: Kristallerde ve yar kristallerde isotropik olmayan elastigin
zamana bagl denklemleri, isotropik olmayan elektrodinamigin Maxwell denklemleri,
elektromagnetoelastigin denklemleri, temel ¢6ziim, analitik metod, hesaplamali

ornekler, simiilasyon.
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CHAPTER ONE
INTRODUCTION

Search and development of new materials with specific properties are needed for
different industries such as chemistry, microelectronics, etc. When new materials are
created we must be able to have the possibility to model and study their properties.
Mathematical models of physical processes can provide cutaway views that let you see
aspects of something that would be invisible in the real artifact but computer models

can also provide visualization tools.

The physical properties of a homogeneous isotropic medium do not depend on
the direction and the position inside the medium. Physical properties of anisotropic
media essentially depend on orientation and position. An anisotropic medium is
called homogeneous when its physical properties depend on orientation and do
not depend on position. The medium can be isotropic relative to some physical
properties and anisotropic with respect to others. For example, anisotropic crystals and
dielectrics are magnetically isotropic but electrically anisotropic. Some of materials are
magnetically anisotropic but electrically isotropic and some of materials are electrically
and magnetically anisotropic. Anisotropy of materials is related to their atomic
lattice. A smallest block (three dimensional array of atoms) of anisotropic materials
is determined by repeated replication in three dimensions. Its symmetry tells how the
constituent atoms are arranged in a regular repeating configuration. The structure of
these three- dimensional unit cell of atoms in anisotropic materials may have one of
seven basic shapes: cubic, hexagonal, tetragonal, trigonal, orthorhombic, monoclinic
and triclinic (see, for example, Nye (1967)). Thesis includes mathematical modeling

and simulating the wave propagation in anisotropic solids and crystals.

Crystal is a solid in which the constituent atoms, molecules, or ions are packed in

a regularly ordered. The physical and chemical properties of a crystal to depend not



only on the nature of the atoms in each cell, but also on the geometrical arrangement
of the cells, that is the lattice symmetry. Thus, independently of the cell contents,
crystals with the same point symmetry give related behaviour for physical quantities,
in corresponding orientations. Tensor analysis expresses this behaviour well. Physical

properties of crystals are represented by tensors.

The crystalline medium is characterized by an infinity of geometrical points, each
equivalent to any point O in the crystal. All of these equivalent points have the
same atomic environment, and they can be deduced from one another by means of
a succession of elementary translations along three vectors a, b, c. The set of all these
points forms a three-dimensional lattice. In classifying crystals according to the point
symmetry of the lattice, we define the seven crystal systems. A crystal system is
characterized by the geometrical form of the cell. These forms vary from the most

general parallelepiped as follows (Dieulesaint & Royer (1980))

e Triclinicaa#PB#Y, a#b#c

e Monoclinica=,Yy>90; a#b#c

e Orthorhombica=B=y=90; a#b#c
e Trigonala=B=v#90; a=b=c

e Tetragonala=PF=7y=90; a=b#c

e Hexagonal o =B =90,y=120; a=b#c

e Cubica=B=7=90; a=b=c.

Here o is an angle between ¢ and b, [3 is an angle between a and c, Y is an angle between

a and b.



Numerous significant problems of structural mechanics, geophysics and material
sciences are closely related to studies of wave propagations in continuous anisotropic
elastic media. The main core of these problems consists in the determination of
displacement and stresses fields induced by impulsive loading as well as calculations
of the behavior of structures subjected to sudden shocks. The behavior of the wave
processes essentially depends on properties of materials and media (density and elastic
moduli). We note that the forms of wave fronts from the pulse point sources in
elastic materials with general structure of anisotropy (monoclinic, triclinic) are not
spherical and have very peculiar forms. If elastic waves arise from an impulsive
force concentrated at the fixed point then the computation of the displacement and
stresses at the points near by the source is complicated because the displacements and
stresses are generalized functions (distributions) (see Vladimirov (1971), Vladimirov
(1979), Reed & Simon (1975), Hormander (1963)). The mathematical model of
the motion of homogeneous anisotropic elastic media is presented by the dynamic
system of equations of linear theory of elasticity (Ting (1996), Ting & Barnett
& Wu (1990), Dieulesaint & Royer (1980), Federov (1968), Poruchikov (1993)).
This system consists of three partial differential equations of the second order with
constant coefficients ( Ting (1996), Ting & Barnett & Wu (1990), Dieulesaint &
Royer (1980), Donida & Bernetti (1991), Yakhno & Akmaz (2007), Yakhno & Akmaz
(2005)). The differential equations of anisotropic elastodynamics describe the dynamic
processes of the wave phenomena in anisotropic materials and media. The problems of
elastodynamics are often stated in the form of computing displacement components
at internal points of anisotropic solids. Analytical and numerical methods play
the important role in the study of these problems (see, for example, Poruchikov
(1993), Chang & Wu (2003), Carrer & Mansur (1999), Sladek & Sladek &
Zhang (2005), Moosavi & Khelil (2009), Dauksher & Emery (2000)). Besides that
fundamental solutions (FSs) or Green’s functions (GFs) of equations of elastodynamics

are important tools for solving these problems (see for example, Mansur & Loureiro



(2009), Mansur & Loureiro & Soares & Dors (2007), Soares & Mansur (2005),
Vea-Tudela & Telles (2005), Rangelov & Manolis & Dineva (2008), Rangelov (2003),
Berger & Tewary (1996), Tewary (1995), Wang & Achenbach (1994), Wang &
Achenbach (1995)). Fundamental solutions of partial differential equations play an
important role in both applied and theoretical studies on physics of solids (Stokes

(1883),Volterra (1894), Mindlin (1936), Huang & Wang (1991)).

The existence proofs for fundamental solutions (FSs) in the spaces of generalized
functions for any linear differential equations with constant coefficients were given
by Malgrange (1955-1956), Ehrenpreis (1960), Hormander (1963). Ignoring
here many approaches of finding FSs for scalar differential equations with constant
coefficients we point out only some of methods to determine FSs for equations of
elastodynamics. The analytical computation of the explicit formulae for FSs in
homogeneous isotropic linearly elastic solids offers no difficulty (see, for example, Aki
& Richard (1980), Payton (1983)). But this is not the case for general homogeneous

anisotropic media.

The fundamental solutions for anisotropic elastic media have been studied by
Buchwald (1959), Lighthill (1960), Burridge (1967a),Burridge (1967b), Burridge
(1971), Kraut (1963), Musgrave (1970), Willis (1973), Payton (1983), Tsvankin
& Chesnokov (1989), Wu & Ting & Barnett (1990), Payton (1992), Wang &
Achenbach (1992), Tewary & Fortunko (1992), Zhu (1992), Budreck (1993) and
other authors. The fundamental solutions of anisotropic elasticity in the papers
mentioned above are either approximations or they have complicated mathematical
forms which are difficult to evaluate numerically. Most of approaches for finding
the time-dependent fundamental solutions are related with the Fourier-Laplace
presentation in a wave-vector-frequency space. The oscillatory nature of the
Fourier-Laplace representation and the principal value calculation at the singularities

create computational difficulties.



An interesting approach of finding fundamental solutions by the Radon transform
for 3D and 2D time-domain elastodynamic has been suggested by Wang & Achenbach
(1994). They found fundamental solutions in the form of a surface integral over a unit
sphere for 3D case. Physically, the integral can be interpreted as superpositions of
plane waves propagating in all directions. The resulting expression has a complicated
form containing the integration over the slowness surface. We note that for some
anisotropic materials (cubic, transversely isotropic) fundamental solutions can be
evaluated numerically using this approach (see, Wang & Achenbach (1994)). In the
paper of Tewary (1995) the formula for the time-dependent fundamental solution
in three dimensional anisotropic elastic infinite solids has been derived by Radon
transform and solving the Christoffel equation in terms of the delta function. The
computational advantages of this method and method of Wang & Achenbach (1994)
are following: it does not require integration over frequency, the integration is made
over two out of three variables. However the method of Tewary (1995) calculates
numerically the transient displacement field due to a point source in infinite anisotropic
cubic solids. The numerical realization of this method for general anisotropic elastic
solids (triclinic, monoclinic and etc) is questionable because the computation of the

weight function in the obtained Radon representation is not clear for the general case.

The computation of fundamental solutions for general linear equations of
elastodynamics with three space and one time variables has been obtained only for
particular cases of anisotropy (cubic, isotropic, transversely isotropic, orthotropic
structures)( Wang & Achenbach (1994), Tewary (1995),Wang & Achenbach (1995),
Yang & Pan & Tewary (2004), Rangelov (2003), Kocak (2009), Khojasteh &
Rahimian & Pak (2008), Wang & Pan & Feng (2007), Rangelov & Manolis & Dineva
(2008)). The computation of the fundamental solutions in such anisotropic elastic

media as trigonal, monoclinic, triclinic has not been achieved so far.

Since the icosahedral quasicrystal structure was discovered in Al-Mn alloys in 1984



( Shechtman & Blech & Gratias & Cahn (1980)), great progress has been made in
experimental and theoretical studies in physics of quasicrystals ( Wang & Chen & Kuo
(1987), Wollgarten & Beyss & Urban & Liebertz & Koster (1987), Ovidko (1998)).
These experiments and theoretical analyses have shown that quasicrystals(QCs)
are new materials with a complex structure and unusual properties ( Ronchetti
(1987), Socolar & Lubensky & Steinhardt (1986), Wang & Yang & Hu (1997), Fan
(1999), Fan & Mai (2004) etc.). This has created an important opportunity for new
basic research. For large single-grain quasicrystals, over one hundred different alloys
with thermodynamic stability have been produced. This suggests that quasicrystals
may become a new class of functional and structural materials, which have many
prospective engineering applications. The significance of quasi-crystals, in theory and
practice, has created a great deal of attention by researchers in a range of fields, such as
solid state physics, crystallography, materials science, applied mathematics, and solid
mechanics. Thesis includes mathematical modeling and simulating the elastic wave

propagation in quasicrystals.

Quasicrystalline materials (QCs) are clearly fascinating materials: crystal structures
and properties are surprising and could be remarkably useful. Most of these properties
combine effectively to give technologically interesting applications which have been
protected recently by several patents ( Blaaderen (2009), Dubois (2005)). For instance,
the combination of such kind of properties as high hardness, low friction and corrosive
resistance of QCs gives almost ideal material for motor-car engines. The application
of QCs in motor-car engines would be undoubtedly result in reduced air pollution and
increase engine lifetimes. The same set of associated properties (hardness, low friction,
corrosive resistance) combined with bio-compatibility is also very promising for
introducing QCs in surgical applications as parts used for bone repair and prostheses

( Blaaderen (2009), Dubois (2005), Dubois (2000)).

1D, 2D and 3D QCs are defined as three dimensional body with the special atom



arrangements. The atom arrangement of 1D QC is quasi-periodic in direction and
periodic in the plane which is orthogonal to this direction. The atom arrangement of
2D QC is quasi-periodic in a plane and periodic in the orthogonal direction. The atom
arrangement of 3D QC is quasi-periodic in three dimensions without periodic direction.
Three-dimensional QCs such as icosahedral QCs (e.g. Al-Cu-Fe and Al-Li-Cu) are
quasiperiodic in three dimensions, without periodic direction. They play a central role

in the study of QCs.

Elasticity is one of important properties of QCs. The expressions of the generalized
Hooke’s law, equations of the equilibrium and motion have been analyzed in works
Yang & Wang & Ding & Hu (1993), Ding & Wang & Yang & Hu (1995), Ding &
Yang & Hu & Wang (1993), Fan (1999), Fan & Mai (2004), Fan & Guo (2005), Gao &
Zhao (2006), Gao & Zhao & Xu (2008), Gao (2009), Liu & Fan & Guo (2003), Peng
& Fan & Zhang & Sun (2001), Peng & Fan (2002).

Among various QCs, one-dimensional QCs are of particular interest for the
researchers after the success of Merlin & Bajema & Clarke & Juang & Bhattacharya
(1985) in growing model systems, where quasi-periodicity is built up. Wang & Yang
& Hu (1997) derived all the possible point groups and space groups of 1D QCs; Liu
& Fu & Dong (1997) studied the physical properties of 1D QCs. Gao (2009) and
Chen & Ma & Ding (2004) have presented general solutions of three-dimensional
elastostatic problems for 1D hexagonal quasicrystals. Gao & Zhao & Xu (2008) have
developed theory of general solutions of three-dimensional elastostatic(3D) problems
for 1D hexagonal quasicrystals. Peng & Fan & Zhang & Sun (2001) have solved
the three-dimensional elasticity equations of 1D hexagonal quasicrystals for static
case using a new perturbation technique. Gao & Zhao (2006) have obtained the
general solutions of three-dimensional elasticity equations of 2D dodecagonal and 1D
hexagonal quasicrystals for static case using a new perturbation technique. Peng & Fan

(2000) have obtained the general solutions of three-dimensional elasticity equations of



1D hexagonal quasicrystals for static case in terms of four harmonic functions. Peng &
Fan & Zhang & Sun (2001) have obtained the general solutions of three-dimensional
elasticity equations of 1D hexagonal quasicrystals for static case using Fourier series
and Hankel transform. Wang (2006) has given a general solution of 1D hexagonal
quasicrystals for dynamic and static elasticity. Fan & Mai (2004) have discussed three

dimensional elasticity of 1D, 2D and 3D QCs for dynamic case.

The fundamental theory based on the motion of continuum model to describe the
elastic behavior of QCs is well known (see, for example, Ding & Yang & Hu &
Wang (1993), Hu & Wang & Ding (2000), Gao & Zhao (2006), Rochal & Lorman
(2002)). The elastic equations in 3D elasticity of QCs are more complicated than
those of classical elasticity. In QCs a phason displacement field exits in addition
to a phonon displacement. All existing models of QC elastodynamics are given
by partial differential equations. The exam of the consistency of models, given by
partial differential equations, is related to the comparison values of solutions for
these equations with experimental data. Solutions of elastodynamic equations for
QCs are difficult to obtain than for crystals. Computation values of solutions of
elastodynamic equations for 3D QCs are more complicated than those of 1D and
2D QCs. Because of the complexities of the solution of elastodynamic equations
most authors consider only elastic plane problems for QCs (Ding & Yang & Hu &
Wang (1993), Akmaz & Akinci (2009), Fan & Mai (2004)), i.e. they suppose that the
elastic fields induced in QCs are independent of the variable z. The plane elasticity
problems of 3D and 2D quasicrystals has been studied for static case in Ding & Wang
& Yang & Hu (1995). Based on the stress potential function general solution of
the plane elasticity problems of icosahedral quasicrystals has been studied for static
case in Li & Fan (2006). Gao (2009) has established general solutions for plane
elastostatic of cubic quasicrystals using an operator method. Fan & Guo (2005) has

developed the potential function theory for plane elastostatic of three-dimensional



icosahedral quasicrystals. The dynamic plane elastic problems in 2D QCs with
dodecagonal, pentagonal and decagonal structures have been studied in Akmaz &
Akinci (2009). The time-dependent elastic problems in QCs have been studied in Fan
& Mai (2004), Wang (2006), Akmaz & Akinci (2009), Akmaz (2009) Yakhno & Yaslan
(2011). Using decomposition and superposition procedures 2D dynamic problems for
1D and 2D hexagonal QCs have been solved Fan & Mai (2004). Wang (2006) has
found a general solution for 3D dynamic problem in 1D hexagonal QCs. Using PS
method related with polynomial presentation of data 3D elastic problems in 3D QCs
have been solved in Akmaz (2009). A method for the derivation of the time-dependent
fundamental solution with three space variables in 2D QCs with arbitrary system of

anisotropy have been proposed in Yakhno & Yaslan (2011).

Three-dimensional quasicrystals, such as icosahedral quasicrystals (e.g., Al-Cu-Fe
and AIl-Li-Cu) play a central role in the study of quasicrystalline solids. It is
more difficult to obtain rigorous analytic solutions for the elasticity problems of 3D
QCs. Yang & Wang & Ding & Hu (1993) have discussed the expressions of the
generalized Hooke’s law and equilibrium for cubic QCs in static case. Zhou & Fan
(2000) have studied axisymmetric elasticity problem of cubic quasicrystal. The plane
elasticity problems of 3D and 2D quasicrystals has been studied for static case in Ding
& Wang & Yang & Hu (1995). Based on the stress potential function general solution
of the plane elasticity problems of icosahedral quasicrystals has been studied for static
case in Li & Fan (2006). Gao (2009) has established general solutions for plane
elastostatic of cubic quasicrystals using an operator method. Fan & Guo (2005) has
developed the potential function theory for plane elastostatic of three-dimensional

icosahedral quasicrystals.

It is well known that fundamental solutions (Green’s functions in free space)
play a crucial role in the elasticity theory. An analytical presentation of elastostatic

fundamental solution (FS) has been derived for icosahedral quasicrystals in the paper
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Bachteler & Trebin (1998). In De & Pelcovits (1987) have computed fundamental
solution (FS) for the elastic equations and used them for finding general solutions of the
inhomogenous linear elastostatic equations of pentagonal QCs. In Akmaz & Akinci
(2009) have obtained Fourier images of a fundamental solution (FS) for dynamic plane
elasticity problems of 2D dodecagonal, pentagonal and decagonal QCs. In Ding &
Wang & Yang & Hu (1995) have studied the elastic fundamental solution (FS) for QCs
in the static case. We note that computation of FSs for equations of elastodynamics
and elastostatics in 2D QCs has been obtained only for particular cases of anisotropy
( Ding & Wang & Yang & Hu (1995), Gao & Zhao & Xu (2008), Gao (2009), Liu &
Fan & Guo (2003), Peng & Fan (2002), Akmaz & Akinci (2009)). The computation
of FSs for general equations of elastodynamics in 1D, 2D and 3D QCs with arbitrary

system of anisotropy has not been achieved so far.

Many technically important materials (media) which become popular in new
technologies are anisotropic. For example, the widely used substrate material sapphire
and the lithium niobate (LiNbO3), which is used in the design of integrated optics
devices, are anisotropic. The medium can be isotropic relative to some physical
properties and anisotropic with respect to others. For example, for the study of the
light propagation in crystals (the problems of the crystal optics), we can assume that
a medium is magnetically isotropic but electrically anisotropic. Materials react to
applied electromagnetic fields in a variety of ways. For example, if a point pulse
source is located in an optical homogeneous isotropic crystal, then fronts of electric
and magnetic waves have spherical shapes. The shapes of the fronts in anisotropic
materials are not spherical and have very peculiar forms. The simulation of invisible
electromagnetic wave phenomena is a very important issue of modern inter-discipline

engineering areas.

Analytic methods of fundamental solutions (Green’s function of the free space)

constructions have been studied for isotropic and anisotropic materials in Haba (2004),
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Li & Liu & Leong & Yeo (2001), Ortner & Wagner (2004), Yakhno (2005). An
analytical method for solving IVP for the time-dependent electromagnetic fields in
homogenous electrically and magnetically anisotropic media is studied in Yakhno &
Yakhno (2007), Yakhno (2008). Most of the electromagnetic wave problems have been
solved by numerical methods, in particular finite element method, boundary elements
method, finite difference method, nodal method (see, for example, Cohen (2002),

Cohen & Heikkola & Joly & Neittaanmaki (2003), Monk (2003)).

To deal with electromagnetic wave propagation different problems and methods of
their solving have been applied. For the isotropic materials decomposition method
is applied (see, Lindell (1990)). Analytic method of Green’s functions constructions
have been studied for isotropic and anisotropic materials in Haba (2004), Wijnands &
Pendry & Garcia-Vidal & Bell & Roberts & Moreno (1997), Li & Liu & Leong & Yeo
(2001), Gottis & Kondylis (1995), Ortner & Wagner (2004), Yakhno (2005), Dmitriev
& Silkin & Farzan (2002). To modeling lossy anisotropic dielectric wave-guides in
inhomogeneous biaxial anisotropic media the method of lines has been made (see,
Berrini & Wu (1996)). An analytical method for solving IVP for the system of crystal
optics with polynomial data and a polynomial inhomogeneous term is suggested in
Yakhno & Altunkaynak (2008), and also time-dependent electromagnetic fields in

homogenous anisotropic media is studied in Yakhno (2008).

When an electrical-conducting elastic body oscillates in an electromagnetic field,
variations of the electrical and magnetic fields are observed as a result of this
motion. Similar processes are observed when seismic waves propagate in the
Earth’s crust. Variations of elastic and electromagnetic fields arising in this case are
called electromagnetoelastic waves. Such waves contain a certain information about
electromagnetic and elastic parameters of the medium. In this case, as a rule, the
following types of electromagnetoelastic interactions are distinguished: the interaction

based on the electrokinetic properties of a medium, the interaction based on the
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piezoelectric properties of a medium, the interaction based on the velocity effect.

The theory of electromagnetoelasticity is concerned with the interacting effects of
an externally applied electromagnetic field on the elastic deformations of a solid body.
The theory has developed quickly in recent decades because of the possibilities of
its extensive practical applications in diverse fields such as geophysics, mechanics
of continua, electrodynamics and other relevant areas. In recent years mathematical
problems on the propagation of electromagnetoelastic waves have been studied in
Priimenko & Vishnevskii (2010), Priimenko & Vishnevskii (2008), Priimenko &
Vishnevskii (2005 ).

Mathematical models of wave propagations in anisotropic elasticity and
electromagneticity are described by systems of partial differential equations. Due
to their special characteristics, research on the behavior of magneto-electro-elastic
structures has been widely carried out. There is a great interest to develop new methods
for solving initial value problems and initial boundary value problems for these systems
and simulate invisible elastic and electromagnetic waves. Magneto-electro-elastic
materials also have important applications in the fields of electric, microwave,
supersonics, acoustic, hydrophones, medical ultrasonic imaging, laser, infrared
and so on. Unfortunately the exact solutions can not be found for all complex
equations and systems. And so using the computer programming the approximate
solutions can be found for these problems. Literature dealing with research on the
behaviour of magneto-electro-elastic structures has gained more importance recently.
Two-dimensional and three-dimensional time-harmonic Green’s functions for linear
magnetoelectroelastic solids have been derived by means of Radon-transform by
Diaz & Saez & Sanchez & Zhang (2008). The dynamic potentials of a quasi-plane
magneto-electro-elastic medium of transversely isotropic symmetry with an inclusion
of arbitrary shape have been derived and the explicit expressions of the dynamic Greens

functions of this medium have been also obtained both in the space-time domain
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and in the space-frequency domain by Chen & Shen & Tian (2006). An analytical
treatment on the propagation of harmonic waves in an infinitely extended, magneto-
electro-elastic (bmm crystal), and multilayered plate have been presented using the
method of propagator (or transfer) matrix by Chen & Pan & Chen (2007). Free
vibrations of infinite magneto-electro-elastic cylinders for hexagonal crystal have been

studied using a finite element formulation by Buchanan (2003).

The functionally graded (FG) material structure has attracted wide and increasing
attentions to scientists and engineers. FG materials plays an essential role in
most advanced integrated systems for vibration control and health monitoring.
Recently, a new class of smart (or intelligent) materials, called functionally graded
materials, has been rapidly developed and used in engineering applications for sensing,
actuating and controlling purposes due to their direct and converse multi-field effects.
The performance of intelligent devices whose responses depend upon the coupled
properties of magneto- electroelastic composites is of increasing current interest.
Thus, there is considerable motivation in studying defects in these media. Unlike
the conventional multilayered devices of which material properties suddenly change
at the interfaces between adjacent layers, the material properties of these FG plates and
shells are gradually varied through the thickness coordinate. That largely improves the
working performance and lifetime of the devices composed of the FG material. Tsai &
Wu (2008) have presented the 3D dynamics responses of FG magneto-electro-elastic
shells (orthotropic solid) with open-circuit surface conditions using the method of
multiple scales. Wu & Lu (2009) have studied the 3D dynamic responses of FG
magneto-electro-elastic plates (orthotropic solid) using a modified Pagano method.
The dynamic versions for the 3D solutions of the smart structures (orthotropic solid)
have been presented by Chen & Chen & Pan & Heyliger (2007) and Pan & Heyliger
(2002). Chen & Lee (2003) and Chen & Lee & Ding (2005) have proposed the

alternative state space formulation to determine 3D solutions for the static and dynamic
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responses of functionally graded transversely isotropic magneto-electro-elastic plates
using the method of propagator (or transfer) matrix. A three-dimensional (3D) free
vibration analysis of simply supported, doubly curved functionally graded (FG) time
dependent magneto-electro-elastic shells (orthotropic solid) with closed-circuit surface
conditions has been presented using the method of perturbation by Wu & Tsai (2010).
A dynamic solution have been presented for the propagation of harmonic waves in
inhomogeneous (FG) magneto-electroelastic hollow cylinders and plates composed
of piezoelectric BaTiO3 and magnetostrictive CoFe,O4 by Yu & Ma & Su (2008),
Wu & Yu & He (2008). Based on Legendre orthogonal polynomial series expansion
approach, a dynamic solution has been presented for the propagation of circumferential
harmonic waves in piezoelectric-piezomagnetic FG cylindrical curved plates by Yu &
Wu (2009). Zhong & Yu (2006) have proposed a state space formulation to study 3D

free and forced vibration of FG piezoelectric plates (orthotropic solid).

The goal of the thesis is to

e develop methods for the computation of fundamental solutions of differential
equations of elastodynamics and electrodynamics for general anisotropic solids,
crystals, quasicrystals, dielectrics, electrically and magnetically anisotropic

materials;

e obtain the visualization of the pure elastic, phonon elastic, phason elastic, electric

and magnetic waves in different crystals, quasicrystals and anisotropic materials;

e create an analytical method of finding a solution of equations of
electromagnetoelasticity for a general anisotropic vertically inhomogenous

electromagnetoelastic material with given initial data.

The plan of the thesis as follows. In Chapter 2 to find the fundamental solution for

the dynamic system of anisotropic elasticity three different methods are presented.
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In the first and second method the second order partial differential equations of
elastodynamics are written in the form of the first order symmetric hyperbolic system
with respect to the displacement velocity and stresses. The first method consists in
the following. The Fourier transform image of the fundamental solution with respect
to space variables is presented as a power series expansion relative to the Fourier
parameters. This presentation is based on the properties of generalized solutions
of the initial value problems for symmetric hyperbolic system and Paley-Wiener
theorem. Then explicit formulae for the coefficients of this power series are derived
successively. The inverse Fourier transform of the obtained Fourier image of the
fundamental solution as 3D integration over a bounded domain has been implemented
numerically. As a result of this integration we find the fundamental solution in a
regularized form. This regularized form of the fundamental solution belongs to the
class of classical functions and has finite values for any space and time variables. Let
us note that the fundamental solution of the motion equations for indefinite isotropic
solids can be given by explicit formulae. We use these formulae for evaluation of
our method. Using our method the computer calculation of fundamental solution
components (displacement velocity and stresses components arising from pulse point
forces) has been made and the simulation of elastic waves has been obtained in general

anisotropic media (orthorhombic, monoclinic).

We note here that the approach to reduce the second order system of elastodynamics
in frequency domain for isotropic heterogeneous media into a system containing the
partial derivatives of the first order has been applied by Manolis & Shaw & Pavlou
(1998). The first order system obtained in Manolis & Shaw & Pavlou (1998) is written

in a matrix form with non symmetric matrix coefficients.

In the second method we derive a new method for deriving the time-dependent FSs
for indefinite linear homogeneous media (solids) with arbitrary anisotropy which is

based on its natural mathematical and physical properties. Namely, the FSs of motion
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equations for elastic media are generalized functions (distributions) with a compact
supports for a fixed time variable. Physically it means that the perturbation from
the pulse point force is propagated in a bounded domain of isotropic or anisotropic
indefinite solids for a fixed time and therefore there is a quiet in all points outside of this
bounded domain. Using the Paley-Wiener theorem (see, for example, Reed & Simon
(1975)) we obtain that the Fourier transform of the FS with respect to space variables is
an analytic function depending on wave-vector variables (Fourier parameters). Hence
the expression of the FSs presented in terms of wave-vector variables does not contain
singularities and this expression is integrable over an arbitrary 3D bounded domain
of wave-vector variables. The inverse Fourier transform of this expression as 3D
integration over a bounded domain can be implemented numerically. As a result of
this integration we find the FS in a regularized form. This regularized FS belongs to
the class of classical functions and has finite values for any space and time variables.
Let us note that the FS of the motion equations for indefinite isotropic (transversely
isotropic) solids can be given by explicit formula in terms of wave-vector variables
as well as space variables. We use these formulae for testing our method. The first
part of the numerical experiments of the present paper has shown that values of the
FS in terms of wave-vector variables found by the suggested method and values of the
FS obtained by the explicit formula for the isotropic (transversely isotropic) indefinite
solids are almost the same (the accuracy in these experiments is less or equal to 10~19).
Moreover, we have shown that values of the FSs found by the suggested method can
be efficiently used for the computation of the integrals when the integrand contains the
FSs as terms. By computational experiments we have obtained very close values of
integrals when we use either values of the FS found by the suggested method or values
of the explicit formula in the case of isotropic or transversely isotropic infinite solids.
The suggested method consists of the several steps: equations for each column of the
fundamental matrix (FS) are reduced to a symmetric hyperbolic system; the Fourier

transform with respect to the space variables is applied to this symmetric hyperbolic
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system; as a result of it we obtain a system of the ordinary differential equations with
respect to the time variable whose coefficients depend on the Fourier parameters; using
the matrix transformation an explicit formula for a solution of the obtained system is
computed; as a result of these computations we obtain explicit formulae for Fourier
images of the fundamental matrix columns; finally, the FS is computed by the inverse
Fourier transform to the obtained Fourier image of fundamental matrix. Using the
suggested method the following new computational aspects of FSs for anisotropic
solids have been obtained: the values of FSs have been computed in homogeneous
solids with trigonal (aluminum oxide), monoclinic (diopside) and triclinic (albite)
structures of anisotropy; the simulation of the wave propagation in these solids has been
made. Computational examples confirm the robustness of the suggested approach for
the computation of FS of elastodynamics in general homogeneous anisotropic media.
As an application of the FSs an explicit formula for the displacement components of

general homogeneous anisotropic media arising from an arbitrary force is obtained.

In the third method a new approach for finding the displacement in unbounded
general anisotropic media is suggested. This approach consists of the following. The
equations of elastodynamics are written in terms of displacement. These equations
form a system of the partial differential equations of the second order. Applying
the Fourier transform with respect to space variables to these equations we obtain a
system of second order ordinary differential equations whose coefficients depend on
Fourier parameters. Using the matrix transformations and properties of coefficients
the Fourier image of the fundamental solution is computed. Finally, the fundamental
solution is computed by the inverse Fourier transform to obtained Fourier image.
The implementation and justification of the suggested method have been made by
computational experiments in MATLAB. Computational experiments confirm the
robustness of the suggested method. The visualization of the displacement components

in general homogeneous anisotropic solids by modern computer tools allows us to see
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and evaluate the dependence between the structure of solids and the behavior of the
displacement field. Our method allows users to observe the elastic wave propagation
arising from pulse point forces of the form €”d(x)d(¢) in monoclinic, triclinic and other
anisotropic solids. The visualization of displacement components gives knowledge
about the form of fronts of elastic wave propagation in Sodium Thiosulfate with

monoclinic and Copper Sulphate Pentahydrate with triclinic structures of anisotropy.

Chapter 3 consist of three sections. In these sections the dynamic three dimensional
motion equations of 1D, 2D and 3D QCs are considered, respectively. We studied
a method for the derivation of the time-dependent fundamental solution (Green’s
function) with three space variables in QCs with arbitrary system of anisotropy. This
method consists of the following. The dynamic equations of the motion for QCs
are written in terms of the Fourier transform with respect to space variables as a
vector ordinary differential equation with matrix coefficients depending on the Fourier
parameters. Applying the matrix transformations and properties of matrix coefficients
a solution of the vector ordinary differential equation is computed. Finally, the
fundamental solution is computed by the inverse Fourier transform. Computational
examples confirm the robustness of the suggested method for computation of FS in
1D, 2D and 3D QCs with arbitrary type of anisotropy. Computational images of
phonon and phason displacements for anisotropic 1D QCs with triclinic, monoclinic,
orthorhombic, tetragonal, trigonal structures are given at the end of the first section.
Computational images of phonon and phason displacements for anisotropic 2D QCs
with dodecagonal, octagonal, decagonal, pentagonal, hexagonal, triclinic structures
are given at the end of the second section. And in the third section simulations of the
fundamental solution of the icosahedral QCs are given. It is shown that the constructed
fundamental solution of elasticity for QCs can be efficiently used for computation of
the initial value problem for the considered dynamic differential equations of elasticity

for QCs with arbitrary given external force and initial data.
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In chapter 4 a homogeneous non-dispersive electrically and magnetically
anisotropic media, characterized by a symmetric positive definite permittivity
and permeability tensors are considered. An analytic method for deriving the
time-dependent fundamental solution (Green’s function of the free space) in these
anisotropic media is studied. This method consists of the following: equations for
each column of the fundamental solution are reduced to a symmetric hyperbolic
system; using the Fourier transform with respect to the space variables and matrix
transformations we obtain formulae for Fourier images of the fundamental solution
columns, finally, the fundamental solution is computed by the inverse Fourier

transform. Computational examples confirm the robustness of the suggested method.

In chapter 5 IVP for the system of linear, inhomogenous, anisotropic dynamics of
electromagnetoelasticity (EME) is considered. An analytic method of solving IVP for
EME is given. First of all IVP is rewritten in terms of the Fourier images with respect
to the space lateral variables. We denote this problem as FIVP. After that the obtained
FIVP is transformed into an equivalent second kind vector integral equation of the
Volterra type. Applying the successive approximations method to this integral equation
we have constructed its solution. At last using the equivalence of this vector integral
equation to FIVP and the real Paley-Wiener theorem we found a solution of IVP for the

system of linear, inhomogenous, anisotropic dynamics of electromagnetoelasticity.



CHAPTER TWO
MODELLING AND SIMULATION OF ELASTIC WAVES IN CRYSTALS

In this chapter of the thesis fundamental solution of anisotropic elastodynamics is

calculated using three different methods.

2.1 Equations of anisotropic elastodynamics as a symmetric hyperbolic system:

deriving the time-dependent fundamental solution

2.1.1 Equations of anisotropic elastodynamics

A body which is acted on by external forces is said to be in a state of stress. If we
consider a volume element situated within a stressed body there are forces exerted on
the surface of the element by the material surrounding it. These forces are proportional
to the area of the surface of the element, and the force per unit area is called the stress

(Nye (1957)).

Strain is the geometrical expression of deformation caused by the action of stress
on a physical body. Strain is calculated by first assuming a change between two body
states: the beginning state and the final state. Then the difference in placement of two
points in this body in those two states expresses the numerical value of strain. Strain
therefore expresses itself as a change in size or shape. If strain is equal over all parts of
a body, it is referred to as homogeneous strain; otherwise, it is inhomogeneous strain.
In its most general form, the strain is a symmetric tensor. Hooke’s law of elasticity
is an approximation that states that the amount by which a material body is deformed

(the strain) is linearly related to the force causing the deformation (the stress).

20
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Here, the stress is denoted by the components T j; of T. The resistance of the material

is called strain tensor is denoted by €. The stress-strain law can be written as

Tij = CijkI€ki (2.1)

Here, c;ji are the components of fourth rank tensor C which denotes the elastic
moduli and determines the properties of the material. And it must satisfy the following

symmetry property
Cijkl = Cjikls  Cijki = Cjilks  Cijki = Ckiij (2.2)

To show the second condition of symmetry property in (2.2), we use the first and the

third conditions, i.e

Cijki = Cklij = Clkij = Cijik

The first condition of the symmetry property in (2.2), follows from the symmetry
property of the stress

Tij = Tji, for i,j = 1,2,3. (23)

To show the third condition of the symmetry property in (2.2), it is not enough to use

the symmetry property of strain tensor
€ij=¢&jj, for i,j= 1,2,3. (2.4)

By using the symmetry property of the strain in (2.4), we can write

1 1 1 1 1
Tij= Ecijklgkl + Ecijklekl = Ecijklgkl + Ecijlkglk = E(Cijkl +Cijik)€ul

The strain energy W of per unit volume of the material is

€pq €pq
W 2/0 *cijde,-j :/() c,-jklekldeij (2~5)
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This integral is independent of the path taken by €;;. Otherwise, we extract amount of

the energy which is impossible for a real material. The integral depends only the final

strain €,4. Then this implies that it is the total differential of dW ,i.e

ow
cijkleklds,-j =dW = @dgij
ij
Then for arbitrary dg;;,
oW
Tij = Cijla€i = 5 (2.6)
ij

The differentiation of the above equality follows that

ow?

Cijkl = 3T e
Y 8eklaeij

The double differentiation is interchangeable so

Cijkl = Cklij for i,j,k,l = 1,2,3.

So we have the full symmetry property,

Cijkl = Ckiij = Clkij = Cijlk (2.7)

Additionally, the equation (2.6) follows that

1
W = 5cijutijen

Since the strain energy must be positive then

Cijki€ij€ki > 0, for i,j,k,1=1,2,3



so0, the quadratic form,

ivjv 7l:1

These notations and definitions can be found in Ting (1996).

3
Y cijugijen >0, &;#0, & #0.
k
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(2.8)

The transformation between the subscripts ijkl and ofy is accomplished by

replacing the subscripts ij( or kl) with the subscript a( or ) using the following

rules:

i ifi=j k,
o= B:
9—i—j, ifidj. 9—k—1,

So, the subscripts are taken as

ijorki — a(orf)

11 — 1
22 — 2
33 — 3
230r32 — 4

3lor13 — 5

21or12 — 6.

So the matrix

C = (cup)ox6s

of all moduli is symmetric. The stress-strain law in (2.1) can be written as

To = CO‘BSB’ Cap = CBai-

ifk=1;
(2.9)
itk A1
(2.10)
(2.11)
(2.12)
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The quadratic form in (2.8) can be written

6
Y copeatp >0, €0 #0,e5#0 (2.13)
o,p=1

and implies the positive-definiteness of the 6 x 6 matrix C.

Let x = (x1,x2,%3) € R3. We assume that R? is an elastic medium, whose small

vibrations

ll(x,l) = (ul(xat)a uZ(xat)7u3(x7t))
are governed by the system of partial differential equations

azu,- 3 a’Cij 3 .
pW:ZleJrﬁ, x=(x1,x,x3) ER’, t €R, i=1,2,3, (2.14)
]:

where p > 0 is the density of the medium; f = (f, f2, f3) is an external force, f; =

filx,1),i =1,2,3; fi(x,t) is a given function.

Stresses T;; = T;(x,t) are defined as

T i M 123 2.15)
ij — Cijkl——» LJ = 1,4,9, .
k=1 ox;

where {¢; jkl}i j k= are the elastic moduli of the medium.
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2.1.2 Reduction of (2.14) to a symmetric hyperbolic system

Using the symmetry properties of the elastic moduli and the rule (2.10) the relation

(2.15) can be written as

ou ouy ouy ouy duy

T = — — — il -
o Cal o +Ca6 o +Cos s +Cop o +Cca2 s

ou ou ou ou
T ot Cgs e b cqpa tcop o o= 1,2, ....6. (2.16)

0x3 0x| 0x> 0x3

Here © = (11,72,73,T4,T5,Ts)- Let
ou; .

Ui = a_tl’ i=1,2,3, (2.17)

- oU; dU, Uz dU; 9U,. ,0Us oU;. dU, dU;
Y= (axl " Oxy ’ Ox3 ’(axz + 0x3 )’(axl + ax;;)’(axl + axz))’

U = (U, Uy, Us). (2.18)

Differentiating (2.16) with respect to ¢ and using vectors T and Y we have

ot

5, =CY. (2.19)

where C is defined by (2.11). Multiplying (2.19) by the inverse of C, denoted C~!, we
find

cl'Z_v=o. (2.20)
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Equation (2.20) can be written in the form

0T LU

c ' ALV = =0 2.21
at+;< Vo =0 (2.21)
J_
where * is the transposition of sign,
-1 000 0 0 000 0 0 —1
Al=| 0 000 0 —1|,A=|0-100 0 0 |;
0 000 -1 0 00 0 —-10 0

00 0 0 —10
Al=]100 0 -1 0 0]- (2.22)
00 -1 0 0 0

Using the notation mentioned above the left-hand side of (2.14) can be written as

o%u ou

3 9t
Now let us consider the term Y, %% in the right-hand side of (2.14). Taking into
j=1""

account the symmetry properties of the elastic moduli and the rule (2.10) we have

+

= dx; Ox; Oxy Ox3

i 8‘52 j 8‘56 8‘52 8‘54

5. 5 _7
x;j Ox; Odxp 0x3

g o 0% du 3
: XJ' 8x1 aX2 aX3
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Using these equations and (2.23) equations (2.14) can be written as

3
P, + Y (A)s—=t. (2.24)

The relations (2.21) and (2.24) can be presented by a single system as (Yakhno &
Akmaz (2005))

oV 3 oV
Ag— A-— =F R’ R 2.25
Oar+j_21 I, , XER, tER, (2.25)

where F = (£,0¢ 1),

V = (U1,U,,U3,71,72,73,T4,T5,T¢),

I3z 036 035 Al
Ao = P A= I (2.26)

J
03 C! (A})* 06,6
Here I, , is the unit matrix of the order m x m and 0, ,, is the zero matrix of the order

[ X m, matrices A}-, Jj=1,2,3, are defined by (2.22).

We note that the matrix Ay is symmetric positive definite and matrices A;, Jj=
1,2,3 are symmetric. Therefore the system (2.25) is a symmetric hyperbolic system
(see, for example, Lax (2006), Courant & Hilbert (1962)). In this section we call
(2.25) as the symmetric hyperbolic system of elasticity (SHSE) and the second order

system (2.14) as the anisotropic elastic system (AES).



28

2.1.3 Some properties of fundamental solution for the system of anisotropic

elasticity

Let us consider (2.14) and (2.15) with initial conditions

u(x,0) = y(x), aa (x,0) =@(x), xe R}t €R. (2.27)

Here W(x) = (1 (), W2(x), ¥3(x)) and @(x) = (¢1(x), 92(x), 93(x)). Using equalities

U( ) (pl 7 Tl] |t 0= Z Cljk[ i, j = 1,2,3.
k=1

Initial conditions (2.27) can be written in the vector form
V(x,0) = Vo(x), xeR>. (2.28)

Lemma 2.1. System (2.25) can be transformed into the following form (see, similar

reasoning in Yakhno & Akmaz (2005))

oV 39V
by + LA, =Fo) xeR ek, 229)
j:

which is a symmetric hyperbolic system.

Proof. For the symmetric positive definite matrix C there exists a symmetric positive
definite matrix M such that C~! = M? (Goldberg (1992)) and the matrix M~!, which
is inverse of M, is symmetric (see Appendix). Let

1
2133 O3
s—| P T

0673 M|

Applying the transformation V(x,7) = SV(x,7) into (2.25) and multiplying it by the
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matrix S from the left hand side we find (2.29). Here
A;=SA;S, F =SF. (2.30)

We note that A j» J=1,2,3, are still symmetric, which implies that (2.29) is symmetric

hyperbolic system. 0

Initial conditions (2.28) can be written as
V(x,0) =S™'Vo(x) = Vo (x) (2.31)

Theorem 2.2. Let T be a fixed positive number, Y(x); ©(x) and f(x,t) be given
functions such that y(x) € H*(R?); ¢(x) € H'(R®) and f(x,t) € C([0,T];H'(R?)).
Then there exists a unique solution of Cauchy problem (2.29),(2.31) (see, similar

reasoning in Yakhno & Akmaz (2005))

V(x,1) e ([0, T]; L2 (R*)) nc([0,T);H' (RY)).

Proof. Using existence theorem for symmetric hyperbolic system of the first order
(Mizohata (1973), see Appendix) it can be shown that there exists a unique solution of

(2.29),(2.31) in the class C' ([0, T]; L*(R?)) N C([0, T]; H' (R%)). O

Theorem 2.3. Let T be a fixed positive number, y(x); @©(x) and f(x,t) be given
functions such that y(x) € C3(R®); @(x) € CJ(R®) and f(x,t) € C([0,T);C(R?)).
Then the solution V(x, t) of Cauchy problem (2.29), (2.31) belongs to

C'([0,T];C5(R)).

Proof. Using Theorem 2.2 it can be found that if D*y(x) € H*(R?); D%¢(x) € H*(R?)

and D% (x,t) € C([0,T]; H*(R?)) where T is a fixed positive number, o = (a1, 02, 013 )
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is an arbitrary multi-index, |al| = a; + 0 + a3, o5 i = 1,2, 3 are nonnegative integers,

D% = % Then D®V(x,t) belongs to the class (see, similar reasoning in
0x; ' Ox,~0x5
Yakhno & Akmaz (2005))

D"V (x,t) € C1([0,T];H*(R*)) nC([0,T]; H*(R®)).

Using this fact and applying Sobolev’s lemma (see Appendix) it can be proved that

V(x,t) € C1([0,T];C*(R?)).

Now we need to prove that the function ?(x,t) has a compact support. Let us
consider symmetric hyperbolic system of the first order (2.29) where all matrices
Kk are real symmetric matrices with constant elements. Let 7" be a fixed positive
number, & = (§1,&,,&3) € R be a parameter; A(E) be a matrix defined by A(§) =
):2:1 KkE_,k; Ai(E), i =1,2,...,9 be eigenvalues of A(§). The positive number M is
defined by

M= A(E)|. 232
n:rlr}g%_79‘r§i§! (9] (2.32)

We claim that M is the upper bound on the speed of waves in any direction.

Using T and M we define the following domains

S(x0,h) ={x€R>: |x—x0o| <M(T —h),0<h<T}
[(x0,T)={(x,2):0<¢t<T, |x—xo| <M(T—1)}

R(xo,h) ={(x,2): 0<t <h, |[x—xo| =M(T —1)}

Here I'(xq, T') is the conoid with vertex (xo,T); S(xo, &) is the surface constructed by the
intersection of the plane r = & and the conoid I'(xp, T); R(xo, ) is the lateral surface of

the conoid I'(xo, T') bounded by S(xo,0) and S(xo,4). Let Q be the region in R? x (0, o)
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bounded by S(xo,0), S(xo0,k) and R(xp,h) with boundary 0Q = S(xo,0) U S(xp,h) U
R(x0,h).

Applying the energy inequality (Courant & Hilbert (1962), see Appendix) we find

the following estimate for the solution of (2.29), (2.31)

/S " IV (x, )| 2dx < eh[ /S o Vo (x)[2dx + /0 ' ( /S . |f(x,z)|2dx>dr]. (2.33)

Let us define P(K) = {x € R® : |x| < K}. Since y(x) € C3(R*); ¢(x) € C3(R?) and
f(x,1) € C([0,T];C7(R?)) then there exits K > 0 such that supp y C P(K), supp ¢ C
P(K) and f(x,?) as a function of the variable x, has a finite support which is located in

P(K) for any fixed t from [0, 7.
Also let us denote
D(T,K)={(x,t):0<¢t<T, T'(x,t)NP(K)=0}.

If (x,) € D(T,K) then V(x,7) = 0. This means V(x,7) = 0 for any 7 € [0,T] and

|x| >MT +K.
Hence, supp V C P(MT +K). As a result V(x, ) belongs to the class

V(x,t) € CH([0,T];C3(R)).

[
Theorem 2.4. Let W™ be a fundamental solution of
W oW
I A; E"3(x)d(t R teR 2.34
99—, al + Z] jax] (X)(),XE I € K, ( )

]:
W"(x,t)|,<0 = 0
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And W™ (x,t) be a solution of the following IVP

ow™
Ioo 5

W"(x,0) = E"3(x).

3 W™
+ ZAJ-W:O, xER 1 ER, (2.35)
j=1 J

Then W"(x,t) = 6(t)W". Here m = 1,2,3; E' = (1,0,0,0,0,0,0,0,0)*, E> =
(0,1,0,0,0,0,0,0,0)*, E> = (0,0,1,0,0,0,0,0,0)*; &(t) is the Dirac delta function
with support at t = 0; 8(x) is the Dirac delta function with respect to space variables,

i.e. 8(x) = d(x1)0(x2)0(x3); matrices Zj, Jj=1,2,3, are defined by (2.30).

Proof. Since \vam(x,t) = 0(r)W"™(x,t), derivative of W™ with respect to ¢ is

OW" " OW™
5 =3(t)W (x,O)+6(t)T
and
IW™ 3~ W™ . IW™ 3~ gW™
Iog— — +;AJ-Wj = E 8(x)8(t)—|—9(t)(19,97—i—J;Ajo)
= E"3(x)8(1).

It is well known that Hormander-Lojasiewicz theorem (Vladimirov (1979), see
Appendix) the arbitrary differential equation and system with constant coefficients has
a fundamental solution of slow growth. Thus, system with constant coefficients given

with equations (2.35) has a fundamental solution

W (x,1) € C1([0,T];S'(R?)).
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Our aim is to study some of the properties of this fundamental solution and suggest

a method to find fundamental solutions.

Let us denote convolution of functions W™ (x,¢) with cap-shaped function wg(x)
by W7 (x,t). Taking convolution with cap-shaped function, the problem (2.35) can be

written as

~ OWY

oW 3
£+ Z o, =0, xeR’,1 ER,

b, ot
W' (x,0) = We(X). (2.36)

Using Theorem 2.3, it can be proved that problem (2.36) has a unique solution

W2 (x,t) € C1([0,T);CT(R?)) where supp Wi (x,t) C P(MT + &) Ve € (0,¢).

Property 1. As & — +0, W"(x,t) approaches to W"(x,t) in S'(R%); Vvt € [0,T].
Proof of property 1. It can be proved that as € — +0, we(x) approaches to d(x) in
S'(R?). Using this fact and using the continuity of the convolution, property is proved.
Property 2. Let 7 be a fixed positive number. There exists a solution of Cauchy
problem (2.35)

W™ (x,1) € C1([0,T]; E'(R?)).

Proof of property 2. We need to show that
(W™ @) =0; YoeS andsupp ¢ C R*\ P(MT +¢).

From property 1, we know that

(W™ o) = lim (W, 0); VoS
e—-+0

=0.

This means supp W" C P(MT +¢p) Ve € (0,€). So we prove that W"(x,7) is a
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tempered distribution with compact support, solution of the Cauchy problem (2.35)

belongs to the following space
W™ (x,1) € C1([0,T]; E'(R?)).

Property 3. Since W"(x,t) € C'([0,T]; E'(R?)), according to Paley-Wiener theorem
(Reed & Simon (1975), see Appendix), Fourier transform of the function W (x,¢) is
an entire analytic function with respect to v = (v1,V2,V3) € R, and can be written as

a power series

o oo oo

Wv,r)=Y Y Y (Wt e b ) vivivE, (2.37)

2.1.4 Fundamental solutions of SHSE and AES

The fundamental solution of SHSE (2.25) is defined as a matrix G(x,7) of the order

9 x 3 whose columns V" (x,t) = (V/"(x,t),...,V§"(x,t)) satisfy

m 3 m
AO% + Z AjaaVT — E"8(x)d(t), xER®, t €R, (2.38)
i=1 J

V™ (x,1) s<0=0, (2.39)

where m = 1,2,3; E' = (1,0,0,0,0,0,0,0,0)*, E> = (0,1,0,0,0,0,0,0,0)*, E* =
(0,0,1,0,0,0,0,0,0)*; 8(¢) is the Dirac delta function with support at t = 0; d(x) is
the Dirac delta function with respect to space variables, i.e. 8(x) = 8(x1)8(x2)8(x3);

matrices Ag, A;, j=1,2,3, are defined by (2.22), (2.26).

Remark 1. The fundamental solution of the system of the form (2.25) with a vector

function F(x,7), whose nine components are arbitrary functions for + > 0 and equal
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to zero for ¢t < 0, can be defined as a matrix G(x,t) of the order 9 x 9 for which the

formula

g §7t _n>F<§7n>d§1d§2d§3dn (2.40)

gt

gives a solution of (2.25). Here & = (&;,&,&3) € R, x = (x1,x2,x3) € R, t € R. Using

8~ g

the fact that the first three components of

= (fl (éuﬂ)?fz(&an)uj%(g?n)v()?"'70>

are nonzero and other components are identically equal to zero we find that columns
of G(x,t) started from fourth do not have any influence on the solution V(x,) defined
by (2.40). Therefore the fundamental solution of SHSE (2.25) is naturally defined as a

matrix G(x,¢) of the order 9 x 3 for which the formula

:_Z_ZZZG =&t —m)f(E,n)d81dEdEsdn

giVGS a solution of SHSE (2.25), where f(&vn) = (fl (§7n)af2(%7n)7f3(gvn>) is 3D

vector column. We note also that each column of the fundamental solution G(x,7) of

SHSE (2.25) satisfies (2.38), (2.39).

A fundamental solution of AES (2.14) is defined as a matrix G(x,7) of the order
3 x 3 whose columns u”(x,t) = (uf'(x,t),u5 (x,t),u5 (x,t))* satisfy equations (2.14)
for fi = 87"6(x)d(¢). Here 8" is the Kroneker symbol, i.e. 8/" =1 if i = m and 8" =
ifi£m;i=1,2,3; m=1,2,3; 8(x) = 8(x1) - 8(x2) - 8(x3) is the Dirac delta function
concentrated at x; = 0, xp = 0, x3 = 0; 8(¢) is the Dirac delta function concentrated at

t=0.

Remark 2. If the fundamental solution G(x,7) of SHSE (2.25) is given (found)
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then elements of the fundamental solution G(x,) of AES (2.14) can be computed by

the following formulae

t
uT(x,t):/VJm(x,n)dn, m=1,2,3; j=1,2,3. 2.41)
0

2.1.5 Deriving the fundamental solution of SHSE

In this section we derive the explicit formulae for all components of the
fundamental solution G(x,#). The derivation of fundamental solution columns have the
following steps. In the first step equations (2.38)-(2.39) are written in terms of Fourier
transform with respect to space variables x1,x2,x3 and then the images V"' (v,1) of the
Fourier transform of V”(x,¢) are found in the form of the power series with respect
to 3-D Fourier parameter v € R®> with unknown coefficients depending on the time
variable . We obtain recurrence relations for unknown coefficients in the next step.
Using these relations all power series coefficients are derived explicitly. Applying
the inverse Fourier transform to the found formulae for V" (v,7) we obtain explicit

formulae for each column V" (x,7) of the fundamental solution G(x,?) in the last step.

2.1.5.1 Symmetric hyperbolic system in terms of Fourier transform

Let V"(v,7) be the Fourier transform image of V" (x,r) with respect to x =

(x1,x2,x3) € R3,ie.

V" (v,t) = Fx[V"|(v,1), j=1,2,...,9,
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where

VI'(x,t)e N dx dxodx,

V’”vt //

v =(Vi,V2,V3) €R3, XV =Xx1V]+X2V2 +Xx3V3, iZ=—1.

8 — g

Equations (2.38)-(2.39) can be written in terms of the Fourier image Vm(v,t) as

follows:

ov" ~
A0S — iVIAI+V2A VAV = ES(0), 1€ R, (2.42)

V"' (v,0)|1<0=0, v €R®. (2.43)

Using the matrix formalism in MATLAB we construct a non-singular matrix T and a

diagonal matrix D with real-valued elements such that

T*AoT =1, T*A3T =D, (2.44)

where I is the identity matrix, T* is the transposed matrix to T. The technique of this

diagonalization can be found in Yakhno & Yakhno & Kasap (2006).

We find a solution of (2.42) and (2.43) in the form

V*(v,t) = T(X"(v,t) +iY"(v,1)), (2.45)

where the matrix T satisfies the relations (2.44). Vector functions X" (v, ) and Y" (v, 1)

are unknown. Substituting (2.45) into (2.42)-(2.43) and multiplying by T* from left
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hand side and using the relations (2.44) we find

oxX™
= HVIBY" Vo CY" VDY = TES(1), X"(v.1) [i<0=0,  (246)

Y™
-~ VIBX" V2 CX" —V3DX” =0, Y (v,0) |<0=0 (2.47)

where B =D*A 1D and C = T*A,T.

2.1.5.2  Explicit formula for a solution of IVP (2.42), (2.43)

Using properties of the fundamental solution in section 2.1.3 the vector functions

X" (v,t), Y"(v,t) can be written as

o oo oo

X"(v,r) =Y Y Y (xm) e () vivEvE, (2.48)
n=0p=0k=0

Y'(v,t)=Y Y Y (Yt he i g vivive, (2.49)
n=0 p=0k=0

Substituting these series into (2.46)-(2.47) we have

a(Xm)l,l,l

:O Xm l,l,l t - — T*Em
S =0, (X" (1) o

a(Xm)n+17p+1,k+1
ot

+ g(Ym)n,P+1,k+l + C(Ym)n+1,p,k+1

+ D(Y""thrtlk—0o pnopk=0,1,..,

(XM LA () | 0=0, n,p,k=0,1,..; n+p+k#0 (2.50)



and
a(Ym)n+1,p+1,k+l N g(xm)n,p—kLk—H _ C(Xm)n+1,p7k+1
ot
— DXtk — 0 popk=0,1,...,
(YmyrHhe Ly Ly = 0, nopk=0,1,....
where

(X" (1) = 0, (XM)(r) =0, (X")"(r) =0,

(Y5 (@) = 0, (Y (0) =0, (Y")" () =0, L,rs=0,1,2,..

Solving IVP (2.50)-(2.51) we have the following recurrence relations

(Xm)l’l’l(t) —T* Em, (Ym)l’l’l(l‘) — 07
t
(Xrn)n+1,p+1,k+1(t) — /{_g(Ym)n,p—Q-Lk—H _ C(Ym)n+1,p7k+1
0

— D(Ym)”“’p“’k}(’c)d’c (n,p,k=0,1,2,...; n+k+p#0),

t
(Ym)n+1,p+1,k+1<t) :/{@(Xm)n,erl,kJrl_|_C(Xm)n+l,p7k+1
0
+ DXMLr L (yat (n,p,k=0,1,2,...)

Using the recurrence relations (2.52)-(2.53) unknown vector coefficients

(Xm)n+l,p+1,k+1, (Ym)n+l,p+1,k+1’ I’l,p,k:(),l,...

are determined.

39

(2.51)

(2.52)

(2.53)
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Substituting the obtained vector coefficients into the series (2.48)-(2.49) we find the
solution of the systems (2.46)-(2.47) and then, using (2.45), the solution Vm(v,t) of
(2.42), (2.43).

2.1.5.3  Explicit formula for a solution of IVP (2.38)-(2.39)

Let V" (v,t) be the found solution of (2.42), (2.43). The solution V" (x,7) =
(V"(x,t),...,V§"(x,t)) of IVP (2.38)-(2.39) is determined by the inverse Fourier

transform of V" (v,7), i.e. by the formula:

V™(x,t) = (2:))3 / / / V™ (v,t)e"*Vdvidvydvs, (2.54)

where 6(¢) is the Heaviside step function, i.e. 6(¢) =1 for# > 0 and 6(¢) =0 for t < 0.

We get from (2.45) the following relation

V" (v,t)e ™ = [TX™ (v, 1) cos(x-V) + TY" (v,t) sin(x - V)]

+i[TY"(v,t)cos(x-v) —TY"(v,t)sin(x-V)]. (2.55)

Taking into account that components of the vector function V" (x,z) as well as
components of vector functions TX™(v,#) and TY™(v,t) have real values, the
imaginary part of the right hand side of (2.54) is equal to zero. As a result of it we
find from (2.54) and (2.55) the following formula for mth column of the fundamental

solution of SHSE:

/ [TX™(v,t)cos(x1Vi +x2V2 +x3V3)

+ TY"(v,)sin(x1v] +x2V2 +x3V3)]dVidvadvs. (2.56)
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2.1.6 Computational experiments: implementation and justification

2.1.6.1 The regularization of some singular generalized functions

An explicit formula of the FS of equations of isotropic elastodynamics is well
known (see, for example, Aki & Richard (1980)). For example, components of the

first column of FS can be written in the form

1 3x2 1 x|, |x|
G t)= =L e — =) 8(— — 1)t
I(X1,X2,X3, ) 47Cp<|)C|5 |x’3) ( CL) (CT )
1 X |x| 1 x? |x|
—=0(t— )+ —Z)8(t— ), 2.57
4mpC% |x| ( CL> 4an%|x|( !x|2) ( CT) 2.57)
1 3xix |x| |x|
G t — ——)0(=——1)t
2(X1,X2,X3,) 4 P |X|5 CL) <CT )
1 xix |x| 1 xx |x|
—(t— =) — ——=)0(t — —), 2.58
4mpC? |x[3 ( CL) 4mpC2 |x|3) ( CT) 2.58)
1 3xix3 |x| |x|
G t) = — ——)0(——1)t
1 xpx3 |x| 1 xx3 |x|
—(t— =) ———=)0(t — —), 2.59
4npC? |x|3 ( CL) 4npC2 |x\3) ( CT) 2.59)
where C% = =, Cf = %. These formulae contain singular terms 6(Crt —

~— D=

lx|)/(4nC%p|x|) and &(Crt — |x|)/(4mC?p|x|). The supports of these singular terms
are the characteristic cones rCr = |x| and rCy, = |x| in the space of variables x;,x2,x3,1.
Usually the classical functions are defined by the point-wise manner and we can draw
their graphs. Unfortunately this point-wise definition and its graphic presentation is
not adequate to singular generalized functions (Vladimirov (1979), Vladimirov (1971),

Reed & Simon (1975)). For this reason they are very often replaced by regularized

functions which are classical and have graphic presentations. This regularization has
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a parameter of the regularization and the singular generalized function is a limit in
the sense of the generalized functions space when the parameter of this regularization
tends to +oo (or +0). For example, the singular generalized function §(¢) can be

regularized by #ﬁ exp (—%/(4€)) and the singular generalized function 8(Crt — |x|)

by 3 \}ﬁ exp [—(Crt — |x])?/(4¢€)] (see Vladimirov (1979)).

On the other hand 8(Crt — |x|)/(4mC%p|x|) can be regularized by

A A A
1 sin(Cr|v]t) _;.
hy(x.t) = / / / eV av dvadvs, >0, (2.60)
W= Gy pCrlV]
SASAZA
iz =—1,v= (Vl,Vz,V3) e R3, X = (XI,XQ,Xy,) € R3, XV =x1V1 +x2V2 +x3V3.

when A — +o0, because we know that (see Vladimirov (1979))

A A A
sin(Cr|v|t) _; _,.sin(Cr|Vvlt)
lim /// ey dvadvs = Fy STV
A*)+oo 3 pCT| | 1 264V3 v [ pCT’V| ]()
—A-A-A
and
_1,.sin(Cr|v]t)
————=(x) = ————0(Crt — |x]).
VG0 = G dCr )

Here F, ! is the 3D inverse Fourier transform defined by (2.54). Since the function

sin(Cr|v|t)/(pCr|v]) is even we can replace the 3D integral of (2.60) by

A A A C |

vlt)

///Sm r ’ COS(x-V)dV1dV2dV3
pCrv|

—A-A-A

and then approximately the obtained integral can be written by the following triple
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sums

N N N

sin(Cr[v[r) 3
n;Nm;Nl_Z PCT|V! |_(nAV_‘mAvleV)cos(Av(nxl—i—mx2+lx3))(Av),

where N is a natural number for which A = NAv and real numbers A and Av
have been chosen from empirical observations and natural logic. Namely, using
the obtained integral sums we compute the values of h4(x,t) for Av = 1, Av =
0.5, Av =0.025, A =20, A =30, A =40, A = 50 and so on numerically in

MATLAB . We compare the results of computation with values of the function

Nlﬁ exp [—(Crt — |x])?/(4¢€)] /(4nCFp|x|) (€ = 0.0001) which is a regularization of

8(Crt — |x|)/(4nC%p|x|). We have observed that the difference between values of
ha(x,t) and #ﬁexp [—(Crt —|x])?/(4¢€)] / (4nCF
to Av =0.5and A =40, A =50, A = 60, A = 70 becomes small and the increment of

), (€ =10.0001) corresponding

the regularization for the parameter A is not essential according to the case Av = 0.5,
A = 40. For this reason we choose Av = 0.5, A = 40 as suitable parameters for A4 (x,?)

as regularization of 8(Crt — |x|) /(4nC2%p|x|) by the 3D integral sum.

2.1.6.2 Correctness of the method

For the computation of the fundamental solution of SHSE we use the formula
(2.56) and then we derive the fundamental solution of AES by (2.41). The formula
(2.56) contains 3D integral over the whole space R>. We replace this integral by the
integral over the bounded domain (—A,A) x (—A,A) x (—A,A), where the number A is
chosen by the empirical observation on the singular terms of the fundamental solution

corresponding to isotropic elastic media which is described in section 2.1.6.1

We note also that terms X" (v,¢) and Y™ (v,t), appearing in (2.56), are presented in

the form of triple series (2.48), (2.49) with infinite number of terms. We replace these
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triple series by sums with finite number of terms of the form

(Xm)n-i-l,p—l—l,k-i—l (t)V?Vng,

Mz
Mz
Mz

3
I
=
hS]
Il
o
T
o

(Y™ LR iy E VA (2.61)

Mx
Ms
M=

3
Il
=

i
=
=
Il
o

where the number M is chosen by the following natural logic. An explicit formula for
the fundamental solution of isotropic elastodynamics as well as an explicit formula for
its Fourier transform image with respect to space variables are well known ( Aki &
Richard (1980)). Thus the formula for the Fourier transform image of the first column

of this fundamental solution has the form

A1 _ Al N N

u (Vvt) - (I"l(V?t)’ MZ(V,I),M3(V,Z‘)),
where

0 sin(Cr | v | 1) sin(Cp | v | 1)
~1 2 2 2
ay(v,t) = V5 +Vv3)+ Vit

O(r sin(Cp |v|t) sin(Cr |V |t
ﬁé(vat) - P |(V)|3V2V1{ ( éi 1) - ( 27|" | )}7
. 0(r) sin(Cr | v|t) sin(Cr|v|1)
av,t) = V3V — .

W0 = St &

Here elastic moduli for the isotropic medium are defined as c¢;ji; = 7»8{ 82 + ,u(SfSé +

858’;), where u and A are Lame parameters; 8{ is the Kronecker symbol.

On the other hand we can find the first column of the Fourier transform image of
the fundamental solution by our method using formulae (2.48) - (2.49), where triple
series with infinite number of terms are replaced by sums (2.61) with finite number
of terms. We have chosen M such that difference between components of @' (v,7) and
components of @' (v,#) computed by our method was negligible (of the order 10~4)

when |v;| <A, j = 1,2,3. The similar has been done for the second and third columns
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of this fundamental solution. As a result we have got that suitable values are: A > 40

and M > 60.

For the justification of these values and evaluation of our method we have used the

following properties of the fundamental solution of isotropic elastodynamics:

[} (o] 1
/ /u xl,XQ,X3,t)dX1dX2 = Zp—CTe(CTt — |X3D,
= 0(Crt — 4 /x2+x3
1
/ul(xl7x27x3vt)dxl
ZTCPCT 22 — xz
—00 3

where u% (x1,x2,x3,1) is the first element of the first column of the fundamental solution

of isotropic elastodynamics.

For the illustration we have considered the isotropic elastic material sillica ( SiO»
) characterized by u = 3.12, A = 1.61 ( 10'°Pa ), p = 2.203 (10°kg/m?) (see, for
example, Dieulesaint & Royer (2000), p.163 ). Using reasoning described above
we have chosen numbers A = 45 and M = 90 and then applied our method based
on formulae (2.41), (2.56). As a result of it we have computed Vl1 (x1,x2,x3,1) and

u{ (x1,x2,x3,t). After that we have derived integrals

[}

//u X1,X2,X3,1)dx1dxs, /u{(xl,xz,x3,t)dx1. (2.62)

—o0

For the computation of the integrals we have used the natural property

u%(xl,xz,x%t) =0, if \/x%—l—x% >1tCr, or |x3| >1tCp

and the integration has been taken over the bounded interval and bounded domain.
The results of the computation and comparison are presented in the Fig.2.1-Fig.2.2.

In Fig.2.1 we have computed the first integral in (2.62) for M = 60, A =45, t = 2.
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Fig.2.1 gives 2D plot of this integral. Here the horizontal axis is x3. In Fig.2.2 we have
computed the second integral in (2.62) for x, =x3 =a, M =60,A =40, =0.5. Figure

2.2 gives 2D plot of this integral. Here the horizontal axis is a.

2.1.7 Images of elements of the fundamental solution of SHSE

The computational experiments of this section confirm the robustness of our method
to produce images of elements of fundamental solution of SHSE (2.25). These images
are the simulation of wave propagations arising from directional pulse point forces in
general anisotropic media. We consider the following homogeneous elastic materials

with orthorhombic and monoclinic structures of anisotropy.

Orthorhombic crystal o-iodic acid (HI03) (see Dieulesaint & Royer (2000)) has

the following properties: p = 4.640 (10°kg/m?); and

ci1 = 3.01, cp=cp1 =1.61, c;3=c31 =1.11,
cn = 5.8, cx3 =cy3 =0.80, c33 =4.29,

cas = 1.69, cs5=2.06, ces = 1.58, (10'° Pa)

other elements of the matrix C are equal to zero.

Monoclinic crystal AT-cut quartz (see Batra & Qian & Chen (2004)) has the

density p = 2.649 (10°kg/m>); elements of the matrix C defined by

ci1 = 8.67, cio=cp1 =—-0.83, c13=c31 =2.71, c14 = c41 = —0.37,
cn = 1298, cy3 =cp3 =—0.74,c04 = cp4 = 0.57 ¢33 = 10.28,

C34 = C43 = 0.99, C44 = 3.86, C55 = 6.88, Co6 — 2.9, C56 = Cp5 — 0.25
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(10'9Pa) and other elements of the matrix C are equal to zero.

In computational experiments we compute the third column of the fundamental
solution of SHSE (2.25), i.e. we take m = 3 in (2.38), (2.39). Using the matrix
formalism from Yakhno & Yakhno & Kasap (2006) the matrices T, T*, D have
been computed in MATLAB. Further, using formula (2.56) and procedures, described
in section 2.1.5, we have derived values of Vk3 (x,1), k=1,2,...,9; i.e. all components
of the displacement speed and stresses for each anisotropic material. We have used the

following parameters for the computations : A =40 and M = 60.

Figs.2.3a-c are the screen shots of 3-D level plots of V33 (x1,0,x3,0.25),
V33 (x1,0,x3,2) and V33 (x1,0,x3,3.5). The horizontal axes are x| and x3. The vertical
axis is the magnitude of V3(x1,0,x3,7) for t = 0.25,2,3.5. Figs.2.4a-c are the screen
shots of 2-D level plots of the same surfaces V33 (x1,0,x3,0.25), V33 (x1,0,x3,2) and
V3 (x1,0,x3,3.5). This is a view from the top of z-axis (the plan). The Figs.2.3 and 2.4

demonstrate dynamics of the wave propagation in the orthorhombic crystal.

The Figs.2.5a-c contain 2-D plots (a view from the top of z-axis) of z =

Vk3 (x1,0,x3,1), k=1,5,9 for t = 0.8 corresponding to the monoclinic crystal.

The obtained results of simulations give the information about fronts of elastic
wave propagations and behavior of the displacement speeds and stresses in elastic
media with general structure of anisotropy (orthorhombic, monoclinic). We note here
that for isotropic media we can get such kind of information by explicit formulae
for columns of the fundamental solutions. These explicit formulae contain terms
with singularities on the surface of characteristic cones in (x,#) space, where x =
(x1,x2,x3) is a 3D space variable and 7 is a 1D time variable. If the time variable
is fixed then singularities are located on the surfaces of spheres. These surfaces of

spheres are fronts of elastic waves (longitudinal and transverse waves) in isotropic
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media. There are three waves in the general anisotropic elastic media. One wave is
quasi-longitudinal and two waves are quasi-transverse ( Aki & Richard (1980)). The
speed of the quasi-longitudinal is the biggest one. The results of the computational
experiments presented in Figs.2.4-2.5 demonstrate configurations of the front traces
of quasi-longitudinal waves for x, = 0 and ¢t = const. These front traces have very
peculiar forms as compared with the isotropic case. We note that the front traces of
quasi-transverse waves are unrecognizable through other fluctuations arising in the

disturbed domains.
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Figure 2.1: The graph of DhL(x3,t) =

Ik fu}(xl,xz,x3,t)dx1dx2 at t = 2 computed

—00 —00

by ... our method; — exact values of I(x3,7) att = 2.
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Figure 2.2: The graph of [Ij(x2,x3,0) =

i u%(xl,xg,)@,t)dxl atr = 0.5, x, = x3 computed by

— our method; ... exact values of I (x2,x3,¢) solution
att =0.5, x, = x3.
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(a) t=0.25

(c) t=3.5

Figure 2.3: Images of z =V} (x,0,x3,t) at t = 0.25,
t =2, t=3.5 in orthorhombic crystal; the horizontal
axes are x; and x3, the vertical axis is the magnitude
OfV33(xl,0,X3,l).
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() t=3.5

Figure 2.4: Images of V3 (x1,0,x3,¢) att =0.25,1 =2,
t = 3.5 in orthorhombic crystal; the view from the top
of z-axis on the surfaces z = V33 (x1,0,x3,¢) (plan).
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(¢) 2-D plot of Vg (x1,0,x3,0.8)

Figure 2.5: Images of the third column components of
the fundamental solution of SHSE att = 0.8, x, =0
in the monoclinic crystal; the view from the top of z
axis on surfaces z = Vj3 (x1,0,x3,3.5), j=1,5,9.
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2.2 Computation of the time-dependent fundamental solution for equations of

elastodynamics in general anisotropic media
2.2.1 Statement of the problem

The time-dependent FS of anisotropic elastodynamics (2.14) (AES) is defined as a

matrix G(x,t) of the order 3 x 3 whose columns

um<x7t) = (ulln(xvt)vuan(x?t)a”?(xvt))

satisfy equalities

az 3 . ; .
Pop = Z +5 8(x)8(t), x=(x1,x2,x3) ER’, t€R, i=1,2,3, (2.63)

u;'n‘[<0:0, 1= 1,2,3, (264)

where 87" is the Kronecker symbol, i.e. 8" =1if i=mand 8" =0if i #m; i =

1,2,3; m=1,2,3.

From the physical point of view the m-th column of FS is the displacement of
the considered anisotropic medium arising from the pulse point force €”8(x)d(z),
where ¢! = (1,0,0), e = (0,1,0), e®> = (0,0,1) are basis vectors of the Cartesian

coordinates.

(2.14) can be reduce to the first order symmetric hyperbolic system (2.25) (see
section 2.1.2). The main problem of this section is to find fundamental solution
of SHSE (2.25), i.e. to solve the initial value problem (2.38)-(2.39) and to

find fundamental solution of AES (2.14), i.e. to solve the initial value problem
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(2.63)-(2.64).

2.2.2 Method of the solution

Applying the Fourier transform with respect to x in the initial value problem
(2.38)-(2.39) we have
v

AOT—iB(v)V’" = E"8(t), (2.65)

V*v,0)ic0 = 0,, (2.66)
where B(V) = (V]A] + VoA, +V3A3).

Step 1: Diagonalization Ay and B(V) simultaneously. The matrix Ag is symmetric
positive definite and B(V) is symmetric. In this step we construct a non-singular
matrix T(v) and a diagonal matrix D(v) = diag(di(v), k=1,2,...,9) with real valued

elements such that
T*(V)A(T(V) =1, T*(v)B(v)T(v) = D(v), (2.67)
where I is the identity matrix, T*(v) is the transposed matrix to T(v).

Computing T(v) and D(v) can be made by the following way: we find A, /2 and

then using the matrix A 1/ ZB(V)AO_ 12 we construct T(v) and D(v).

Finding A, 12 For the given positive definite matrix Ag we compute an orthogonal
matrix ® by the eigenfunctions of Ay such that R *A¢R = L, where R* is the
transpose matrix to ® and L = diag(Ax, k = 1,2,...,9) is the diagonal matrix with
positive elements A; which are eigenvalues of Ay. The matrix L2 is defined by the

formula £1/2 = diag(\/M, k=1,2,...,9) and A}/* is defined by Ay/> = R LI/2R ",
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The matrix A, 172 5 the inverse to A(l)/ 2,
Finding T(v) and D(v). Let matrix B(v) be given and matrix A '/2 be found.

Let us consider the matrix A, 1 2B(V)Aa "2 Which is symmetric with real valued
elements. The diagonal matrix D(V) is constructed by eigenvalues of A, 1/ 2B(V)Aa 12
The columns of the orthogonal matrix Q(v) are formed by normalized orthogonal

eigenfunctions of A, Y 2B(V)Aa 1/2 corresponding to eigenvalues d(v), k=1,2,...,9.

The matrix T(v) is defined by the formula T(v) = A, 1/ 2Q(v).

Step 2: Deriving a solution of (2.65)-(2.66). Let D(v) and T(v), satisfying (2.67),

be constructed. We find the solution of (2.65)-(2.66) in the form

V(v,1) = TV)Y" (v, 1), (2.68)

where Y™ (v, ) is unknown vector function. Substituting (2.68) into (2.65)-(2.66) and
then multiplying the obtained vector differential equation by T*(v) and using (2.67)

we find

— —iD(V)Y" = T*(v)E™3(¢), t €R (2.69)

Y"(v,0)[i<o = O. (2.70)

Using the ordinary differential equations technique (see, for example, Boyce &

DiPrima (1992)), a solution of this initial value problem (2.69)-(2.70) is given by
Y"(v,t) =0(¢) [cos(D(V)t) + isin(D(v)7)] T*(v)E™,

where 0(¢) is the Heaviside function, i.e. 6(z) = 1 for + > 0 and 6(¢) = 0 for
t < 0; cos(D(v)t) and sin(D(v)t) are diagonal matrices whose diagonal elements are

cos(dy(v)t) and sin(dy(v)t), k=1,2,...,9, respectively.
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Finally, a solution of (2.65)-(2.66) is determined by

V™ (v,1) = 0(t)T(v) [cos(D(V)r) + isin(D(v)r)] T* (v)E™. 2.71)

Step 3: Deriving a solution of Problem (2.38). Noting that every solution of (2.38)
is a real valued vector function and using formulae (2.54), (2.71) we find that a solution

of (2.38) is given by
o) [ [
.

where cos (D(v)t — I(v x)) is the diagonal matrix with diagonal elements

~—3

Vi (x,1) = T(v)cos (D(v)t (v -x)) T (V)E"dvidvadvs, (2.72)

8

cos (dk(v)t—v-x>, k=1,2,....9.

2.2.3 Explicit formulae for FS of displacement, displacement speed and stress

Let E™, m = 1,2,3, be defined in the statement of (2.38). Let us consider the
formula (2.72). The first three components of the vector function V" (x,¢) in (2.72)
are elements of m-th column of the matrix @, where G(x,t) is FS of anisotropic
elasticity (fundamental solution of AES). To find m-th column of G(x,7) we need
to integrate the right hand side of (2.72) with respect to ¢ from zero to z. Since
T(v),T*(v),E™ do not depend on ¢ the integration of the right hand side of (2.72)

is related with the calculation of the integral of the matrix cos(D(v)t —I(v-x)) with

respect to T from O to . We find this integral explicitly. The result of this integration is
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the matrix S(v,7,x) whose elements are found by formulae

Skj(vvtax) = 0, ]#k’

Ser(v,t,x) = tcos(v-x) if di(v) =0;
sin(di(v)t —v-x)  sin(vx)
di(V) di(V)

Sic(V, 1, %) if de(v)#0; k,j=1,..,9.2.73)

As a result of it we find explicit formulae for components of the vector function u™

(m-th column of G(x,7)) in the form

W (1) = 25334 Z Z T(V)S(V, 1, ) T*(V)E"|ndv1dvadvs, (2.74)

(
where n = 1,2,3; elements of the matrix S(v,f,x) are defined by (2.73);

[T(V)S(v,t,x)T*(v)E™], is the n-th component of the vector T(v)S(v,z,x)T*(v)E™.

The last six components of the vector function V”(x,t) in (2.72) are fundamental
solution of stress. The first three components of the vector function V" (x,) in (2.72)

are fundamental solution of displacement speed.

2.2.4 Formulae of the displacement, displacement speed and stress from an

arbitrary force

As one of important applications of FS we describe the derivation of the
displacement, displacement speed and stress arising from an arbitrary force in the
considered anisotropic media. Here we base on the suggested method for the FS
construction. Let G(x,) be FS of SHSE and G (v, ) be the Fourier transform of G(x, )
with respect to the space variable x = (x1,x2,x3) € R}. We note that the first three
components of the vector function V" (v,t) defined by (2.71) for E™ are components

of m-th column of %é(v,t). Integrating (2.71) with respect to 7 from 0 to ¢ we find
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components of m-th column of G(v,#) (FS of AES) by the following formulae
) (v,t) =0()[T(V)P(v,t)T*(V)E"],, (2.75)

where n = 1,2,3, P(v,t) is the diagonal matrix whose diagonal elements are defined

by

Pu(v,t) = t for di(v) =0,
(

Pu(v,i) = Si“fif’(‘g)t)ﬂ 1_‘:2:5‘5’;(””) Fordy(v) £0; k=1,...,9(2.76)

This means that the Fourier image G(v,t) of G(x,) can be derived immediately after
steps 1 and 2 by formulae (2.75), (2.76). The Fourier image 6(V,t) of FS can be
applied for the computation of the displacement w(x,t) = (u;(x,1),us(x,t),u3(x,t))
arising from an arbitrary given force f(x,¢) = (f1(x,1), f2(x,1), f3(x,1)) satisfying f(x,?)
for 1 < 0. Really, let f(v,7) be the Fourier transform of f(x,7) with respect to x =

(x1,%2,x3) € R®. Then

“wr L]

Similarly, the computation of the displacement speed and stress arising from an

G(v (v T)e "V dvidvadvidr. (2.77)

W

8\8

arbitrary given force F(x,t) = (f1(x,1), f2(x,1), f3(x,1),0,0,0,0,0,0) satisfying F(x,?)

for t < 0 are given by

//é(v,t—t)f?(v,r)eiv'xdvldvzdv3dr. (2.78)
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2.2.5 Computational examples

2.2.5.1 General characteristics of computations and visualizations

We have implemented two types of computational experiments. The first one
shows a high accuracy in computing values of FSs in terms of wave-vector variables
for isotropic (transversely isotropic) elastic indefinite media. In these experiments
we consider the isotropic material Sillica (SiO,) and transversely isotropic material
graphite-epoxy composite. The values of FSs have been derived for these materials in
two ways: by explicit formulae as well as by the method of Section 2.2.2. The results
of the comparison are presented in Tables 2.1-2.2. Moreover, we have obtained that
values of the FSs found by the method of Sections 2.2.2, 2.2.3 can be efficiently used

for the computation of integrals when the integral contains the FS as terms.

In the second type of computational experiments we have considered three
homogenous anisotropic materials with trigonal, monoclinic and triclinic structures of
anisotropy, respectively. They are aluminium oxide (Al,O3), diopside (CaMgSi2Og)
and albite (NaAlSizOg). For these experiments we have taken the pulse force situated
in each material and modeled by €38(x;)8(x2)8(x3)8(t), where €3 = (0,0,1), &8(-) is
the Dirac delta function. The responses of the considered anisotropic materials on this
source are the displacement, displacement speed and stress vectors depending on the
position and the time. Using the method of Sections 2.2.2, 2.2.3 (see steps 1-3) we
compute T(v), T*(v),D(v) and then using the formula (2.72), (2.74) we have derived

numerically components of u® and V?.

The pulse point force e>3(x1)3(x2)8(x3)8(¢) produces diverging elastic waves. The
behavior of elastic fields (dynamics of wave propagations, the traces of fronts and

distribution of magnitudes of the displacement for three different anisotropic media
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(aluminum oxide, diopside and albite) are presented in the form of components u’
in the Figures 2.8-2.10. The traces of fronts and distribution of magnitudes of the
displacement, displacement speed and stress for triclinic anisotropic media (albite) are

presented in the form of the second and fifth components V? in the Figures 2.11-2.12.

2.2.5.2 Description of input data and corresponding images

Example 1. Isotropic material - sillica(SiO,)

The density and Lame parameters of this material are equal to ( Dieulesaint & Royer

(2000))
p=2.203(10%kg/m*), A=1.61, u=3.12(10""Pa).

For this example we take the pulse force of the form e'd(x;)8(x2)8(x3)8(¢), where
e! = (1,0,0). Using the method of Section 2.2.2 we compute T(v), T*(v), D(v) and
then using the formulae (2.75), (2.76) we find elements of the FS (matrix) é(v,t) in
terms of wave-vector values v = (v1,V,v3) for any fixed time ¢. The first column of
this FS is the displacement vector u' (v,7) = (ul(v,t),u(v,t),u3(v,t)) depending on
wave-vector parameter Vv = (V1,V»,Vv3) and time 7. On the other hand for the pulse
force e!3(x1)3(x2)8(x3)8(¢) we can use the explicit formula for the first column of FS
for isotropic elastic infinite materials ( Aki & Richard (1980), Kausel (2006)). We
denote the FS for isotropic elastic materials in terms of wave-vector and time variables
as E(v,1) and in terms of space and time variables as E(x,). Here v = (v{,V2,Vv3) is

the wave-vector variable and x = (x,x»,x3) is the space variable. The components of
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the first column of %(v,t) can be written explicitly as follows

~ 0(r) sin(Cr|v|t), » . sin(Cp|Vv]|t) ,
El(v,t) = Vi+Vvy) +—————=vi}, (279
1 (V1) p\v|3{ Cr (V3 +v3) CL 1 (@279
~ 0(z) sin(Cp |v|t) sin(Cr |V 1)
Y(v,1) = VoV — ,
~ 0(1) sin(Cp |v|t) sin(Cr|v|t)
Y(v,t) = V3V — ,
B0 = St &

where C2 = ’5’, C? = %.

Some values of u}(v,?) and %11 (v,t) and their comparison are given in Table 2.1.
In this table the following notations are used: A = 25. 1074, %11 (V1,V2,V3,1) are values
computed by the formula (2.79); u } (V1,V2,Vv3,t) are values of the first component of
the first column of FS G(v1,V2,V3,t) computed by our method; ﬁ% — %11 are values of
ui(Vi,v2,V3,1) — %11 (V1,V2,V3,t) which mean the error between values LT% (V1,V2,V3,1)

found by our method and exact values ‘Z"ll (V1,V2,V3,1).

Using computed values T(v) and D(v) (2.73)-(2.74), we can derive ul (x1,x2,x3,1)

and then compute numerically the integral

t oo
g%(z,t) 2/0 / u%(xl,xz,x&‘t)dxld’t [P—

At the same time the integral

t oo
e%(z,t):/o/ El (x1,X2,%3,7)dx1dT |xy=x3=z

can be derived explicitly as follows

The graphs of functions gl (z,#) and e} (z,#) for = 1 and their comparison are presented
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in the Fig.2.6.

Example 2. Transversely isotropic solid - graphite-epoxy composite

The elastic constants in units of 10'°Pq are given by ( Wang & Achenbach (1994))

cii1 = ¢ =13.92, cjp =cr =6.92,

c13 = 33 =c31 =c3 =06.44, ¢33 =160.7,
13.92 —160.7

ca4 = c¢55 =7.07 cg6 = —

Other elastic constants are equal to zero. The density p = 1(10%kg/m?).

In this example we take the pulse force of the form e?8(x;)8(x2)3(x3)8(¢), where
e’ = (0,1,0). Using the method of Section 2.2.2 we compute T(v), T*(v), D(v)
and then using the formulae (2.75), (2.76) we find elements of the fundamental
matrix é(v,t) in terms of wave-vector values v = (vi,V,,v3) for the fixed time
t. The second column of the fundamental matrix is the displacement ﬁz(v,t) =
(u3(v,t),u5(v,t),u3(v,t)) depending on wave-vector parameter v = (V1,V2,V3) and
time . On the other hand for the pulse force e?3(x1)8(x2)8(x3)8(¢) we can use the
explicit formula for the second column of E(v,¢) for v» = 0. Here E(v,) is the FS
of transversely isotropic material (graphite-epoxy composite) in terms of wave-vector
variable v = (v}, V2,v3) and time variable 7. The components of the second column of

‘E(v,t) for vo = 0 can be written explicitly as follows

%lz(vat) = ESZ(Vat):()? (v2=0)

~ 2 2
E3(V,1) |vpm0 = o) sin t\/(C%VI Feavs) . (2.80)
\/ p(ce6V] + caav3) P

Values of u#3(V,t), E3(V,t) for vo = 0 and their comparison are given in Table 2.2. In

this table the following notations are used: A = 25.107%; %,22(\/1,0,\/3,0 are values
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computed by the formula (2.80); ﬁ% (v1,0,v3,t) are values of the second component of
the second column of FS G(vl,O,V3,t) computed by our method. ﬁ% — %22 are values
of u3(v1,0,v3,1) — %22(\11 ,0,v3,¢) which mean the error between values #3(v1,0,V3,t)

found by our method and exact values %‘22(\/1 ,0,v3,1).

Using computed values T(v), D(v) and formulae (2.73), (2.74) we derive the second
column u?(x,t) of the fundamental matrix G(x,¢) for graphite-epoxy composite in

terms of space and time variables and then compute numerically the integral

t oo
g%(z,t)z/o/ 105 (x1,%2, %3, — ) £ (1) dx2dT |y =y =,

where u%(xl,xz,)@,t) is the second component of the vector column u?(x,t), x =

(x1,%2,%3); (1) = T2 exp(—37?) (see similar example in Wang & Achenbach (1994)).

Let E(x,t) be the FS of the graphite-epoxy composite in terms of the space and

time variables; 3 (x,t) be the second element of the second column of E(x,t). We can

2 2
TP 8P
9(t €66 +C44)

om.feeatany |12 — (2 + 50
6644 o6 Caa

derive explicitly

/ E3 (x1,%2,%3,1)dxy =

and then, compute the integral

t o]
e3(z,t) = /0/ E5 (x1,%2,%3,7) f(0)dxod T] ;==

1 t
- 5

2 2
o [P %P
9(2‘ T €66 + C44)

f(t)dr.

Vet [ (t — )2 — (A2 4 5P
66C44 o6 Cas

The graphs of functions g5(z,¢) and e3(z,¢) for # = 1 and their comparison are
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presented on the Fig.2.7.
Example 3. A crystal of trigonal anisotropic structure - aluminum oxide(Al;03)

The density p is equal to 3.986(10%kg/m?) and the matrix of elastic moduli C =

(cap)sxe is given by (see, for example, Dieulesaint & Royer (2000))

cll — 497, C12 = 6‘21 = 164’ C13 = C31 = 112,

Clg = C41 = —2.35, C33 :49.9, C44 = 14.7
49.7—-16.4

5 (101°Pq).

C56 — C65 — —2.35, Ce6 —

Other elements of the symmetric matrix C are equal to zero. Fig.2.8 show dynamic of
the distribution the first component of the displacement u?(x,0,x3,7) in the aluminum
oxide at + = 0.8. Fig.2.8 contain screen shot of 2-D level plot of the same surface
u? (x1,0,x3,0.8), i.e. a view of the surface from the top of z-axis. The figure
illustrate the behavior of the first component of the displacement vector u?(x1,0,x3,7)

in aluminum oxide at ¢t = 0.8.
Example 4. A crystal of the monoclinic structure - diopside(CaMgSi;Og)

The density p = 3.31(10°kg/m?) and elements of the matrix C = (cap)exe are

defined by (see, for example, Alexandrov (1964) )

ci1 = 2.040, cip =cp1 =0.884, c13 =c31 =0.0883, ¢15 =c51 = —0.193,
cn = 1.750, cr3 =c30 =0.482, co5 = c50 = —0.196, ¢33 = 2.38,
C35 = (53 = —0.336, Cq4 = 0.6757 C46 = Co4 = —0.113, C55 = 0.588,

ces = 0.705(10''Pa).

Other elements are equal to zero. Fig.2.9 presents of the first component of the
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displacement speed u®(x7,0,x3,¢) at the time ¢ = 3 in diopside. The different colors
correspond to different values u? (x1,0,x3,3). Fig.2.9 present the view from the top of

Z-axis.
Example 5. A crystal of the triclinic structure - albite(NaAlSiz;Osg)

The density p = 2(10%kg/m?) and elastic moduli C = (cap)exe are defined by (see,
for example, Brown & Abramson & Angel (2006))

ci1 = 69.1, cip=c21=34.0, c13=c13=30.8, c14 =c41 =5.1,

cis = cis=—24, cie=cg1 = —0.9 cp =183.5, cr3 =c3p =5.5,
e = cap=-39crs=c5p=-7.7, cr6=cep=—5.8, c33=179.5
c3a = ca3=—-87, c35=c53="7.1, c36 =cg3 = —9.8, cqq4 =24.9,

C45 — C54 = —2.4, C46 = Co4 = 7.2 C55 = 2687 C56 = C65 — 0-576'66 == 335(GP61)

Fig.2.10 show the first component of the displacement u?(x1,0,x3,1), at the time = 0.3
in albite. Fig.2.11, Fig.2.12 show the second component of the displacement speed and
stress of V3(x1,0,x3,1), at the time ¢ = 0.3 in albite. Fig.2.10-Fig.2.12 present the view

from the top of z-axis.

2.2.5.3 Analysis of the visualization

The simulation of the displacement, displacement speed, stress components in
general anisotropic media by modern computer tools allow us to see and evaluate
dependence between media structures and behavior of displacement, displacement
speed, stress components. The method allows users to observe the elastic wave
propagation arising from pulse point sources of the form e”3(x;)d(x2)d(x3)d(¢) in

trigonal, monoclinic, triclinic and other anisotropic materials. We can see in the
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Figures 2.8 - 2.12 that the different anisotropic structures of media produce different
responses of displacement, displacement speed, stress inside these media. The
visualization of the displacement components, presented on the Figures 2.8 - 2.12 gives
knowledge about the form of fronts of elastic wave propagations in aluminum oxide,

diopside and albite. We see that fronts are not spherical and have very peculiar forms.

Table 2.1. The accuracy of computing i1 (V1,V2,V3,?) in isotropic material sillica (SiO5)

t Vi Vo V3 17%(\/1,\/2,\/3,1‘) ﬁ%—fll
1 A A A 0.4539234397 —0.4x10°15
A Ax 10 A x 10? 0.4471914039 0.3x 10712
Ax 10 A x 107 Ax10° 0.1227898668 x 1072 0.5x 10~
Ax10° Ax10° Ax10° 0.1540383945 x 1073 0.3x 10710
2 A A A 0.9078287344 —03x10°1
A Ax 10 A x 107 0.8546908803 0.2x 10~
Ax 10 A x 10? Ax10° —0.1457632983 x 102 0.5x 107!
Ax10° Ax10° Ax10° 0.2754393629 x 1073 0.6 x 10710
3 A A A 1.361697740 —0.1x10° 18
A Ax 10 A x 10? 1.186330242 0.7x 10~
Ax10 A x 107 Ax10° 0.5024509308 x 1073 —0.3x 10710

Ax10° Ax10° Ax10° 0.3418815169 x 1073 0.7 x 10710
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Table 2.2. The accuracy of computing ﬁ% (v1,0,v3,t) in transversely isotropic material
graphite epoxy composite.

t Vi V3 ﬁ%(vl,o,\/;;,t) ﬁ%—fzz
1 A A 0.9999889896 0
A Ax10* —0.7215342900 x 102 —09x10°!8
Ax 10 Ax10 0.9988993220 0
Ax10° Ax10° 0.9514609420 x 103 —0.4x 10716
2 A A 1.999911918 —02x10°B
A A x 10 0.1266250282 x 10! 0.2x 107V
Ax 10 Ax 10 1.991203297 0
Ax10° Ax10° —0.1206444628 x 102 —0.3x 10716
3 A A 2.999702728 0
A Ax 10 —0.1500660552 x 10~! 0.2 x 10716
Ax10 Ax 10 2.970360126 0
Ax10° Ax10° 0.5783008964 x 103 02x10°1
4 A A 3.999295371 —0.4x1071
A Ax10* 0.1367320809 x 10! 0
Ax10 Ax 10 3.929904814 0
Ax10° Ax10° 0.4731638603 x 103 —03x10°15
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03

Figure 2.6: Graphs of gl(z,7) and e}(z,#). The dotted line
represents g1 (z,¢) at# = 1 (our method ). The continuous line
represents el (z,¢) at 7 = 1 (the explicit formula ( 2.80)).
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Figure 2.7: Graphs of g3(z,¢) and e3(z,t). The dotted line
represents g3(z,¢) at # = 1 (our method ). The continuous line
represents e3(z,¢) att = 1 (the explicit formula ( 2.81)).



Figure 2.8: 2-D plot of the first component of the displacement
u?(x1,0,x3,1) for t = 0.8 in aluminum oxide (trigonal structure
of anisotropy)

Figure 2.9: 2-D plot of the first component for the
displacement u?(x;,0,x3,¢) for t = 3 in diopside (monoclinic
structure of anisotropy)
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Figure 2.10: 2-D plot of the first component of the
displacement u?(x,0,x3,¢) for t = 0.3 in albite (triclinic
structure of anisotropy)

Figure 2.11: 2-D plot of the second component of the
displacement speed V3 (x1,0,x3,7) for # = 0.3 in albite (triclinic
structure of anisotropy)
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Figure 2.12: 2-D plot of the second component of the stress

Vg (x1,0,x3,7) for t = 0.3 in albite (triclinic structure of
anisotropy)

2.3 Solids with general structure of anisotropy: computation of the

time-dependent fundamental solution and wave fronts

2.3.1 Statement of the problem

Let us consider (2.14) and (2.15). Substituting (2.15) into (2.14) we have

9%u;(x,t 3 0%uy (x,t
Pl i)

=2 U3 5o + fi(x,1), xR}t €R. (2.81)
J

Jik =1

System (2.81) can be written as follows

0%u(x,1) 3 0%u(x,1) 3
P = Y AJ-ZWJrf(x,t), XxER,tER, (2.82)



72

where £(x,7) = (f1(x,1), f2(x,1), f3(x,1)),

Cij1l C1j21 C1j31
Aji = C2j11 C2j21 €231 | - (2.83)

C3j1l C3j21 C€3j31

Let us consider the point forces of the form €3 (x)A(t), where m = 1,2,3; e! = (1,0,0),
e’ =(0,1,0), ¢ = (0,0, 1) are basis vectors of the space R*; 8(x) = 8(x1)8(x2)8(x3) is
the 3D Dirac delta function concentrated at the point (0,0, 0) from R%; A(t) is a function

such that A(¢t) =0 forr < 0.

Let u™(x,t) = (u]'(x,1),u5 (x,t),u3(x,t)) be a solution of (2.82) for f(x,) =

€' 3(x)h(t) satisfying u”(x,)|,<0 =0, i.e.

0%u™ (x,1) 3 2u"(x,t)
—n = j;lA_,lW+e 3(x)h(r), (2.84)
u”(x,t)[<0 = 0, (2.85)

The time-dependent FS of equations of linear anisotropic elastodynamics is
defined as a matrix G(x,¢) of the order 3 x 3 whose columns G"(x,t) =
(G'(x,1),G5(x,1),G5(x,1)), m = 1,2,3 satisty (2.84), (2.85) for h(t) = d(t), where
d(¢) is the 1D Dirac delta function concentrated at # = 0. From the physical point of
view the mth column of the FS of equations of linear anisotropic elastodynamics is the
displacement of the considered anisotropic elastic solid arising from the pulse point
force €”3(x)d(r). The computation of the vector function w”(x,7) satisfying (2.84),

(2.85) is the main problem of this section.
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2.3.2 Computation of a solution of (2.84), (2.85)

The method of deriving u™(x,7) satisfying (2.84) and (2.85) consists of the
following. In the first step equations (2.84) and (2.85) are written in terms of the
Fourier transform with respect to x € R>. In the second step, a solution of the obtained
initial value problem is derived by matrix transformations and the ordinary differential
equations technique. In the last step, the solution of (2.84), (2.85) is found by the

inverse Fourier transform.

2.3.2.1 Equations (2.84), (2.85) in terms of Fourier images

Let " (v,t) = (i7" (v,t), 2™ (v,t),u3™(v,t)) be the Fourier image of u™(x,z) with
respect to x = (x1,x2,x3) € R3. Equations (2.84) and (2.85) can be written in terms of
" (v,t) as follows
42"
drr

a"(v,t)[;<0 = O. (2.87)

p +A(WV)E" = e"h(t), vER 1 €R, (2.86)

Here

3
AV)= Y Ajvjv, (2.88)
jil=1

where matrices A j; are defined by (2.83).
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2.3.2.2  Formula for a solution of (2.86), (2.87) forv=20

A solution of (2.86), (2.87) for vi =0, v, =0, v3 = 0 is given by

(0,1) = 2 ( /0 (¢ —fc)h('c)ch') e, (2.89)

where 6(7) is the Heaviside function, i.e. 0(¢) = 1 forz > 0and 6(¢) = 0 for ¢t < 0.

2.3.2.3  Diagonalization of the matrix A(V) for v # 0

Using the symmetry and positivity of elastic constants c¢;jx; (see conditions (2.12),
(2.13)) we obtain that the matrix A(v), defined by (2.88), is symmetric positive definite
for v # 0 (see Appendix). Using the linear algebra technique for the given matrix A(v)
we construct an orthogonal matrix T(v) and a diagonal matrix D(v) = diag(di(v), k=

1,2,3) with positive elements such that
T*(V)A(V)T(v) =D(v), (2.90)

where T*(v) is the transposed matrix to T(v).

2.3.2.4 The derivation of a solution of (2.86), (2.87) for v # 0

Let T(v) and D(v) = diag(dy(v), k = 1,2,3) be constructed. A solution of (2.86),
(2.87) can be found as

@ (v,1) = T(V)Y"(v,1), 2.91)
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where Y (v,t) is unknown vector function. Substituting (2.91) into (2.86), (2.87) and
then multiplying the obtained equations by T*(v) and using (2.90) we find
d>Y™

dt?
Y"(v,0);co = 0,1€R, vER. (2.93)

p +DV)Y" = T*(V)e"h(r), (2.92)

We note that the explicit formula of the fundamental solution for the ordinary
differential operator (pd?/dt> +di(v)), when di(v) > 0, is given by (see, for example,

Vladimirov (1971))

Euvit) = —29 o\ /a ) p). (2.94)

pdy (V)

Each component of the vector solution of the problem (2.92), (2.93) can be found
by (see, for example, Vladimirov (1971) ) the convolution of the FS E;(v,t) and

[T*(v)e™], h(t) i.e.
Yi(v,1) = Tix [T (v)e"] h1),
where the notation [T*(v)e™], means kzh component of the vector T*(v)e™.

Using formula (2.94) the convolution can be computed explicitly and as a result of

it we find for dj(v) > 0:

Y (v,1) = 6(¢) /0 t [T*W;‘;ﬂj(kv })’(T) sin ((z 1) d"év)> dr. (2.95)

Finally, a solution of (2.86), (2.87) is determined by (2.89), (2.91), (2.95).
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2.3.2.5 A formula for the Fourier image of the FS of equations of anisotropic

elastodynamics

The Fourier image of the FS of equations of linear anisotropic elastodynamics is

a matrix of the order 3 x 3 whose columns G"(v,t) = (GT(v,t),G5(v,1),G2(V,1)),

m = 1,2,3 satisfy

27 m
TG AW = em8(r),

G"(v,)|j<o = 0, VER’, r€R.

Similar to Sections 2.3.2.2 and 2.3.2.3 we find G"(0,¢) by

~ o(r

G"(0,t) = ﬁtem

p
and we compute G"(v,t) for v # 0 as follows
G"(v,t) =T(V)Y"(v,1),
where components of
Y7(v,1) = (Y"(v,1), 1" (v,1), 3" (v,1))

are given by

oy — o T fd(v)
Y (v,t) =6(z) Sa) ( > t).

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)
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2.3.2.6  Formulae for a solution of (2.86), (2.87) and for the FS of equations of

anisotropic elastodynamics

Let @ (v,t) be the solution of (2.86), (2.87) defined by (2.89), (2.91), (2.95). A
solution u”(x, ) of (2.84), (2.85) is defined by the inverse Fourier transform of G (v, ),

1.e. by the formula

400 00 400
1
() = By 80010 = / / / §(v,1) e "V avidvadvs,
V= (V1,v2,v3) €R?, x = (x1,x2,x3) € R>. (2.101)

Taking into account that the components of the vector function u”(x,#) as well as the
components of vector functions @ (v,) have real values, the imaginary part of the
right hand side of (2.101) is equal to zero. As a result of it we find the following

formula for a solution of (2.86), (2.87) from (2.101):

e t (o] oo oo
um(x,t): (25‘C)>3 / // u” Vl‘ COS X1V1—|—xZV2+X3V3)dV1dV2dV3 (2.102)

Using the similar reasonings and formulae (2.98), (2.99) and (2.100) we obtain a

formula for mth column of the FS of equations of anisotropic elastodynamics

e t oo (oo} (oo}
G"(x,1) = (25133/// G" (v,1) cos(x1Vy +x2v2 +x3V3)dVvidvadvs, (2.103)

where G™(V,t) is defined by (2.98), (2.99) and (2.100).
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2.3.3 Computational experiments: implementation and justification

2.3.3.1 The accuracy of the suggested method in finding the Fourier image of the FS

We consider the isotropic material Silica (SiO,) characterized by the density
p = 2.203 (10°kg/m?) and Lame parameters A = 1.61, u = 3.12(10'°Pa) (see, for
example, Dieulesaint & Royer (2000), p.163). For this computational experiment
we take the pulse point force e38(x1)8(x2)8(x3)8(t), where e* = (0,0, 1). Using our
method we compute T(v), T*(v), D(v) and then using the formula (2.98), (2.99)
and (2.100) we find the third column of the Fourier image of the FS G>(v,t) for
arbitrary v = (V1,v2,v3) € R® and any fixed time #. On the other hand the FS of
motion equations of the indefinite isotropic solid as well as its Fourier image can be
given by explicit formulae (see, for example, Aki & Richard (1980)). If we denote
the FS of equations of isotropic elastodynamics by 3 x 3 matrix E(x,t) with columns
E"(x,t) = (E{"(x,t), EY*(x,t),EY'(x,t)) and the Fourier image of £(x,) by 3 x 3 matrix
E(v,t) with columns E”(v,t) = (EM(v,t),E5(v,t),E?(v,t)) then, for example, for

components of the third column i’ (v,1) the following explicit formulae take place

. o(r sin(Cy | v |t sin(Cr | v |t
Ef(v,;):p|(v)|3v1v3( ( éi 1) _sin( 2T| | ))7 (2.104)
- o(r sin(Cy | v |t sin(Cr |V |t
Eg(v,t):p|(v)’3\/z\/3( ( éi 1) _ sin{ (T;T| | )), (2.105)
0(z) sin(Cp | v|t) , sin(Cr|Vv]|t), » 5
E3 - 2.106
o) = 0 (LD MO 3, aoe

where C2 = u/p, C? = (A+2u)/p.

Using our method and explicit formulae (2.104)—(2.106) we have computed values
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G3(v,t) and E(v,1). Some values of G3(v,t) and G3(v,t) — E3 (v,t) are given in Table
2.3. The results of this computational experiment have shown that values of the Fourier
image of the FS found by our method and by the explicit formulae are almost the same

(the accuracy in this experiment is less or equal to 10~ 1°).

2.3.3.2  Correctness of computation of integrals (2.102) and (2.103)

In this section we consider several computational experiments confirming the
correctness of our method. For the numerical computation of (2.102) and (2.103)
in MATLAB we have replaced the 3D integration over the whole space R by
the integration over the bounded domain (—A,A) x (—A,A) x (—A,A) and then
approximated 3D integrals over this bounded domain by the triple sums, similar to

Section 2.1.6.1, with A = 40 and Av = 0.5.

Example 1. In this example we consider an isotropic solid with wave speed quotient
Cr/Cr =2, (u=1, A=2(10"Pa), p = 0.75 (10°kg/m?) ) similar to Wang &
Achenbach (1994), Payton (1983). Using formula (2.102) and our method we have

computed u?(x,t) for
h(t) = 0(t)r* exp(—3t2). (2.107)

On the other hand there exists explicit formulae for components of the solution
u’ (x,t) of (2.84), (2.85) for the case of homogeneous isotropic solids (see Aki
& Richard (1980)). Using these formulae we have found for u%(0,0,z,t) and
u3(V62/4,7/62/4,2/2,1):

lzl/Cr

/ (7 —)(t —7)2exp (—3(t —1)?) dr
lzl/CL

13(0,0,2,1) = mp 2P
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1 2] 12 2 ( 2] 2)
—Ehye-& 3(r— 2 2.108
lzl/Cr
3 ﬁ ﬁ z . _ L / B 2 Al 2
u3( R z,z,t) = 1675p|z|3| y 0(t — 1) (1t — 1) exp (—3(r — 1)°) dt
Z CL

LI YPR< AP E <—3(z _ ﬂy)

+ 167‘CpC% | Z | CL CL CL
+;e(z — ﬂ)(t — ﬂ)Zexp (—3(r — ﬂ)2) : (2.109)
16mpC2 | z | Cr Cr Cr

We note that the function A(t) of the form (2.107) has been taken from the paper
Wang & Achenbach (1994) to compare results of computation by our method with
results of computation by methods of Payton (1983) and Wang & Achenbach (1994)
presented in the paper Wang & Achenbach (1994) by graphs. The graphs of functions
u3(0,0,z,1) and u3(v/62/4,1/62/4,2/2,t) for t = 5,/p/u obtained by our method and
by explicit presentations (2.108), (2.109) are presented in Figs 2.13 and 2.14. As we

can see these graphs have excellent agreement.

Example 2. In this example we consider the isotropic material Silica (SiO;) and in
equation (2.84) we take m = 1, h(t) = 0(t), where 0(¢) is the Heaviside step function.
Using our method we have found values of matrices T(v), T*(v), D(v) and then using
the formula (2.102) we have computed u'(x,7). On the other hand we have used the
explicit formulae for the components of the solution u! (x,1) of (2.84), (2.85) for the
case of homogeneous isotropic solids ( Aki & Richard (1980)). Using these formulae

we have found the following presentations for u% (z,2,2,t) and ué (2,2,2,1):

1 3 2 3
—0(1— V3l +—50|7- V3l
Cy L Cs Cr

1
ul(z,2,2,t) = . (2.110)

 12¢/3mplg]
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1 1 1 3
uh(2,2,2,1) = ( ) for t>@;

24y/3mplz| \C2 2 Cr
1 12 1 V3lz| V37|
1
u(2,2,5t) = —F=—\| 73 — = for <r< ==
2 ) 24+/3mp (|z|3 \z\Cﬁ) Cr Cr
3
u(z,2,2,t) =0 for t< \/QZ'. (2.111)
L

The graphs of the functions u%(z,z,z,t) and ué(z,z,z,t) for t = 1 obtained by our
method and by explicit formulae (2.110) and (2.111) are presented in Figs 2.15 and

2.16. As we can see these graphs have excellent agreement.

Example 3. In this example we consider the isotropic material silica (SiO,). We
take m = 1 and h(r) = 8(¢) in equation (2.84), where 6(¢) is the Dirac delta function.
Using formula (2.102) and our method we have computed G' (x,?), i.e. the first column
of the FS of elastodynamics. On the other hand we have used the explicit formulae
(2.57)-(2.59) for the components of the first column of the FS of elastodynamics
(Aki & Richard (1980)). For drawing graphs of components of G'(x,t) we replace
singular terms 8(r — |x|/Cr) and 8(¢ — |x|/CL) by s—=exp [—(t—|x|/Cr)?/(4€)] and

2y/me
2\}7E exp [—(t — |x|/C1)?/(4€)] with € = 0.0001, respectively.

The graphs of functions G%(z,z,z,t) and Gé(z,z,z,t) for t = 1 obtained by our
method and by formulae (2.57)- (2.59) are presented in Figs. 2.17 and 2.18. The
curves of graphs G} (z,z,z,1) and Gé (z,2,z, 1) obtained by our method fluctuate around
curves of graphs of the functions G% (z,2,2,1) and G)(z,z,z,1) obtained by formulae
(2.57)- (2.59). We can see in Figs. 2.17 and 2.18 that all peaks of graphs obtained
by our method and by formulae (2.57)- (2.59) have the same positions and similar

magnitudes.

Taking into account that G™(x,t) is the elastic field arising from the pulse source
¢”'3(x)d(r) we have a chance to compute and visualize behavior of the elastic field at

fixed time on a fixed plane, for example, on the plane x, = 0 at t = 1.5. The graphs of
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G{ (x1,0,x3,1.5) obtained by formula (2.57) and by our method are presented in Figs.
2.19 and 2.20, respectively. In these Figures the horizontal axis is x; and vertical axis
is xo. The graphs of these Figures mean the view from the top of the magnitude axis
of G{ and different colors correspond to different magnitudes. In these Figures we see
clearly two fronts related to longitudinal and transverse waves. We can see also that

these waves propagate perpendicular to each other.

2.3.3.3 Computational examples of the F'S of equations of anisotropic elastodynamics

In this section the following two examples of homogeneous elastic solids with

general structure of anisotropy are considered.

Example 4. The solid of monoclinic structure: Sodium Thiosulfate (Na;S,03).
The density p = 1.7499 kg/cm3 and elastic constants are defined (see, for

example, Hearmon (1956) ) by

Cl111 = 0.3323, Cl122 = C2211 = 0.1814, C1133 = C3311 = 0.1875,
cinz = 1311 = 0.0225, 2200 = 0.2953, ¢2233 = ¢332 = 0.1713,
2213 = c1322 = 0.0983, ¢3333 =0.459, 3313 = c1333 = —0.0678,

323 = 0.0569, c23120 = c1223 = —0.0268, c1313 =0.107, c1210 = 0.0598(GPa).

Other elastic constants are equal to zero.

Example 5. The solid of triclinic structure: Copper Sulphate Pentahydrate .

The density p = 2.649 kg/cm?® and elastic moduli are defined (see, for example, Brown
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& Abramson & Angel (2006)) by

ciiir = 5.65, cr122 = 2211 = 2.65, c1133 = ¢3311 = 3.21, c1123 = 2311 = —0.33,
cii13 = c1311 = —0.08, ci112 = c1211 = —0.39, 2000 =4.33, 2033 = ¢330 = 3.47,
223 = c23220 = —0.07, 2213 = c1320 = —0.21, 2212 = 1220 = 0.02, 3333 = 5.69,
333 = 2333 = —0.44, 3313 = c1333 = —0.21, c33120 = c1233 = —0.16,

c2323 = 1.73, ca313 = 1323 = 0.09, 2312 = 1223 = 0.03,

C1313 — 122, C1312 = C1213 — —026, C1212 — 1(GPa)

For the computational experiments we take equation (2.84) with h(¢) = 8(¢). The
goal of these computational experiments is to derive the FS of elastodynamics and
to obtain the graphic presentations of the elements of the FS using formula (2.102),
our method and MATLAB tools. The physical meaning of mth column of the FS is
the vector of displacement depending on the position (i.e. space variables xp, x, x3)
and the time variable 7 arising from the pulse point force of the form €”8(x)d(¢) in the
considered elastic anisotropic solid. The graphic presentation of the components of this
displacement in points of the space gives a possibility to observe the wave propagation
phenomenon, in particular, wave fronts arising from pulse point sources at different

times in general anisotropic solids.
Using our method we have computed numerically the components of G (x,1).

Fig.2.21 presents the first component of the displacement G'(x1,0,x3,1) at t = 4.
Here the horizontal and vertical axes are x; and x3, respectively. Fig.2.21 presents
a view from the top of the magnitude axis G{ (i.e. the view of the surface z =

G1(x1,0,x3,4) from the top of z axis ).

Similar, Fig. 2.22 presents the second component of the displacement G' (x1,x,0,¢)

at t = 5. Here the horizontal and vertical axes are x; and x;, respectively. Fig.2.23
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presents the third component of the displacement G (x1,0,x3,#) at the time r = 4. Here

the horizontal and vertical axes are x| and x3, respectively.

In Figs 2.21- 2.23 we can see the behavior of the components of the elastic field in
the monoclinic solid Sodium Thiosulfate arising from the pulse point force e'3(x)3(t).
We can see peculiar forms of the traces of wave fronts which we observe on the planes

x2=0,x3=0.

Fig.2.24 presents the first component of the displacement G*(x1,0,x3,¢) att = 1.75.
Fig.2.25 presents the second component of the displacement G*(0,x,x3,¢) att = 1.75.
Fig.2.26 presents the third component of the displacement G3(0,x2,x3,t) at the time
t = 1.75. Figs.2.24-2.26 are the screen shots of 2 — D level plots of the surfaces
G3(x1,0,x3,1.75), G3(0,x2,x3,1.75), G3(0,x2,x3,1.75), respectively. This is a view
from the top of z-axis (the plan). In Figs. 2.24-2.26 we can see the behavior of
components of the elastic field in the triclinic solid Copper Sulphate Pentahydrate
arising from the pulse point force e>8(x)8(). We can see peculiar forms of the traces

of wave fronts which we observe on the planes x| =0, x, = 0.



Table 2.3. The accuracy of computing Gg (v,t) in isotropic material silica (SiO,)

t Vi V2 V3 G3(v,1) Gi(v,t) —E5(v,1)
1 1073 1073 1073 0.4539264639 —0.1x10°1
105 107% 1073 0.4539261932 —0.1x10°15
04 10* 10* 0.4539264591 0.6x 10716
103 103 1073 0.4539259800 0.1x10°15
1072 1072 102 0.4538780786 0
107! 1072 1073 0.4528447980 0
107! 107! 107! 0.4491066612 0
1 1 1 0.1236007290 0.6 x 10716
10! 10! 10! 0.1884405489 x 10~! —-0.3x 107"
10? 10? 10? —0.1273480138 x 1072 —0.4x 10716
10! 10? 103 —0.7528755459 x 10~4 —0.5x 10716
10° 103 103 0.8709300174 x 10~* —0.4x 10716
10° 10 103 —0.3012966019 x 107> —0.3x 10716
2 10 10 107 0.9078529274 —0.1x10° 1
105 10% 1073 0.9078507625 —02x10"1
10+ 10* 10 0.9078528891 0
103 103 1073 0.9078490569 0.1x10°1
1072 1072 1072 0.9074658907 —0.1x 1071
00" 102 1073 0.8992181580 —02x10°1
107! 107! 107! 0.8697446556 0
1 1 1 —0.1102871416 0.1x 10716
10! 10! 10! —0.2958623228 x 1072 0.5x 10716
10? 10? 10? —0.7422665165 x 1073 0.2x 10716
10! 10? 103 —0.1514006209 x 103 —0.8x 10716
103 103 103 0.5202463403 x 10~ —0.8x 10716
10° 10* 103 —0.3663436948 x 107> 0.3x1071°
3 10 10 107 0.9078529274 —0.1x10°B
105 10% 1073 1.361779390 —02x10°1
104 10* 107 1.361779261 02x10"1
103 103 1073 1.361766327 0.4x 10715
102 1002 102 1.360473397 0.4x10°1
107! 1072 1073 1.332741143 0
107! 107! 107! 1.235652336 0.2x1071
1 1 1 —0.3190631567 x 10! —02x10°1
10 10! 10! —0.1528018422 x 10! 0.5x 10716
10? 10? 10? —0.1021957343 x 1072 0.6 x 10716
10! 10? 103 —0.1988284129 x 1073 —02x107YV
103 103 103 0.1567941374 x 1073 —0.5x 10716

10° 10* 103 —0.1442495824 x 107 0.2x 10713




Figure 2.13: Graphs of the third component u3(0,0,z,t)
of solutions (2.84), (2.85) for h(t) = 6(t)t>exp(—3t?) at
t = 5\/5 for an isotropic solid with wave speed quotient
Cr/Cr = 2. The dotted line represents analytical solution

found by (2.108). The continuous line represents our
method.
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Figure 2.14: Graphs of the third component
u3(V/62/4,v/62/4,2/2,t) of solutions (2.84), (2.85)
for h(t) = 0(¢)t*exp(—31?) at t = 5\/5 for an isotropic
solid with wave speed quotient C,/Cy = 2. The dotted

line represents analytical solution found by (2.109). The
continuous line represents our method.
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Figure 2.15: Graphs of the first component u}(z,z,z,t)
of solutions (2.84), (2.85) for h(t) = 6(¢) at r = 1 for the
isotropic solid Silica (SiO,). The line denoted by ***
represents analytical solution found by formula (2.110).
The line denoted by represents our method.

2.4 Concluding Remarks

In this chapter of the thesis fundamental solution of anisotropic elastodynamics
is derived using three different methods. The first method is based on Fourier
transformation, Paley-Wiener theorem and some properties of fundamental solutions.
In the second method and third method system of anisotropic elastodynamics
is reduced to a first order symmetric hyperbolic system and a second order
matrix equation, respectively. ~ And using Fourier transformation and some
matrix computations fundamental solution of anisotropic elastodynamics is derived.

Computational examples confirm robustness of the given methods.
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Figure 2.16: Graphs of the second component u}(z,z,z,t)
of solutions (2.84), (2.85) for h(t) = 6(¢) at r = 1 for the
isotropic solid Silica (SiO,). The line denoted by ***
represents analytical solution found by formulae (??) and
(2.111). The line denoted by represents our method.
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Figure 2.17: Graphs of the first component G} (z,z,z,t)
of solutions (2.84), (2.85) for h(r) = d(¢t) at t =
1 for the isotropic solid Silica (SiO,). The line
denoted by *** represents analytical solution found
by formula (2.57), where 8(¢) is approximated by
exp [—1%/(4€)] /(2y/m€), € = 0.0001. The line denoted by
represents our method.
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Figure 2.18: Graphs of the second component

Gl(z,2,2,t) of solutions (2.84), (2.85) for h(t) = d(t)
at + = 1 for the isotropic solid Silica (SiO;). The
line denoted by *** represents analytical solution found
by formula (2.58), where &(r) is approximated by
exp [—1?/(4¢)] /(2y/TE), € = 0.0001. The line denoted by
represents our method.
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Figure 2.19: The map surface plot of 3D surface z =
G1(x1,0,x3,1.5), where G}(x1,x2,x3,¢) is computed by
formula (2.57) for the isotropic elastic solid Silica (SiO);
the Dirac delta function 8(¢) is approximated in (2.57) by

exp [—1%/(4¢)] /(2y/me), € = 0.0001.
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Figure 2.20: The map surface plot of 3D surface z =
Gl(x1,0,x3,1.5), where G}(x1,x2,x3,) is computed by
our method for the isotropic elastic solid Silica (SiO,).
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Figure 2.21: The map surface plot of 3D surface z =
G{ (x1,0,x3,4), where G% (x1,x2,x3,t) is computed by our
method for Sodium Thiosulfate (monoclinic structure of
anisotropy).
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Figure 2.22: The map surface plot of 3D surface z =
G.(x1,%2,0,5), where G (x1,x2,x3,t) is computed by our
method for Sodium Thiosulfate (monoclinic structure of
anisotropy).
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Figure 2.23: The map surface plot of 3D surface z =
G% (x1,0,x3,4), where G% (x1,x2,x3,t) is computed by our
method for Sodium Thiosulfate (monoclinic structure of
anisotropy).
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Figure 2.24: The map surface plot of 3D surface z =
G?(xl,O,x3, 1.75), where G?(xl,xz,x3,t) is computed by
our method for Copper Sulphate Pentahydrate (triclinic
structure of anisotropy).

Figure 2.25: The map surface plot of 3D surface z =
G3(x1,0,x3,1.75), where G3(x1,x2,x3,1) is computed by
our method for Copper Sulphate Pentahydrate (triclinic
structure of anisotropy).



Figure 2.26: The map surface plot of 3D surface z =
G3(x1,0,x3,1.75), where G3(x1,x2,x3,t) is computed by
our method for Copper Sulphate Pentahydrate (triclinic
structure of anisotropy).
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CHAPTER THREE
MODELLING AND SIMULATION OF ELASTIC WAVES IN
QUASICRYSTALS

In this chapter the dynamic three dimensional elasticity problems of 1D, 2D and 3D
quasicrystals are considered. This chapter consist of three sections. In these sections
the fundamental solutions of the dynamic three dimensional elasticity problems of 1D,

2D and 3D quasicrystals are computed.

3.1 Three dimensional elastodynamics of 1D quasicrystals: the derivation of the

time-dependent fundamental solution
3.1.1 The basic equations for 1D QCs

Let x = (x1,x2,X3) € R3bea space variable, ¢ € R be a time variable. According to
the generalized elasticity theory ( Ding & Yang & Hu & Wang (1993), Wang & Yang
& Hu (1997), Gao & Zhao (2006)), Hooke’s law for 1-D QCs can be written in the

form

Cij = Cijki€ T Rijziwar, (3.112)

H3j = Rysjeu+Kzjzws, i, ),k 1=1,2,3. (3.113)

where €;; and wj; are defined as follows

1 auk al/tl aW3
€kl ) ( aXl + an), w3j aXl y Ky ) ( )

Here uy,k = 1,2,3 the phonon displacements and w3 is phason displacement.
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ciju represents the elastic constants of the phonon field which satisfy symmetry

properties

Cijki = Cjiki = Cijik = Cklij- (3.115)

K33, represents the elastic constants of the phason field which satisfy symmetry

properties

K331 = K313, (3.116)

and R;j3; are phonon-phason coupling elastic constants which satisfy symmetry

properties

Rij31 = Rjj3;. (3.117)

The positivity of elastic strain energy density requires that the elastic constant tensors
Cijki, K3j31, R;jj3 must be positive definite. Namely, when the strain tensors €, w3,

are not zero entirely, the elastic constant tensors satisfy the following inequality ( Gao

& Zhao (2006))
3 3 3
Z Cijki€ij€k > 0, Z K3j3w3jw3; >0, Z R;j3i€ijw3 > 0. (3.118)
ijil=1 ji=1 ijil=1

The dynamic equilibrium equations can be written in the following form ( Ding &

Yang & Hu & Wang (1993))
82ul~(x,t) i i acij<x7t)+f.<x t) i=1.2.3 (3.119)
or? _j:I ox; A '
92 t 3 OH: i (x,t
Fwalnt) g MWD o ve R iR (3.120)
or2 = oxj

where p > 0 is the density; f(x,7) = (f1(x,1), fa(x,1), f3(x,1)), g3(x,t) are body forces
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densities for the phonon and phason displacements, respectively; o;; and H3;, i,j =
1,2,3 are phonon and phason stresses (see, for example, Ding & Yang & Hu & Wang
(1993),Hu & Wang & Ding (2000),Gao & Zhao (2006),Yang & Wang & Ding & Hu
(1993)).

There exits the following classification of 1-D QCs ( Wang & Yang & Hu (1997)):
Triclinic, Monoclinic, Orthorhombic, Tetragonal, Trigonal and Hexagonal crystal

systems (see Appendix.).

3.1.2 Time-dependent fundamental solution of elasticity for 1D QCs

Substituting (3.112) and (3.113) into (3.119) and (3.120) we have fori =1,2,3

a u;(x,t) 3 ukxt) 82W3(x t)
Ry 3\ 4 e 3.121

0%ws(x,1) 3 0uy(x,1) 82W3 (x,1)
Rizi——— K33 ————" . 3.122
B JJ; L oo " j,zzél SAFREMERES G122

The system (3.121)-(3.122) can be written in the form of one vector partial differential
equation as follows ( Akmaz (2009))

02V 3 R EAY

- P/—
P NZ_‘.I 30,

+F(x,1), xRt €R, (3.123)

where V = (uy,u2,u3,w3), F = (f1, f>, f3,&3) and matrices P j; are defined by

cijuteny  crjuter;  cpiteus;  RipitRus;g

2 2 2 2
cjutet;  Cputce;  cjaiteys; RojpitRos;
2 2 2 2
P = . (3.124)
c3juutesnj  c3jptesn;  c3pitesn; RajptRas;
2 2 2 2

Rijsi+Ru3;  Rojzi+Roys;  R3jaitR3s;  Kijz+Kzs;g
2 2 2 2
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The time-dependent fundamental solution (FS) of elastodynamics in 3D QCsis a4 x 4

matrix whose mth column is a vector function

V7, 0) = (u (x,0), 13 (3, 1), 45 (x,1), W5 (x, 1))

satisfying

82vm 3 82vm
Pos = Z P,,ax . +E"3(x)3(t), xRt €R,  (3.125)
J

V"'(x,8)|i<0 = 0, (3.126)

Here 6(x) = &(x1)0(x2)0(x3) is the Dirac delta function of the space variable
concentrated at x; =0, xp =0, x3 = 0; 8(¢) is the Dirac delta function of the time
variable concentrated att = 0; m = 1,...,4; E™ = (87,85, 87,08'), 9] is the Kronecker
symbolie. 8 =1ifn=mand d) =0if n #m,n=1,...,4. Pj; are matrices defined

by (3.124).

3.1.3 Computation of mth column for time-dependent FS of 1D QCs

In this section we will solve IVP (3.125)-(3.126). Let
VI (v,1) = (", " u3™ 3™
be the Fourier image of V" (x,t) with respect to x = (x1,x2,x3) € R, i.e

Vj’" x,1)e™V dxydxadxs,

B~ g
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where
v = (vi,v2,V3) € R?, x-V=x1V| +x2V2 +x3V3, i* = —1, j=1,2,3,4.
The IVP (3.125)-(3.126) can be written in terms of V"' (v, ) as follows

2x7m
paa%JrA(v)Vm = E™3(t), vER 1R, (3.127)

V*"v,0)ico = 0. (3.128)
Here

3
AV) =Y Pivjv, (3.129)
=1

P, are matrices defined by (3.124).

3.1.3.1  Explicit formula for a solution of (3.127), (3.128)

From (3.118) A(V) is a positive semi definite matrix (see Appendix) and from
(3.115), (3.116), (3.117) A(v) is a symmetric matrix. Then we can construct an
orthogonal matrix T(v) and a diagonal matrix D(v) = diag(di(v), k=1,2,3,4) with

nonnegative elements such that
T*(V)A(V)T(v) = D(v), (3.130)
where T*(Vv) is the transposed matrix to T(V).

Using the transformation

V™(v,t) = T(V)Y"(v,1), (3.131)
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where Y”'(v,t) is unknown vector function, for (3.127)-(3.128) and then multiplying
the obtained vector differential equation by T*(v) and using (3.130) we find
9*Y"
P o
Y"(v,t)i<o = O. (3.133)

+D(V)Y" = T*(V)E"S(t), t€R, vER® (3.132)

Using the ordinary differential equations technique (see, for example, Boyce &

DiPrima (1992)), a solution of the initial value problem (3.132)-(3.133) is given by

Y (v,t) =6(z) (T*E)\;’);:))k sin(z - il/"é\/)), for dr(v) >0

Y (v,t) = e(z)%z, for di(v) =0,

where k = 1,2,3,4, 6(¢) is the Heaviside function, i.e. 8(r) = 1 fort >0 and 6(¢t) =0

for t+ < 0. Finally, a solution of (3.127), (3.128) is determined by

V™(v,1) = 0()T(V)Y™(v,1). (3.134)

3.1.3.2  Explicit formula for mth column for time-dependent F'S of 1D QCs

The values of V" (x,z), V"(v,t), T(v) and D(v) = diag(di(v), k = 1,2,3,4) are
real. So applying the inverse Fourier transform to (3.134) (see, for example Vladimirov

(1971)) we find that a solution of (3.125), (3.126) is given by

o(t T
V™(x,t) = (2;))31?(3 ///T V)Y™"(v,t)cos(v-x)dvidvadvs

- (2533/ / / T(v)Y"(v,1)cos(V-x)dvidvadvs.  (3.135)
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3.1.4 Computational examples

3.1.4.1 General characteristics of computations and visualizations

In this section, we consider six 1D quasicrystals for anisotropic dynamic elasticity:
hexagonal, trigonal, tetragonal, orthorhombic, monoclinic and triclinic structures,
respectively. For our examples we take the pulse force situated in each crystal and
modeled by E38(x1)3(x2)8(x3)8(¢) and E*8(x1)8(x2)8(x3)8(¢), where E* = (0,0,1,0),
E* = (0,0,0,1) and §(.) is the Dirac delta function. The responses of the considered
anisotropic quasicrystals on this source are the phonon and phason displacement
vectors depending on the position (i.e. space variables x1,x2,x3) and the time variable
t. Using the method of Section 3.1.3 we compute T(v), T*(v),D(v) and then using the
formula (3.135) we have derived numerically components of V3 (x,) and V*(x, ). The
first three components of the vector function \4 (x,t),i = 3,4, are components of the
phonon displacement u (x,),u)(x,t),u}(x,¢) and the fourth component is the phason

displacement wk (x,1),i = 3,4.

We note here that the vectors V3(x,7) and V*(x, ) are the third and fourth columns

of G(x,1), where G(x,t) is the FS of anisotropic elasticity for quasicrystals.
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3.1.4.2 Description of input data and corresponding images

Example 1. (Hexagonal Crystal.) The density p is equal to 1.848 and the independent

elastic constants are

ciinn = 29.23, cr122 = 011 = 2.67, c1133 = c3311 = 1.4, c3333 = 33.64,
€2323 = 2332 = €3223 = 3232 = 16.25, 1212 = c1221 = 2112 = 2121 = 13.28;
Ri133 = 1.35, R3333 =1, R3131 = Ri331 = 0.4, Ry331 = R3231 = —2.1;

K33z = 1, K331 =2.

Figures 3.27, 3.28 show dynamics of the distribution of the first phonon displacement
u? (x1,0,x3,0.75) and phason displacement wg (x1,0,x3,0.75), respectively. These
figures contain screen shots of 2-D level plots of the u?(xl,O,x3,0.75) and

w3 (x1,0,x3,0.75), i.e. a view of these surfaces from the top of z-axis.

Example 2. (Trigonal Crystal.) The density p is equal to 3.986 and the

independent elastic constants are

ciiir = 497, crip =c11 =164, ¢33 = c3311 = 11.2,

c1123 = €2311 = C1132 = 3211 = —2.35, ¢3333 = 49.9,

€233 = 3223 =332 = 2332 = 147, c1212 = c1221 = 2112 = 2121 = 16.65;
Riizz = 1, R3333=0.4, Rozsp = R3320 =0.1, Ryiz2 = 2.15 Ksz33 =1, K3131 =2.

Figures 3.29, 3.30 present 2-D plot of the first phonon displacement u? (x1,0,x3,0.8)
and pahon displacement wg‘ (x1,0,x3,3.75). All pictures are the view from the top of

Z-axis.

Example 3. (Tetragonal Crystal.) The density p is equal to 4.255 and the
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independent elastic constants are

Cl111
C1112
C1212

R2332

14.5, c1122 = ¢2211 = 6.6, c1133 = 3311 = 4.46, 3333 = 12.65
c1211 = €211 = c1121 = 1.3, €233 = 2332 = 3223 = 3232 = 3.69,
c1221 = 2112 = c2121 =4.5; R1133 = 1.35, R3333 = 0.4,

R3320 = 1, R331 = R3231 =25 K3333 =1, K3131 = 2.

Figures 3.31, 3.32 present of the first phonon displacement u? (x1,0,x3,1.75) and the

phason displacement w% (x1,0,x3,1.75). All pictures are the view from the top of z-axis.

Example 4. (Orthorhombic Crystal.) The density p is equal to 4.64 and the

independent elastic constants are

111
3131
€2323
R1133

R>233

3.01, cr120 = c2211 = 1.61, c1133 = ¢3311 = 1.11, ¢2000 = 5.8,
c1331 = ¢3113 = 1313 = 2.06, 2233 = ¢330 = 0.8, 3333 = 4.29,
2332 = €3223 = 3232 = 1.69, c1212 = c1201 = 2112 = ¢2121 = 1.58;
1.5, R3333 = 6.6, Ro332 = R3o30 = —2.5, R3131 = Ryz31 = 1.11,

2.1; K3333 = 11.1, K3131 =13 K3232 =4,

Figures 3.33, 3.34 present of the first phonon displacement u‘l‘(xl,O,x3, 1.5) and the

second phason displacement w% (x1,0,x3,1.5). All pictures are the view from the top

of z-axis.

Example 5. (Monoclinic Crystal.) The density p is equal to 3.31 and the nonzero
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elastic constants are

1111
1131
€2233
3331
2312
3131
R1133
R1131
R332

K3331

2.040, c1122 = 2211 = 0.884, c1133 = ¢3311 = 0.0883,

c3111 = c1311 = 1113 = —0.193, ¢2200 = 1.750, c3333 = 2.38

3322 = 0.482, 2231 = c3120 = 1322 = ¢2213 = —0.196,

3133 = €1333 = ¢3313 = —0.336, 2323 = 2332 = €323 = ¢3232 = 0.675,
C3212 = C1232 = €1223 = €3221 = 2132 = 2321 = 2123 = —0.113,

c1331 = ¢3113 = ¢1313 = 0.588, c1212 = c1221 = ¢2112 = ¢2121 = 0.705;
0.035, Ry33 = —1.04, R3333 =0.1, R3133 = Ry333 = —0.2,

0.1, Ry31 = —2.5, R3331 = —0.1, R3131 = Ri331 = 1.5,

R332 =0.01, Ri232 = Rp132 = —0.3; K333 =4,

K3133 = 3.1, K3131 =35, K332 = 3.

Figures 3.35, 3.36 show dynamics of the distribution of the first phonon displacement

uf(x1,0,x3,2) the phason displacement w§(x1,0,x3,2). Figures 3.35, 3.36 contain

screen shots of 2-D level plots of the first phonon and phason displacements,

respectively, i.e. a view of these surfaces from the top of z-axis.

Example 6. (Triclinic Crystal).

The density p = 2 and the nonzero elastic constants are

Cl111

C1123

C1112

2223

2231

69.1, Cl122 = C2211 = 34.0, C1133 = C3311 = 30.8, C3333 = 179.5,
2311 = 3211 = 1132 = S.1,¢1131 = ¢3111 = c1311 = c1113 — 2.4,
c1121 = 2111 = c1211 = —0.9,¢022220 = 183.5, 2233 = ¢3322 = 3.5,
2322 = 3222 = €032 = —3.9, ¢3131 = ¢3113 = €1331 = C1313 = 26.8,

c3122 = C1322 = €213 = — 1.7, €212 = 2221 = C2122 = C1222 = _5~87
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€3323 = (3332 = 3233 = (2333 = —8.7, 3331 = 3313 = C1333 = 3133 = 7.1,
€3312 = 3321 = €2133 = C1233 = — 9.8, (2323 = 2332 = 3223 = c3232 = 24.9,
C3112 = C3121 = 2131 = C1231 = C1312 = C1213 = 1321 = ¢2113 = 0.5,

€2331 = (2313 = C1323 = C3123 = 3231 = C3132 = C3213 = C1332 = —2.4,

€2312 = (2321 = C2123 = C1223 = C3212 = C1232 = C3221 = 2132 = — 1.2,

c1212 = c1221 = C2112 = 2121 = 33.5; Ryp31 = —1.35, Rz = —5.4,

Ri231 = R2131 = —2,R1133 = 1, Ri230 = R2132 = 3, R1233 = Rp133 = 4,
Ri331 = R3131 = —1.1, Ry332 = R3132 = 0.5, R1333 = R3133 = 1.3,
Ry31 = 7.3, Rozp = 1.3, Roxz3 =4.1, Ry331 = R3pz; = —0.7,

R2333 = R3233 = 3.3, R2332 = R3232 = 1.5 R3331 = 2.6, R3332 = 0.01,
R3333 = 4.2; K3131 =6, K3130 = K331 = 1, K3133 = K3331 = 0.5,

K330 = 2.2, K333 = K3330 = 2.1, K3333 = 3.

Figures 3.37, 3.38 present of the first phonon displacement u? (x1,0,x3,0.3) and the
phason displacement wg‘ (x1,0,x3,1.5) on the plane x, = 0. Here the horizontal axes

are x| and x3. All pictures are the view from the top of z-axis.

3.1.4.3 Analysis of the visualization

The simulation of the phonon and phason displacements in general anisotropic
media by modern computer tools allow us to see and evaluate dependence between
media structures and behavior of these displacement. The approach of the method
allows users to observe the elastic wave propagation arising from pulse point sources
of the form E™3(x;)d(x2)d(x3)d(¢) in 1D QCs (hexagonal, trigonal, tetragonal,
orthorhombic monoclinic, triclinic). Here E™ = (8]',8},0%,8)') . We can see on

the Figures 3.27-3.38 that the different 1D QCs structures of media produce different
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responses of phonon and phason displacement fields inside these media. The various
shapes of elastic waves (different forms of fronts and magnitude fluctuations of phonon

and phason displacement fields) are shown in presented figures.
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Figure 3.27: The map surface plot (plan) of 3D
surface z = uf(x1,0,x3,7) for # = 0.75 in hexagonal

QC
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Figure 3.28: The map surface plot (plan) of 3D
surface z = w3 (x1,0,x3,¢) for t = 0.75 in hexagonal

QC
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Figure 3.29: The map surface plot (plan) of 3D
surface z = u3 (x1,0,x3,t) for t = 0.8 in trigonal QC
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Figure 3.30: The map surface plot (plan) of 3D
surface z = w4 (x1,0,x3,7) for # = 3.75 in trigonal QC
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Figure 3.31: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3,¢) for t = 1.75 in tetragonal

QC
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Figure 3.32: The map surface plot (plan) of 3D
surface 7 = wg (x1,0,x3,¢) for t = 1.75 in tetragonal

QC
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Figure 3.33: The map surface plot (plan) of 3D
surface z = uf(x1,0,x3,) for t = 1.5 in orthorhombic

QC
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Figure 3.34: The map surface plot (plan) of 3D
surface z = w3 (x1,0,x3,¢) for# = 1.5 in orthorhombic

QC
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Figure 3.35: The map surface plot (plan) of 3D
surface z = u{(x1,0,x3,) for t = 2 in monoclinic QC
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Figure 3.36: The map surface plot (plan) of 3D
surface z = w3(x1,0,x3,1) for t = 2 in monoclinic QC
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Figure 3.37: The map surface plot (plan) of 3D
surface z = u}(x1,0,x3,t) for t = 2 in triclinic QC
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Figure 3.38: The map surface plot (plan) of 3D
surface z = w4 (x1,0,x3,¢) for t = 1.5 in triclinic QC
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3.2 Three dimensional elastodynamics of 2D quasicrystals: the derivation of the

time-dependent fundamental solution
3.2.1 The basic equations for 2D QCs

Let us consider a quasicrystal with two dimensional quasiperiodic and one
dimensional periodic structure. Let x = (x,x2,x3) € R® be a space variable, ¢ € R
be a time variable. The generalized Hooke’s laws of the elasticity problem of 2D QCs

is given by (Gao (2009), Grimmer (2008))

Gij = Cijki€k+ RijourWau, (3.136)

Hg;

Jj Rklﬁjgkl—'_KBj(leOCh i7j7kul = 172737 a‘?B = 1727 (3137)

where € (x,1), woy(x,2), 1 =1,2,3, oo = 1,2 are defined as follows

1, 0u, OJu oWy,
=—(=—+=— =—, k,[=1,2,3, a=1,2 3.138
Ekl 2( axl axk)a Wao aX[ ) ) )&y~ o )<~y ( )

are phonon and phason strains, Here uy, k = 1,2,3 and wq, o0 = 1,2 are the phonon and
phason displacements; €;(x,1), woy(x,), k,I =1,2,3, oo = 1,2 are phonon and phason

strains.

cijk1 represent the phonon elastic constants, Kg ;o are the phason elastic constants,
R;joy are the phonon-phason coupling elastic constants. Similar to Ding & Yang & Hu

& Wang (1993), we assume that the following symmetric properties are satisfied
Cijkil = Cjiki = Cijik = Cklij> Kpjou = Kapj» Rijos = Rjioi- (3.139)

The positivity of the elastic strain energy density requires that the elastic constant

tensors ¢;jis, Rijors Kpjos must be positive definite. Namely, when the strain tensors €;,
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Wy are not zero entirely, the elastic constant tensors satisfy the following inequality

(see Gao & Zhao (2006))

3 302 3002
Y, cimeien >0, Y, Y Kgjawgiwu >0, Y, Y Rijutijwos > 0.
Jlik=1 JiI=lop=1 jli=lo=1

The dynamic equilibrium equations can be written in the following form (Ding & Yang

& Hu & Wang (1993))
0%u;(x,1) 86,] x,1)
32 ; )4 fir), i=1,2,3, (3.140)
o%wg (x,1) 3 3
P = ; —|—gﬁ(x,t), B=1,2, xeR’, teR, (3.141)
where the constant p > 0 is the density; fi(x,¢),i = 1,2,3 and g;(x,7),j = 1,2 are

body forces densities for the phonon and phason displacements, respectively; o;; and
Hgj, i,j=1,2,3, 3 = 1,2 are phonon and phason stresses (see, for example, Ding &
Yang & Hu & Wang (1993),Hu & Wang & Ding (2000),Gao & Zhao (2006),Yang &
Wang & Ding & Hu (1993)).

3.2.2 Time-dependent fundamental solution of elasticity for 2D QCs

Let m run values 1,2,3,4,5; & be the Kronecker symbol i.e. 8 =1ifn=m
and O =0 if n #m; n=1,2,3,4,5; m=1,2,3,4,5. The time-dependent Green’s
function (GF) of elasticity for 2D QCs is a 5 x 5 matrix whose mth column is a vector

function

V(1) = (' (x,1), 0 (0, 1), 005 (0, 1), Wi (x,2), W3 (3, 1)
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satisfying the following equations

82 " 3 azuZ’(x,t) 0*w (x,1)
Jj,;l_ lcij & ox jox; ];1 az“ Rijor =5 o 0x0x;
+ 8;"6(x)5( ), (3.142)
d? m(’” 0%u!(x,1) 0*w (x,1)
k o
o T ,; b o JZZI azl Kbio 5 o
+SES()8(r), (3.143)
and conditions
l/l;'n(x,t) ’[<0: O, ng(.x,t) ‘[<0: O (3144)

Here i = 1,2,3; B = 1,2; 8(x) = 8(x1)8(x2)8(x3) is the Dirac delta function of the

space variable concentrated at x; =0, x, =0, x3 = 0; d(¢) is the Dirac delta function
of the time variable concentrated at t = 0. Equations (3.142)-(3.144) can be written in

the following form

v & v m 3
p?:jélpjlm + E™3(x)8(t), xe R°,t €R, (3.145)
V(1) <0 = O, (3.146)
where E™ = (87",85',85', 8}, 87),
[ cijuteun; cijuter; cpitceus; Rijut+Ruy Riju+Rip;
cajutcarj  cpjpitear; capitcaz; Rojutrar; Rojortron;g
Pj = % X oesjuten; czjptesn; c3pitceys; Riju+Rang Rijpr+Rapg
Rijui+Rinj Roju+Royi; Raju+Ran; Kiju+King Kijp+Kipj
| Riju+Rinj Rojpr+Ronj Rijpi+Ran Kaju+Kuij Kajor+ Ko
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We note that matrices P j; are symmetric here. The similar presentations of the motion
equations of elastic crystals and QCs have been used before in papers of Yakhno &

Akmaz (2005), Akmaz (2009).

The computation of mth column for the time-dependent fundamental solution (FS)
This problem is related with finding a vector function V" (x,t) satisfying (3.145) and

(3.146).

3.2.3 Computation of mth column for time-dependent FS of 2D QCs

The method of deriving V" (x,t) satisfying (3.145) and (3.146) consists of the
following. In the first step equations (3.145) and (3.146) are written in terms of the
Fourier transform with respect to x € R>. In the second step, a solution of the obtained
initial value problem is derived by matrix transformations and the ordinary differential
equations technique. In the last step, an explicit formula for mth column of FS is found

by the inverse Fourier transform.

3.2.3.1 Egquations for mth column of FS in terms of Fourier images

Let
V(v 1) = (i)™ (v, 1), 5" (v, 1), 85" (v, 1), 1" (v, 1), W™ (V, 1))
be the Fourier image of V" (x,t) with respect to x = (x1,x2,x3) € R, i.e
/ / Vi'(x,t)e NV dx 1 dxadx,

8 ~— g
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where

v =(V1,V2,V3) ERY, x-v=x;Vi+x2Va+x3v3, i°=—1, j=1,2,3,45.

Applying the Fourier transform with respect to x = (x1,x2,x3) € R® to equations

(3.145) and (3.146) we find

92v" o . ;
P=a TAVVY = E"3(t), vER 1 ER, (3.147)
Viv,t)lco = 0. (3.148)
Here
3
AV)= Y Pivjv, (3.149)
ji=1

where matrices Pj; are defined after condition (3.146).

We use the obtained equalities (3.147) and (3.148) for deriving unknown vector
function V" (v,t) depending on 3D parameter v = (Vi,v2,v3) € R® and the time

variable ¢.

3.2.3.2  Explicit formula for a solution of (3.147), (3.148)

Using the positivity of elastic constant tensors ¢;jk/, R;jai, Kpjos We obtain that the
matrix A(Vv), defined by (3.149), is symmetric positive semi-definite (see Appendix).
For this matrix A(v) we construct an orthogonal matrix T(v) and a diagonal matrix

D(v) =diag(dr(v), k=1,2,3,4,5) with nonnegative elements such that

T*(v)A(V)T(V) = D(v), (3.150)
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where T*(Vv) is the transposed matrix to T(v).

Let T(v) and D(v) = diag(di(v), k =1,2,3,4,5) be constructed. A solution of

(3.147), (3.148) can be found using the transformation

V(v,1) = T(V)Y"(v.1), (3.151)

where Y™ (v,1) is unknown vector function. Substituting (3.151) into (3.147), (3.148)

and then multiplying the obtained equations by T*(v) and using (3.150) we find

2ym
paa:g +DW)Y" = T'(V)E"S(r), r€R, VER® (3.152)

Y"(v,t)[i<o = O. (3.153)

Using the ordinary differential equations technique (see, for example, Boyce &

DiPrima (1992)) we find that a solution of (3.152)-(3.153) is defined by

Y?(v,1) = 6(r) (T*E)\:i);:))k sin (7Y il/"ﬁ(v) ), for dip(v) >0, (3.154)
Y (v,t) = G(t)%t, for di(v) > 0. (3.155)

Here 6(¢) is the Heaviside function, i.e. 6(t) =1 for7 > 0 and 6(¢) = 0 for ¢t < 0.

Finally, a solution of (3.147), (3.148) is determined by

V™(v,t) = 0()T(V)Y™(v,1). (3.156)
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3.2.3.3 Explicit formula for mth column for time-dependent F'S of 2D QCs

We note that values of V”(x,t), V"(v,t), T(v) and D(v) = diag(di(v), k =
1,2,3,4,5) are real. Therefore, applying the inverse Fourier transform to (3.156), we

find the following explicit formula for mth column for the time-dependent FS of 2D

QCs

on) 777
V7(x,1) = (2;))3 / / / T(V)Y" (V1) cos(v - x)dvidvadvs. (3.157)

Here the components of the vector function V”(v,t) are defined explicitly by (3.154)

and (3.155).

3.2.4 Computational examples
3.2.4.1 General characteristics of computations and visualizations

The aim of computational examples is to derive values of elements for
fundamental’s matrices and then draw graphs of Green’s matrix elements for different
anisotropic 2D QCs. For the computational examples we consider six 2D QCs with
different structures of anisotropy: dodecagonal, octagonal, decagonal, pentagonal,
hexagonal, triclinic, respectively. We consider third, fourth and fifth columns of
Green’s matrix for the visualization. This means that we take m =3, m=4andm =75
in (3.145) and (3.146), i.e. the pulse point forces are situated in each QCs and modeled

by

E38(x1)8(x2)8(x3)8(),  E*S(x1)8(x2)8(x3)8(r) and  E38(x1)8(x2)8(x3)8(¢r),
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where E* = (0,0,1,0,0), E* = (0,0,0,1,0), E> = (0,0,0,0,1) and &(-) is the Dirac
delta function. The responses of the considered anisotropic QCs on these sources are
the phonon and phason displacement vectors depending on the position (i.e. space
variables x1,x2,x3) and the time variable . Using the method of Section 3.2.3
we compute T(v), T*(v), D(v) and then using the formula (3.157) we have derived
solutions V3 (x,7), V#(x,t) and V> (x, 1) of (3.145), (3.146) numerically for m = 3, m = 4
and m = 5, respectively. We note that the first three components of the vector function
Vi(x,t) are components of the phonon displacement u (x, ), ub (x,t),u} (x,t), the fourth
and fifth components are the phason displacements w' (x,t), wh(x,t),i = 3,4,5. As
a result of visualization in computational examples we have seen the fluctuations of
phason and phonon displacement components at points located in the short distance
from a pulse point force. Moreover we have got images of the wave fronts arising from

pulse point sources in QCs with different structures of anisotropy.

3.2.4.2 Description of input data and corresponding images

Example 1. (Dodecagonal Crystal.) The density p is equal to 1. We assume that
phonon, phason, phonon-phason coupling elastic constants satisfy conditions of the
dodecagonal 2D QC system (see Appendix). We take the independent elastic constants

as (Lei & Wang & Hu & Ding (2000))

ciint = 1, cri2 =211 = —0.6, c1133 = 3311 = —0.1, 3333 = 0.4,
2323 = 2332 = €3223 = 3232 = 0.2, c1212 = 1221 = 2112 = 2121 = 0.8;
K = K2 =0.6, Ki221 = K112 = 0.4, K122 = K11 =0.5,

K33 = K313 =0.7, K212 = Kz121 = 1.5, Ki112 = Ki211 = K121 = K2111 = 0.2.
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Figures 3.39-3.40 show the third phonon displacement ug(xl,O,x3,3.3) and the
second phason displacement w3 (x1,0,x3,2.5) corresponding to sources E3(x)3(z),
E>8(x)8(¢).  Figures 3.39-3.40 are the screen shots of 2 — D level plots of

u% (x1,0,x3,3.3), wg(xl,O,X3,2.5). This is a view from the top of z-axis (the plan).

Using the symbolic math toolbox in MATLAB we have calculated the matrix T(v)

and D(v) as follows:

4v? + 4v2 4+ v2
di(v) = —1+52+ 3,
32,32, 3 5, 1 vi 2,,2 2,,2 4 2,,2 4
dz(V) = §V1+§V2+ 1OV3+ 10( 3—7V2V3—7V1V3+16V2+32V1V2+16\/1)2,
3 3 3 1 1
d3(v) = 5 %+5 2+10 10( —Tvav3 — TViV3 4 16v5 +32viv3 + 16v7) 2,
21 21 V97 V97
di(V) = —vi+ V2 vig 22l Y22
4(v) 20”1 20 2+103+ 20 Vit 5o 20 ¥
ds(v) = 21, 21, 7 v V9T o V9T,
sSW= 20V 202 103 T 20 V1T 20 V2

And each row of the matrix T(V) is

Vi(—Vi+avi+4avi+A)  vi(vi—4vi—4vi4A)

ntw = - ,0,0),

1(v) ( V3(V%+v%) V3(V%+v%) )
Toy) = (- Va(—V3+4V3+4vi+A)  va(vi—4vi—4vi+A) 0.0)
Vo' v3(Vi+Vv3) ’ Va2 +2) ,0,0),

Ts(v) = (0,1,1,0,0),

19vZ—9y \Y 97v5 + 8vyv
T4(V) _ (000 2 1+\/_ +\/_ 2+ 1V2

2 2v3 +9vivy —2v3
—1-9v3 +9v? +/97v2 +/97v3 — 8vivs )
) 2v3 +9v vy —2v3 ’

Ts(v) = (0,0,0,1,1).

Here A = (v} — 7v3v2 — 7v3vZ 4 16v4 +32v3v2 + 16v4)1.
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MATLAB commands to find the matrices T(v), T*(v) and D(v) are listed below.

Input: P, Cijkis Rijors Kpjou

syms Vi V2 V3 real
[EigVecA(Vv),EigValA(v)] = eig(A(V));
T(v)=FEigVecA(v);

D(v) = EigValA(v);

Output: T(v), T*(v), D(v).

Example 2. (Octagonal Crystal.) The density p is equal to 1. We assume that

phonon, phason, phonon-phason coupling elastic constants satisfy conditions of the

octagonal 2D QC system (see Appendix). Similar to Lei & Hu & Wang & Ding

(1999), we take

1111
€2323
Ri111
Ri112
K221

K12

0.9, cr122 = c2211 = —0.3, c1133 = c3311 = 0.2, ¢3333 = 0.3,

2332 = €3223 = 3232 = 0.5, c1212 = c1221 = 2112 = 2121 = 0.6;
R1122 = R1221 = Ra121 = 0.04,

R2221 = R1211 = Ra111 = Ri222 = Ro122 = 0.025 Ky111 = K000 = 0.9,
K112 = —0.3, Ki122 = K211 = —0.2, K303 = Ky313 = 0.4,

K>121 = 0.4, Ki112 = K211 = Ki121 = K111 = 0.1,

Figures 3.41- 3.42 present the second phonon displacement u‘zt (x1,0,x3,2.5) and the

second phason displacement w%(xl,O,x3,3.3) on the plane x; = 0 corresponding

to source E*3(x)3(¢). Figures 3.41- 3.42 contain 2 — D plots of u3(x1,0,x3,2.5),

w3 (x1,0,x3,3.3) (i.e. a view of the surfaces z = u3(x1,0,x3,2.5), z = wj(x1,0,x3,3.3

from the top of z axis, respectively).
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Example 3. (Decagonal Crystal.) The density p is equal to 1. The phonon,
phason, phonon-phason coupling elastic constants satisfy conditions of decagonal 2D
QC system (see Appendix), and the nonzero phonon elastic constants of Al-Ni-Co (see,
for example, Chernikov & Ott & Bianchi (1998)), phason, phonon-phason coupling

elastic constants are

Cl1111 = 2343, Cl1122 — C2211 — 057367 C1133 — C3311 — 06662, C3333 — 23221,

2323 = 2332 = 3223 = 3232 = 0.7019, c1212 = c1221 = 2112 = 2121 = 0.8845;
Ri111 = Ri122 =Ri221 = Ro121 = 0.1; Ko303 = K313 = 1.87
K = Kx» =K =K1 =10.1, Kj1220 = K11 =—7.5.

Figures 3.43-3.44 show dynamics of the distribution for the second phonon
displacement ug (x1,0,x3,1) and the first phason displacement w}(x,0,x3,0.8)
corresponding to source E°3(x)3(¢) and E*8(x)3(¢), respectively. Figures 3.45-3.48
show dynamics of the distribution for the third phonon displacement ug (x1,0,x3,1) at
the time ¢ = 0.5, 1.3 arising from the force E38(x)8(¢). Figures 3.46, 3.48 are 3D
plots of ug (x1,0,x3,1) for t = 0.5, 1.3. Here the horizontal axes are x; and x3. The
vertical axis is the magnitude of u% (x1,0,x3,¢) for = 0.5, 1.3. The different colors
correspond to different values of u% (x1,0,x3,1). Figures 3.45, 3.47 contain screen shots
of 2D level plots of the same surfaces u% (x1,0,x3,0.5), u% (x1,0,x3,1.3), i.e. a view of

these surfaces from the top of z-axis (the plan).

Example 4. (Pentagonal Crystal.) The density p is equal to 1 and the independent

phonon, phason, phonon-phason coupling elastic constants are (similar to Lei & Wang
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& Hu & Ding (1998))
ciirt = 0.9, cri22 = ¢2211 = —0.3, c1133 = 3311 = —0.1, 3333 = 0.6,
2323 = 2332 = 3223 = 3232 = 0.5, c1212 = 1221 = 2112 = 2121 = 0.6;

Rii11 = Riu122 = Ri221 = R2121 = 0.05,

Ri112 = R2221 = Ri1211 = R2111 = R1222 = R2122 = 0.06,

R2312 = R3212 = R2321 = R3221 = R3122 = Ry1322 = —0.15,

Ry311 = R3211 = R3112 = R1312 = R3121 = R1321 = 0.1, Ry113 = 0.08,
Ri123 = Ri213 = R2113 = —0.04; Kz323 = K313 = 0.8,

Kt = K =Knin=Ki1 =09, Kj122 =K1 =1.3,

Kz = Kiz11 = K13 = K322 = K2312 = K223 = 0.3,

Kz = K11 = Kxos = K232 = K321 = K113 = 0.2,

These constants satisfy conditions of pentagonal 2D QC system (see Appendix).
Figures 3.49- 3.50 show the third phonon displacement u% (x1,0,x3,7) and the first
phason displacement w% (x1,0,x3,1) at the time ¢ = 3 on the plane x, = 0 corresponding
to source E33(x)3(¢). Figures 3.49- 3.50 contain 2 — D plots (a view from the top of

z-axis) of z = ug (x1,0,x3,1), 2= w? (x1,0,x3,1) for t = 3, respectively.

Example 5. (Hexagonal Crystal.) In this example the density p is equal to 1.848.
The nonzero phonon elastic constant of hexagonal crystal NbSi, (see, for example,

Chernikov & Ott & Bianchi (1998)), nonzero phason and phonon-phason coupling
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elastic constants are

cin =
€323 =
Rinn =
Riz13 =

Kiinn =

K»33 =

3.8223, c1120 = ¢2211 = 0.8124, c1133 = 3311 = 0.8804, 3333 = 4.6802,
2332 = €3203 = 332 = 1.4474, ci212 = c1221 = €2112 = 2121 = 1.5267,;
Ry = —0.02, Ri122 = Ra211 = —0.6, R3320 = R3311 = 2.8,

R3113 = 1.4, Ri212 = R2112 = Ri221 = Rp121 = 0.29;

K220 =10.1, Ki122 = K211 = 8.4, Ki212 = Ka121 = 1.3,

Kiz13 =42, K21 = K2112 = 0.4.

These constants satisfy conditions of hexagonal 2D QC system (see Appendix).

Figures 3.51-3.52 present the third phonon displacement ug (x1,0,x3,1) and the first

phason displacement w3 (x1,0,x3,1) arising from the source E33(x)8(¢). Figures

3.51-3.52 are the screen shots of 2 — D level plots of the surfaces u% (x1,0,x3,1),

w3 (x1,0,x3, 1), respectively. This is a view from the top of z-axis (the plan).

Example 6. (Triclinic Crystal.) In this example we take the density p is equal to 2.

The phonon, phason and phonon-phason coupling elastic constants satisfy conditions

of triclinic 2D QC system (see Appendix). We take

C1111

C1123

C1112

2223

2231

€3323

= 69.1, c1122 = c2211 =34.0, c1133 = c3311 = 30.8,

= (2311 = €3211 = C1132 :5~17C1131 = C3111 = C1311 = C1113 _2-47

= crz21 = c2111 = c1211 = —0.9,¢2000 = 183.5, 2233 = 3322 = 5.5,

= (2322 = C32220 = 2232 = —3.9, 3333 = 179.5,

= c3122 =cC1322 =013 = —1.7, 012 = 2201 = 2122 = C1222 = —5.8,
= 3332 = C3233 = 2333 = —8.7, €3331 = €3313 = €1333 = 3133 = /.1,
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Ri312
Ri123
Ri321
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3321 = €2133 = €1233 = —9.8, 2323 = 2332 = €3223 = 3232 = 24.9,
€3121 = €2131 = €1231 = 1312 = €1213 = 1321 = 2113 = 0.5,

€2313 = C1323 = €3123 = €3231 = C3132 = €3213 = C1332 = —2.3,

€2321 = €2123 = €1223 = €3212 = C1232 = C3221 = C2132 = —7.2

3113 = €1331 = €1313 = 26.8, c1212 = c1221 = 2112 = 2121 = 33.5;

8.35, Ri112 =1.4, Ri113=15.5, Rip11 = Ro111 = 1.2,

Ry112 =4.3, Ri213=Ro113 = —7.1, Ri311 = R3111 = 2.1,

R3112 = —10.15, Ri313 = R3113 = 6.3, Ri121 =7.3, Ri1220 = 1.3,

8.01, Ri221 = Ra121 = 1.7, Ri222 = R2122 = 16.5, Ri223 = Ro123 = 13.7,
R3121 = 1.06 Ri320 = R3122 = 18, Ri323 = R3123 = —10.5,

3.1, Ry12 =0.012, Ry 13 =3.01, Ry311 = R311 = 0.02,

R3212 =0.03, Ry313 =R3p13 =1.04, Ryrn1 = —10.11, Rypp =7.2,

0.4, Ry321 = R3221 = —20.2, Ro320 = R3po0 = 3.3, Ro323 = Rapoz = 3.4,
0.05, R3312 =0.06, R3313 = —1.7, R3321 = 1.8, R3320 = —4.9,

0.07; Ki111 =31.2, Ki112 = Kj211 = —10.2, Kj113 = K1311 = 14.04,
21.01, K213 = K312 = 9.1, Kj313 =13.3, Kj121 = K111 = 3.1,
K11 =10.6, Ki123 = Kz311 = —16.9, Ki221 = K3112 = 8.5,

K12 =1.2, Ki23 = K312 = 1.11, K321 = K2113 =0.1,

Ki3o = —0.1, Ki323 = Ka313 = —19.2, Kz121 = 15.5, Ka120 = Ka221 = 1.6,

K31 = 13.1, Koo =30, Kooz = K320 = —0.15, Ko323 = 60.5.

Other components, which are not defined by given values and triclinic 2D QC

conditions, are equal to zero. Figure 3.53 shows dynamic distribution of the first

phonon displacement u3 (x;,0,x3,0.2) arising from the force E*8(x)8(¢). Figure 3.54

shows dynamic distribution of the second phonon displacement u‘z1 (x1,0,x3,0.4) arising

from the force E*3(x)3(¢). Figures 3.55-3.56 show dynamic distribution of the first
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phason displacement w3 (x1,0,x3,¢) at = 0.1, 0.3 arising from the force E>8(x)3(z).
Figures 3.53-3.56 contain 2 — D plots (a view from the top of z-axis) of the surfaces
u?(xl,O,x3,O.2), u3(x1,0,x3,0.4), w?(xl,O,xg,O.l), w?(xl,O,x3,O.3). In these figures
the axes are x| and x3; the different color correspond to different values of the

displacement components.

3.2.4.3 Analysis of the visualization

The simulation of the phonon and phason displacements in anisotropic QCs by
modern computer tools allows us to see and evaluate the dependence between media
structures and behavior of these displacements. The approach of the method allows
users to observe the elastic wave propagation arising from pulse point sources of
the form E™3(x)d(x2)0(x3)d(z) in 2D QCs (dodecagonal, octagonal, decagonal,
pentagonal, hexagonal, triclinic). Here E™ = (8]',67,6%,8},8%'), where 87,i =
1,2,3,4,5, is the Kronecker symbol. We can see on the Figures 3.39-3.56 that
the different 2D QCs structures produce different responses of phonon and phason
displacement fields inside these QCs. The various shapes of elastic waves (different
forms of fronts and magnitude fluctuations of phonon and phason displacement fields)

are shown in presented figures.
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Figure 3.39: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3,3.3) (dodecagonal crystal).
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Figure 3.40: The map surface plot (plan) of 3D
surface z = wg (x1,0,x3,2.5) (dodecagonal crystal).
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Figure 3.41: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3,2.5) (octagonal crystall).
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Figure 3.42: The map surface plot (plan) of 3D
surface z = w‘21 (x1,0,x3,3.3) (octagonal crystal).

Figure 3.43: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3, 1) (decagonal crystal).
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Figure 3.44: The map surface plot (plan) of 3D
surface z = wi(x1,0,x3,0.8) (decagonal crystal).
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Figure 3.45: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3,0.5) (decagonal crystal).



Figure 3.46: 3D surface z = u3(x1,0,x3,0.5)
(decagonal crystal).
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Figure 3.47: The map surface plot (plan) of 3D
surface z = ug (x1,0,x3,1.3) (decagonal crystal).
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Figure 3.48: 3D surface z = u3(x1,0,x3,1.3)
(decagonal crystal).

Figure 3.49: The map surface plot (plan) of 3D
surface z = u3(x1,0,x3,3) (pentagonal crystal).
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Figure 3.50: The map surface plot (plan) of 3D
surface z = w3 (x1,0,x3,3) (pentagonal crystal).
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Figure 3.51: The map surface plot (plan) of 3D
surface z = ug (x1,0,x3,1) (hexagonal crystal).
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Figure 3.52: The map surface plot (plan) of 3D
surface z = w3 (x1,0,x3, 1) (hexagonal crystal).

Figure 3.53: The map surface plot (plan) of 3D
surface z = u3 (x1,0,x3,0.2) (triclinic crystal).



Figure 3.54: The map surface plot (plan) of 3D
surface z = uj(x1,0,x3,0.4) (triclinic crystal).
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Figure 3.55: The map surface plot (plan) of 3D
surface z = w3 (x1,0,x3,0.1) (triclinic crystal).
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Figure 3.56: The map surface plot (plan) of 3D
surface z = w? (x1,0,x3,0.3) (triclinic crystal).



139

3.3 Three dimensional elastodynamics of 3D quasicrystals: the derivation of the

time-dependent fundamental solution
3.3.1 The basic equations for 3D QCs

Let x = (x1,x2,x3) € R3 be a space variable, t € R be a time variable. The
generalized Hooke’s laws of the elasticity problem of 3D QCs are given by (see, for
example, Ding & Yang & Hu & Wang (1993), Hu & Wang & Ding (2000), Gao &
Zhao (2006))

Gij = Cijki€k + Rijkiwi, (3.158)

Hij = Ruij€u+Kijuwu, (3.159)

where €; and wy; are defined as follows

1 auk 8ul

= (XL 4= =— kIl1=1,2.73. 3.160
€l 2<ax, axk), Wi a0 © )2, ( )

Here u; and wy,k = 1,2,3 are the phonon and phason displacements; € (x,?),

wyi(x,1), k,I =1,2,3 are phonon and phason strains.

ciji are the phonon elastic constants, K;jy; are the phason elastic constants, R; ji; are
the phonon-phason coupling elastic constants. Moreover, they satisfy the following

symmetric properties
Cijki = Cjiki = Cijik = Clij> Kijki = Kuiijy Rijrt = Rjiki- (3.161)

The positivity of elastic strain energy density requires that the elastic constant tensors
Cijki, Kijki» Rijry must be positive definite. Namely, when the strain tensors €;;, w;; are

not zero entirely, the elastic constant tensors satisfy the following inequality Gao &
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Zhao (2006)
3 3 3
Z Cijki€ij€x > 0, Z Kijkiwijwi > 0, Z Riju€ijwi > 0. (3.162)
ijkl=1 ijkl=1 ijkl=1

The dynamic equilibrium equations can be written in the following form

azui(x,t) 3 acij(x,t)
or2 J;Tj—i_ﬁ(x’t), (3.163)
9% wi(x,1) 3. OH;(x,1) . 3
P2 = ;Tjwi(x,t% i=1,2,3, x€ R, t€R, (3.164)

where the constant p > 0 is the density; f;(x,) and g;(x,7),i = 1,2,3 are body forces
densities for the phonon and phason displacements, respectively; o;; and H;;, i,j =
1,2,3 are phonon and phason stresses (see, for example, Ding & Yang & Hu & Wang
(1993),Hu & Wang & Ding (2000),Gao & Zhao (2006),Yang & Wang & Ding & Hu
(1993)).

3.3.2 Time-dependent fundamental solution of elasticity for 3D QCs

Substituting (3.158) and (3.159) into (3.163) and (3.164) we have fori =1,2,3

82

3 0?
a,z Z 401 Z lekl )+f,(x 1), (3.165)

Cijkl=—_ ~_
JikI=1 dxjox; ji=1
0%uy (x,1) 82w (x,1)

paw’“ 23: Rygjj ZK + 8i(x,1).(3.166)
kli ikI™~N_ . i
k=1 V" oxjom Jjil=1 7T axjox

The system (3.165)-(3.166) can be written in the form of one vector partial differential
equation as follows
P’V 2 0’V

- P/—
P ].JZ_:l 30,

+F(x,t),x Rt €R, (3.167)
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where V = (u17u27u37W13W27W3)’ F = (f13f27f37g17g2ag3) and matrices P]l are
defined by

Ciju+Cinj
G +Coj
G311+ Canj
Riju+Ruj

Rijo +Rip;

Cijor +Cinj
Crjo1 +Conj
G3jo1 +Cappj
Ryjii+Roj

Rojoi +Ropj

Cij31+ Cus;j
Coj31 +Cozj
G331+ C3y3
R3j11+R31
R3jo1 +R3p;

R3j31+ R33)

Ryji+Ruj
Ryj11+ R
R3j11+ Rap
Kijii+Kinj
Ko+ Koy

K311+ K311

Ryjoi+Rupj
Ry jo1 +Ropj
R3j01 + Rz
Kijo + K
K> jo1 + Ko

K301+ K312

Ryj31+Rusj
Roj31 +Roj3j
R3j31 + R33
Kij31+ Kz
K>3 + Ko

K331+ K313

Rijsi+Rusj Rojzi+Rosj

The time-dependent fundamental solution (FS) of elastodynamics in 3D QCsisa 6 x 6

matrix whose mth column is a vector function

V(1) = (0 ()05 ey )1 (1) WA ), W oy ), W5 (1))

satisfying
82vm 3 azvm .
o jlxll’ﬂ Toan T E8(30), (3.168)
V"(x,1) lr<0=0. (3.169)

Here 6(x) = &(x1)0(x2)0(x3) is the Dirac delta function of the space variable
concentrated at x; =0, xp =0, x3 = 0; 8(¢) is the Dirac delta function of the time
variable concentrated at t = 0; m = 1,...,6; E™ = (8],65,0%,8)',87,87'), &) is the

Kronecker symbol ie. &) =1if n=mand 8] =0ifn#m, n=1,...6. Pj are

matrices defined above.

The computation of mth column for the time-dependent FS of 3D QCs is the main
problem of this section. This problem is related with finding a vector function V" (x,¢)

satisfying (3.168) and (3.169).
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3.3.3 Computation of mth column for time-dependent FS of 3D QCs

The method of deriving V" (x,r) satisfying (3.168) and (3.169) consists of the
following. In the first step equations (3.168) and (3.169) are written in terms of the
Fourier transform with respect to x € R>. In the second step, a solution of the obtained
initial value problem is derived by matrix transformations and the ordinary differential
equations technique. In the last step, an explicit formula for mth column of FS is found

by the inverse Fourier transform.

3.3.3.1 Equations for mth column of FS in terms of Fourier images

Let
V7 (v, 1) = ("™, 3" ™ ™ ™)
be the Fourier image of V™ (x,) with respect to x = (x1,x2,x3) € R?, i.e

o o0 oo

ij(v,t):///v’"xt lxvdxldXQdX:;,

—00 —00 — 00

V= (Vl,Vz,V3) € R3, X-V=2Xx1V]+x2V2+x3V3, i = -1, j=1,...,6.

The IVP (3.168) and (3.169) can be written in terms of V" (v,7) as follows

o*v"

V'"(v.t)lico = 0, VER 1 ER,. G3.171)
Here

3
AWV)=Y Pyvjv, (3.172)
=]
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where matrices Pj; are defined after (3.167).

We use the obtained equalities (3.170) and (3.171) for deriving unknown vector
function V" (v,r) depending on 3D parameter v = (Vi,V2,v3) € R® and the time

variable 7.

3.3.3.2  Explicit formula for a solution of (3.170), (3.171)

Using the positivity of elastic constant tensors ¢;jx/, Rijk, K;ju we obtain that the
matrix A(Vv), defined by (3.172), is symmetric positive semi-definite (see Appendix).
For the matrix A(v) we construct an orthogonal matrix T(v) and a diagonal matrix

D(v) = diag(di(v), k=1,2,3,4,5,6) with nonnegative elements such that
T*(V)A(V)T(v) =D(v), (3.173)
where T*(Vv) is the transposed matrix to T(V).

Let T(v) and D(v) = diag(dx(v), k=1,2,3,4,5,6) be constructed. A solution of
(3.170), (3.171) can be found as

V™(v,t) = T(V)Y"(v,1), (3.174)

where Y”(Vv,t) is unknown vector function. Substituting (3.174) into (3.170), (3.171)

and then multiplying the obtained equations by T*(v) and using (3.173) we find
o%Yy™

Y"(v,)j<o = 0, 1€R, veR. (3.176)

Using the ordinary differential equations technique (Boyce & DiPrima (1992)), a
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solution of the initial value problem (3.175)-(3.176) is given by for di(v) > 0, k =

1,2,3,4,5,6,
Y (v,1) = 8(t) (T*E)Vd)kE(:))k sin(r Y ‘\%V) ), (3.177)

for di(v) =0
Y (v,t) = e(z)m(\;ﬂz, (3.178)

where 6(¢) is the Heaviside function, i.e. 6(¢) =1 for t > 0 and 6(¢) = 0 for 7 < 0.

Finally, a solution of (3.170), (3.171) is determined by

V™ (v,t) = T(V)Y™(v,1). (3.179)

3.3.3.3  Explicit formula for mth column for time-dependent F'S of 3D QCs

We note that values of V"(x,t), V" (v,t), T(v) and D(v) = diag(di(v), k =
1,2,3,4,5,6) are real. Therefore, applying the inverse Fourier transform to (3.179)

we find that a solution of (3.168), (3.169) is given by

o) [ [ [
V™" (x,t) = (2;))3 / / /T V)Y"(v,t)cos(V-x)dvidvodvs. (3.180)
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3.3.4 Computational examples

3.3.4.1 General characteristics of computations and visualizations

The aim of computational examples is to derive values of elements for Green
matrices and then draw graphs of Green’s matrix elements for anisotropic 3D QC. In
this section, we consider 3D icosahedral quasicrystal for anisotropic dynamic elasticity.
For our example we take the pulse force situated in E38(x1)8(x2)8(x3)8(¢) and
E®S(x1)8(x2)8(x3)8(t), where E* = (0,0,1,0,0,0), E® = (0,0,0,0,0,1) and §(.) is the
Dirac delta function. The responses of the considered anisotropic quasicrystal on this
source are the phonon and phason displacement vectors depending on the position (i.e.
space variables x1,x2,x3) and the time variable . Using the method of Section 3.3.3
we compute T(v),T*(v),D(v) and then using the formula (3.180) we have derived
numerically components of V3(x,z) and V®(x,t). The first three components of the
vector function V'(x,t),i = 3,6, are the phonon displacements u’ (x, 1), u (x,t), 1 (x,)
and the other components are the phason displacements w' (x,7), wh (x, 1), w} (x,1),i =

3,6.

As aresult of visualization in computational examples we have seen the fluctuations
of phason and phonon displacement components at points located in the short distance
from a pulse point force. Moreover we have got images of the wave fronts arising from

pulse point sources in QCs with icosahedral structure of anisotropy.

Example. For three-dimensional icosahedral quasicrystals c;jy has the form

(Akmaz (2009), Ding & Yang & Hu & Wang (1993), Hu & Wang & Ding (2000))

Cijkl = 7L8ij8k] +,U(8]181k + 8ilsjk)7
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where A and u are Lame constants. The nonzero phason elastic constants are

Kiinn = Ky =Kz =K1 =K,
K31 = Ki1z = K13 = Kp312 = — K31 = — Koz = — K3 = — K301 = Kp,

Ks333 = Ki+Kp, K33 = K3131 = K3032 = Kj313 = K1 — K>.

The nonzero phonon-phason coupling elastic constants are

Ri111 = Ri122 = R1133 = R1113 = R2233 = R332 = R3111 = R3131 = R1221 =R,
Ry11 = R0 = Ro213 = R2312 = Ro321 = R3122 = Ri1223 = Ri212 = —R,

For icosahedral quasicrystal Al-Cu-Li A = 30.4GPa, u = 40.9GPa, K; = 300MPa,
K> = 150MPa and R = 0.8GPa (Li & Fan & Wu (2009)). We chosen density
p = 1(10%kg/m?).

Figures 3.57 is the screen shot of 2-D level plot of the first phonon displacement
u? (x1,0,x3,0.3). Figure 3.58 contains 2-D plot of the first phason displacement
w? (0,x2,x3,0.19). Figure 3.59 shows dynamic of the distribution for the second phason
displacement w%(xl,xg,0,0.IS). Figure 3.60 presents 2-D plot of the first phonon
displacement u? (x1,0,x3,0.15). Figure 3.61 is the screen shot of 2-D level plot of the
second phonon displacement ug(O,xz,xg,OJS). Figure 3.62 contains 2-D plot of the
third phonon displacement ug (x1,x2,0,0.15). Figure 3.63 contains screen shorts of 2D
level plot of the second phason displacement wg (0,x2,x3,0.15). These figures are view
from the top of z-axis (the plan). Figures 3.64, 3.66 show 2-D plot of the third phason
displacement wg (x1,x2,0,¢) for + = 0.02, 0.15, respectively. These figures are view
from the top of z-axis (the plan). Figures 3.65, 3.67 are 3-D plots of wg (x1,x2,0,7) for
t =0.02, 0.15, respectively. Here the horizontal axes are x; and x,. The vertical axis

is the magnitude of wg (x1,%x2,0,¢) for r = 0.02, 0.15. The different colors correspond
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to different values of wS(x1,x2,0,1).

3.3.4.2  Analysis of the visualization

The explicit formula of the time-dependent FS of elasticity for 3D QCs has been
derived by the matrix transformations, solutions of some ordinary differential equations
depending on the Fourier parameters and the inverse Fourier transform. The formula
for FS of elasticity for 3D QCs has been presented in the form convenient for

computation of the transient phonon and phason displacement fields.

The simulation of the phonon and phason displacements in general anisotropic
media by modern computer tools allow us to see and evaluate dependence between
media structures and behavior of these displacement. The approach of the method
allows users to observe the elastic wave propagation arising from pulse point

sources of the form E™d(x1)d(x2)8(x3)8(z) in 3D QCs (icosahedral). Here E™ =

m Sm §m Sm §m §m
(1727374’5’86)'

3.4 Concluding Remarks

In this chapter of the thesis fundamental solution of the dynamic three dimensional
motion equations of 1D, 2D and 3D QCs are obtained using Fourier transformation
and some matrix computations. Computational images of phonon and phason

displacements for anisotropic 1D, 2D and 3D QCs are given.
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Figure 3.57: The map surface plot (plan) of 3D surface
z=1u3(x1,0,x3,0.3) in Al-Cu-Li.
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Figure 3.58: The map surface plot (plan) of 3D surface
z=w3}(0,x2,x3,0.19) in Al-Cu-Li.



149

100

a0

-100

-100 -850 0 50 100

Figure 3.59: The map surface plot (plan) of 3D surface
7= w3 (x1,%2,0,0.15) in Al-Cu-Li.
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Figure 3.60: The map surface plot (plan) of 3D surface
7= u?(xl ,0,x3,0.15) in Al-Cu-Li .



100

a0

-50

-100

-100 -50 0 50 100

Figure 3.61: The map surface plot (plan) of 3D surface
z=1u$(0,x2,%3,0.15) in Al-Cu-Li .
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Figure 3.62: The map surface plot (plan) of 3D surface
7= ug(xl,xz,0,0.IS) in Al-Cu-Li .
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Figure 3.63: The map surface plot (plan) of 3D surface
z=w5(0,x2,%3,0.15) in Al-Cu-Li .

Figure 3.64: The map surface plot (plan) of 3D surface
z=w§(x1,%2,0,0.02) in Al-Cu-Li .
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Figure 3.65: 3D surface zwg (x1,%2,0,0.02) in Al-Cu-Li

Figure 3.66: The map surface plot (plan) of 3D surface
z=w§(x1,x2,0,0.15) in Al-Cu-Li .

152



153

Figure 3.67: 3D surface z = w§(x1,x2,0,0.15) in
Al-Cu-Li .



CHAPTER FOUR
COMPUTATION OF FUNDAMENTAL SOLUTION
FOR ELECTRICALLY AND MAGNETICALLY ANISOTROPIC MEDIA

In this chapter an analytic method for deriving the time-dependent fundamental
solution (Green’s function of the free space) in a homogeneous non-dispersive

electrically and magnetically anisotropic media is studied.

4.1 Basic equations of Electromagnetism

The time-dependent electric and magnetic fields in homogeneous non-dispersive
materials are governed by the following Maxwell’s system in Gaussian units (Pope

(2010), Tikhonov & Samarskii (1963))

1-0E 4 1_oH

curl, H = —8—+—nJ, curl,E = ——pg—, (4.181)
c ot ¢ ¢ ot

div,(eE) = 4mp,, div,(aH) =0, (4.182)

where x = (x1,X2,x3) € R? is a space variable, ¢ € R is a time variable, E = (E{, Ey, E3)
and H = (H,,H,,H3) are the electric and magnetic fields with components: E; =
Ei(x,t), H; = Hi(x,t), i = 1,2,3; J = (J1,J2,J3) 1is the density of the electric
current with components J; = Ji(x,t); ¢ = 1/,/€uo is the light velocity, € and
uo are the permittivity and permeability of the free space, respectively. And uy =
1.257 x 10~%(farad/meter), €9 = 8.854 x 10~ 1?(henry/meter). € = (g;;)3x3 is the 3 x 3
permittivity matrix ; @ = (u;j)3x3 is the 3 x 3 permeability matrix; p, is the density

of electric charges. The electric charges and current are sources of electromagnetic
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waves. We assume these sources are given. It follows from (4.181)-(4.182) that electric

charges and current have to satisfy the conservation law of charges

Me . .
= +divyJ = 0. (4.183)

A medium is said to be electrically and magnetically anisotropic if € and 7 are arbitrary
matrices (see, for example, Kong (1986)). Some of materials have the magnetic
permeability as a matrix & and the permittivity as a identity matrix (i.e. € = I, where I is
the identity matrix). These materials are said to be magnetically anisotropic. Materials
which have the permittivity as a matrix € and the magnetic permeability as a a identity
matrix (i.e. g = I) are said to be electrically anisotropic. Crystals (dielectrics) are

electrically anisotropic materials.

In this chapter a homogeneous non-dispersive electrically and magnetically
anisotropic media, characterized by a symmetric positive definite permittivity
and permeability tensors are considered. An analytic method for deriving the
time-dependent fundamental solution (FS) in these anisotropic media is suggested.
This method consists of the following: equations for each column of the FS are reduced
to a symmetric hyperbolic system; using the Fourier transform with respect to the
space variables and matrix transformations we obtain explicit formulae for Fourier
images of the FS columns; finally, the FS is computed by the inverse Fourier transform.

Computational examples confirm the robustness of the suggested method.

In this chapter we suppose that

E=0 H=0, J=0, p,=0, fort<0. (4.184)

Remark 1. The equations (4.181) under conditions (4.184) imply the equalities of
(4.182) (we assume here that (4.183) is satisfied).
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Proof. Applying divergence operator to the first equation of (4.181) and using the
first equation of (4.182) we have the conservation law of charges (4.183). Using the

divergence operator to the first equation of (4.181)

10

41
~5,divs(EE) + —divJ =0, (4.185)

Substituting (4.183) into (4.185)

10, . -~

—E(dlvx(EE) —4mp,) =0, (4.186)
and using the initial conditions (4.184) we have the first equalities of (4.182).

Similarly applying divergence operator to the second equation of (4.181) we have

14

e —divy(uH) = 0,

and using the initial conditions (4.184) we have the second equalities of (4.182). [

4.2 Maxwell’s equations as a first order symmetric hyperbolic system

In this section we reduce the first and second equations of (4.181) to a first order

symmetric hyperbolic system.

Using definition of curl, the first equation of (4.181) can be rewritten in the

following form:

1-0E 3A18H 4m

F ]Z' . (4.187)

C
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where
0 0 0 00 —1 0 1 0
Al=1l0o o 1|,AMl=|00 o0 [, Al=] -1 0 0. (41898
0 -1 0 10 0 0 0 0

Similarly, the second equation of (4.181) can be rewritten in the following form:

1_oH & . ,..0E
;y§+j;(Aj) gj_o. (4.189)

Then the first and second equations of (4.181) can be written as the following first order

symmetric hyperbolic system

1. o0V & oV
EAOEJFJ;AJ.E_F (4.190)

where

47
V - (E17E27E37H11H2aH3)7 F - _<_J17_J27_J3>07070)a
C

€ 033 035 Al

Ao = B , Aj= 1 ! :
0 u AD* 0
33 H 6x6 ( J) 33 1303

* denotes transposition, 03 3 is the zero matrix which has the order 3 x 3.

4.3 Equations for the time-dependent fundamental solution(FS) of electrically

and magnetically anisotropic media

The FS for the time-dependent Maxwell’s equations (4.181) is defined as a matrix

G (x,t) of the order 6 x 3 whose columns (E”,H") = (ET",E}',E{', H{",H}' H}'), m =
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1,2,3, satisfy

1 E)E’” 4e™ l_aHm
curl, H" = —8?4- ce 5(36)5([)7 cur Lk E™ = _2_7’
E" ;<0 = 0, H" |;<0=0, (4.191)

Here e! = (1,0,0), e> = (0,1,0), e* = (0,0,1) are basis vectors of the Cartesian
coordinates; d(x) = 8(x;)d(x2)d(x3) is the Dirac delta function of the space variable
concentrated at x; =0, xp =0, x3 = 0; 8(¢) is the Dirac delta function of the time
variable concentrated at t = 0.

Elements of the m-th column (E™ H™) of the FS are the electric and magnetic fields

in the considered anisotropic medium arising from the pulse dipole e”8(x)d(¢).

Equalities (4.191) can be written as

an 3 an 4
Jj=

j C

where E" = (—€”,0,0,0) is such vector with six components that the first three

components are components of —e” and other components are equal to zero.

4.4 Deriving formulae for electric and magnetic fields

Let V"*(v,t) = (V" (v,2), V5" (v,1), V53" (v,£), V4" (v,1), V5" (v,1),Ve" (v,1)) be the

Fourier image of V" (x,¢) with respect to x = (x1,x2,x3) € R%, i.e. for j =1,2,3

j /

V= (V],V2,V3) €

V]m x,t)e DN dx 1 dxadxs,

—3
7&43\,8

8

, XV =2X1V] +X2V2 +X3V3, i2:—1.
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Equalities (4.192) can be written in terms of V" (v,) as follows

Aoa% — icB(V)V’" = 4nE™d(1), Vm(V,t)]Ko =0, (4.193)

where B(V) = (V1A1 +V2A; +V3A3).

Diagonalization A) and B(v) simultaneously. The matrix A is symmetric
positive definite and B(v) is symmetric. In this step we construct a non-singular
matrix T(v) and a diagonal matrix D(v) = diag(d(v), k=1,2,...,6) with real valued

elements such that
T (v)AoT(v) =1, T*(v)B(v)T(v) = D(v), (4.194)

where I is the identity matrix, T*(V) is the transposed matrix to T(Vv).

Computing T(v) and D(v) can be made by the following way: we find A, 12 and

then using the matrix A v 2B(V)Aa 12 we construct T(v) and D(v).

Finding A, 12 For the given positive definite matrix Ao we compute an orthogonal
matrix X by the eigenfunctions of Ay such that R *AgR = L, where R* is the
transpose matrix to X and L = diag(Ax, k= 1,2,...,6) is the diagonal matrix with
positive elements A; which are eigenvalues of Ag. The matrix £/2 i3 defined by the
formula £1/2 = diag(\/Ar, k=1,2,...,6) and Ay/* is defined by Ay/> = R L1/2R ",

The matrix Aa 12 is the inverse to A(l)/ 2.

Finding T(v) and D(v). Let matrix B(v) be given and matrix A, 12 be found.

~1/2

Let us consider the matrix A, 1/ 2B(V)AO which is symmetric with real valued

elements. The diagonal matrix D(V) is constructed by eigenvalues of A, 1/ 2B(V)A6 1z,
The columns of the orthogonal matrix Q(Vv) are formed by normalized orthogonal

eigenfunctions of A, Y 2B(V)Aa 172 corresponding to eigenvalues dy(v), k=1,2,...,6.
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The matrix T(v) is defined by the formula T(v) = A, 1/ 2Q(V).

Deriving a solution of IVP (4.192). Let D(v) and T(v), satisfying (4.194), be
constructed. We find a solution of (4.193) in the form V" (v,t) = T(v)Y"(V,t), where
Y™ (V,t) is unknown vector function. Substituting V"(v,¢) = T(v)Y"(v,t) into (4.193)
and then multiplying the obtained vector differential equation by T*(v) and using

(4.194) we find

. —icD(V)Y" = 4nT (VE"S(1), 1 € R, Y"(V,0)|i<0 =0, (4.195)

Using the ordinary differential equations technique a solution of the initial value

problem (4.195) is given by

Y™ (v,1) = 470(t) [cos(cD(V)r) + isin(cD(v)r)] T* (V)E™,

where 6(¢) is the Heaviside function, i.e. 6(r) =1 for r > 0 and 6(z) = 0 for t <
0; cos(cD(v)t) and sin(c¢D(v)f) are diagonal matrices whose diagonal elements are

cos(cdi(v)t) and sin(cdy(v)t), k=1,2,...,6, respectively.

A solution of (4.193) is determined by

V™ (v,1) = 4n8(r)T(v) [cos(cD(V)r) + isin(cD(v)r)] T* (v)E™. (4.196)

Finally the vector function V”(v,t) satisfying (4.192) can be found by the inverse

Fourier transform

1 77T ,
V' (x,t) = (2n)3///Vm(v,t)e_""xdvldvzdv3. (4.197)

Noting that every solution of (4.192) is areal valued vector function and using formulae
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(4.196), (4.197) we find that a solution of IVP (4.192) is given by
_ 60 / /
2

where cos (cD(V)t — I(v x)) is the diagonal matrix with diagonal elements

D

T(v)cos cD(V)t —X(v -x))T*(v)Emdvldvzdv3, (4.198)

8 — g

cos (cdk(v)t—v-x>, k=1,2,...6.

4.5 Computation of scalar-vector potentials and FS of Maxwell’s equations in

isotropic media
4.5.1 Scalar and vector potentials for Maxwell’s equations

Lete = el3 3 and = ulz 3 in (4.181)-(4.182), where € and u are positive constants.

Let us consider the following Cauchy problem,

%(divx(,uH)) = 0, (4.199)

dive(uH)|;<o = 0 (4.200)

Therefore, div,(uH) = 0 for ¢ € R. The vector uH can be written in the following form,
%

uH(x,t) = curly A (x,t) + Vyy(x,t) (4.201)

where A is a vector function and y(x,?) is a scalar function. We choose A and y

- =
satisfying (4.201) such that A # 0 and y = 0. Then H can be represented as

1
H(x,7) = —curlxX(x,t), (4.202)
u
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_>
where A is called the electrodynamic potential vector. Substituting (4.202) into the

second equation of (4.181) we have

_ MO A
curl,E = =3, (yCWZXA (x,1)) (4.203)
curl,(E + l%X(x,t)) —0. (4.204)
C

. - .
From the theory of vector analysis the vector E + %% A can be written as,

E+ laéA — curly B (x,1) + Voo (x,1) (4.205)
C

we choose ? and @ such that ? =0 and @ # 0. @(x,1) is a scalar function and called
the scalar electrodynamic potential and also curl,V,@ = 0. Then E can be represented

as,

—
A

C\I»—k
Q)lw

E(x,t) = (x,1) + V(x,1) (4.206)

Substituting (4.202), (4.206) into the first equation (4.181) we have
_>
1 — 1 9 10A 4
curly(—curly A) = —e— (——— —i—Vx(p) + —nJ. (4.207)
u c

— — —
Using curlycurly A = —/A\y A + V,div, A, the last equation becomes

182 8_(p AT

1 — —
—(—AyA +V,diviA) = —&V, 4.2
IJ( +V.div, A) 8 -5+ 8 at J (4.208)

equivalently,

%

1 ZA 1 4

v (82 Ly T+ (ELA LA Z %) —o (4.200)
cot u 2 o2 c
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_>
equality (4.209) holds if A and ¢ are chosen from relations

0
(p(x7t> — idivxj(x,t), (4210)
ot eu
_>
PA(xt) - 4me
oz AW = I, (4.211)
For holding the equations
¢(x,t)lico = 0, (4.212)
Ao = 0 (4.213)

are sufficient.

4.5.2 FS for equations of scalar and vector potentials

FS for the equation of vector potential is a matrix G* of the order 3 x 3 whose

columns A™ = (AT, AS,A%), m = 1,2, 3, satisfy

PAR(nt) 2 — dme .
S Cadtwn = TEamsne,
A )0 = O, (4.214)

where ¢! = (1,0,0), e = (0,1,0), e*> = (0,0, 1) are basis vectors of the Cartesian
coordinates; d(x) = 8(x1)d(x2)d(x3) is the Dirac delta function of the space variable
concentrated at x; =0, xp =0, x3 = 0; 8(¢) is the Dirac delta function of the time

variable concentrated at ¢t = 0.

Applying the Fourier transformation with respect to x to (4.214) we have the
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following IVP
_>
92A™(v,t 2|\v|2= 4
V) VB Ry = e
ot eu €
=
A"(v,1) |ico = O. (4.215)
Solving IVP (4.215) we have
= 4T ju . c
AT (v,t) =0(t)—/=sin(—= | v | 1)d7. 4.216
v =005 [sin v 103, @216)

Here 871 is the Kronecker symbol, i.e. 671 =1if j =m and 871 =0if j#£m; j=
1,2,3; m=1,2,3.

FS for the equation of scalar potential is a vector G® whose components ¢, m =

1,2, 3 satisfy the following IVP

" (x,t) ¢ .
— = aa’wa (x,1),
9" (x,t) ;<o = 0 (4.217)

Applying Fourier transformation with respect to x to (4.217) we have the following

VP
W'V _ e e
T = a(—lVIArln—lVQAIZn_lV:iA?)(Vvt%
¢"(v,t) lico = 0 (4218)

Using (4.216) and solving IVP (4.218) we have

C
vit)—1), j=1,2,3. (4.219)
ﬁ$‘|) )

~ . 4r
B (V1) =V (08
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4.5.3 FS of Maxwell equations in isotropic media

The FS for the time-dependent Maxwell’s equations (4.181) in isotropic medium
is defined as a matrix GY(x,z) of the order 6 x 3 whose columns (E"' HI") =

(E ENEN H", H M), m = 1,2,3, satisfy

1 OE™  4mer 1 oH"
curl, H"" = 287+ . 8(x)3(1), curlE"" = — M
E" <0 = 0, H" |=0. (4.220)
From (4.202) and (4.206) we can write
1
H" (x,1) = ~curly A" (x,1), 4.221)
u
m 10 —m m
E (x,t):——gA (x,1) + V0" (x,1). (4.222)
c

Applying Fourier transformation with respect to x to (4.221) and (4.222) and using
the (4.216) and (4.219) the Fourier image of FS G!(x,#) = (E!(x,7),H!(x,t)) for the

time-dependent Maxwell’s equations in isotropic medium can be written as follows

~ 4
Elv) = ~Tiz—cos(——|v|[1)

NG

2
Vi ViVa ViV3

4T c
+ | viva V3 vav, |V’2(cos(@yv|t)—1). (4.223)
VIV3 V3V2 V3
0 vz —iVy
| i . 4n . c
H(v,t)=| —ivs 0 iv G(f)m(sm(ﬁ!\’\f), (4.224)

V3 —iVq 0
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where I3 3 is the identity matrix of order 3 x 3.

4.6 Computation of the fundamental solution of (4.190) with arbitrary source

The computation of the fundamental solution for the system of the form (4.190)
arising from an arbitrary given force F(x,1) = (fi(x,1), f2(x,1), f3(x,),0,0,0), whose
components fi(x,t),i = 1,2,3 are arbitrary functions for > 0 and equal to zero for

t <0, can be defined as a matrix G(x,t) of the order 6 x 6 for which the formula

gives a solution of (4.190). Here the columns of G are defined by (4.192), § =

G(x—&,1—n)F(§n)d&1d&rdCdn (4.225)

8\8

(€1,82,83) €ER®, x = (x1,x2,x3) ER},t ER, M ER.

Using the fact that the first three components of

= (f1(&M), £2(&M), /3(§,1),0,0,0)

are nonzero and other components are identically equal to zero we find that columns of
G (x,1) started from fourth do not have any influence on the solution V (x,#) defined by
(4.225). Therefore the fundamental solution of (4.190) is naturally defined as a matrix

G(x,t) of the order 6 x 3 for which the formula

:_ZZZZG — &1 —n)f(§,M)dE1dCrdC3dn

gives a solution of (4.190), where f(&,m) = (f1(§,m), f2(§,M), f3(E,M)) is 3D vector

column. We note also that each column of the fundamental solution G(x,¢) of (4.190)

satisfies (4.192).
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4.7 Computational examples

We have implemented two types of computational experiments. The first one shows
a high accuracy in computing values of FS for Maxwell equations in isotropic media.
The values of Fourier image of FS have been derived for isotropic material in two
ways: by explicit formulae as well as by the method of Section 4.4. The results of the
comparison are presented in Tables 4.1.-4.2. And Fourier images of FS in isotropic

medium have been given by Figs. 4.68-4.71.

In the second type of computational experiments we consider five homogeneous
non-dispersive anisotropic materials: a biaxial crystal, positive uniaxial crystal
(sapphire), monoclinic dielectric, triclinic dielectric, an electrically and magnetically
anisotropic medium. The point pulse current situating in each material radiates
diverging electromagnetic waves. The interference figures of the electric and magnetic
fields into these five media computed by obtained explicit formula (4.198) are
presented and analyzed in this section. The interference patterns of electric and
magnetic fields and diverging spherical fronts emitted by this special type of the
current (a pulse dipole with a fixed polarization) will accumulate astigmatism on wave
propagations arising from the anisotropy of the materials. For all applications the

current density J is taken in the form

J(x,1) = e38(x1)8(x2)8(x3)8(¢)

where 8(x1)d(x2)d(x3)8(¢) is the Dirac delta function concentrated at the origin of the
coordinates at the time # = 0 in the direction e®> = (0,0, 1). This is a pulse dipole with

the polarization e>.

Using the procedure of Section 4.4 the matrices T, T*, D were computed for every

given symmetric positive definite matrices € and zi. Further, using formula (4.198)
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we have found explicit formulae for the electric field components and magnetic field

components.

4.7.1 Accuracy of the method

Taking u =1 and € = 9.4 and using formulae (4.223)-(4.224) we have calculated
exact solution of the Fourier images of FS G! corresponding to source J = e38(x)3(¢),
ie. Fr(it), B (vi1), Ex (Vo). Hio(vit), Fh (v,1), 75 (v,r) int = 1/c. Using
the method of Section 4.4 we have computed T(v), T*(v), D(v) and then using the
formula (4.196) we have found Fourier image of the third column of FS G(v,t) in
terms of values v = (v,V2,v3) for time t = 1/c, i.e we have calculated values of
E}(v,t), E3(v,t), E3(v,t), H(v,t), H3(v,t), H3(v,t) in t = 1/c. Some values of
E]3 (v,t) and IEI]3 (v,1), j =1,2,3 and their comparison are given in Table 4.1. and Table

4.2., respectively.

In these table the following notations are used: fﬁ(vl ,V2,V3,1), f[ﬁ(vl ,V2,V3,1)
are values computed by the formula (4.223), (4.224); EJ3 (V1,v2,v3,f) and
FIJZ’ (V1,V2,V3,1) are values of the third column of FS G(v{,v,,v3,f) computed by
our method; E]3 — £~j3 are values of E~]3.(v1,vz,\/3,t) — ij(vl,vz,V3,t) which mean
the error between values E}(vl,vz,\@,t) found by our method and exact values
flj3(V1,V2,V3,t); FI]3 — }N[j3 are values of I:If(vl,vz,\@,t) — }~[]~3(V1,V2,V3,t) which
mean the error between values I:Ij3 (V1,V2,V3,t) found by our method and exact values

H; (Vi,V2,V3,1).

The graphs of functions E; (z,1), ff (z,t), j=1,2,3 obtained by our method and
by formula (4.223) are presented in Figs. 4.68-4.69; the graphs of functions 1':1]3 (z,1),
}N[f (z,t), j = 1,2 obtained by our method and by formula (4.224) are presented in Figs.

4.70-4.71. Here vi = v, =v3 =zand t = 1/c.
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Table 4.1. The accuracy of computing of electric field (isotropic case) fort = 1/c.

Vi Vo V3 E13 E13 —F Eg

10741072107 —5.7x 10713 =3x 10717 —=5.7x 107 2x 107" —0.1064 1x 1015
102103 10% —=5.7x1072 1x107"7 —6x10710 5x10°'® —0.1064 2x 10716
1007102103 =5.7x1077 —1x107® —6x10% 1x10°"7 —0.1063 2x 106
1 1 1 —0.0055 —7x10""7  —0.0055 4x107'7 —0.0954 4x107'¢
100 102 100 —5.6x107% 2x107% —0.0056 8x1071 —0.1058 —7 x 10~!6
102 10* 10* —0.0012 1x107"% —0.0124 —3x10"5 —0.1051 4x 1076
10* 100 10° —24x107% —1x107'2  —0.0024 —1x10"'"" —0.1061 1x10~1!

Table 4.2. The accuracy of computing of magnetic field (isotropic case) for r = 1/c.

~ ~ ~ 3 ~ ~ ~ 3 ~ ~ 3
Vi Va2 V3 H} H} — 7, 175 H} -9 H;— 74

1074 1070 107% —1.1x107°% 2x1072 1.1x107° —1x107"? 1x10°22
1072 1073 107% —1.1x10* —6x107' 0.0011 —5x10""® 1x1072??
10°' 1072 1073  —0.0011 5x107'®  0.0106 —-6x10""7 2x10°1
1 1 1 —0.1008 7x107'%  0.1008 —1x10"" 6x10°'8
10" 102 10> —0.0286 1x107"  0.0029 —4x105 3x10°!®
102 100 10* 0.0319 —2x107" —0.0032 —1x10""* 1x107"
104 10° 10 —0.0205 —5x10"'"  0.002 5x107'"" 6x 1073

4.7.2 Simulation of electric and magnetic field in different materials

Example 1. A biaxial crystal. The matrix of the dielectric permittivity € and
magnetic permeability u have been taken from Burridge & Qian (2006). They are
€ = diag(2.25,1,0.25), i = diag(1,1,1). We have taken these data similar to Burridge
& Qian (2006) for clarity in the graphical illustrations of the behavior of electric and
magnetic fields in a biaxial crystal (an electrically anisotropic media). Examples of
images of electric and magnetic fields in the bi-axial anisotropic material are presented
in Fig.4.72 and Fig.4.73. These figures include several geometrical objects. The
object in the center of each picture looks like ellipse. The 3D surfaces plots of
z=Ej(x1,x2,—+/1/3x1,1/c) and z = H3 (x1,%2, —+/1/3x1, 1 /c) are given in Fig.4.72b
and Fig.4.73b. Here the horizontal axes are x; and x,. The vertical axis is the magnitude
of z = E3(x1,x2,—/1/3x1,1/c) and z = Hj (x1,x2, —+/1/3x1,1/c), respectively. The

different colors correspond to different values of z = E3(x1,x2,—+/1/3x1,1/c) and
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z = H3(x1,x2,—/1/3x1,1/c). Fig.4.72a and Fig.4.73a contain screen shots of 2D

level plots of the same surfaces, i.e. view of these surfaces from the top of z axis.

Example 2. A positive uniaxial crystal (sapphire) in the principal symmetry
axes. We take the matrix € = diag(9.4,9.4,11.6), i = diag(1,1,1). Fig.4.74 shows
dynamic of the distribution of the electric field component z = Eg’ (x1,x2,— \/1_/2x1 —
\/sz,t). In Fig.4.74 there is a circle for different times. So we can see how the
circle are progressing. Fig.4.74a,b are 2D plots z = E33 (x1,x2, —Mxl — \/WXz,t)

fort =1/c,8/c, respectively.

Example 3. Monoclinic Dielectric. The matrix € is given by (Yakhno & Yakhno

& Kasap (2006))

17.1598 13.0178 0
€= | 13.0178 23.6686 0
0 0 44.4444

And we take i = diag(1,1,1). The results of the simulation of the electric and magnetic
wave propagation in this monoclinic dielectric are presented in Fig.4.75. In Fig.4.75
there is a ellipse. Inside of this ellipse there is a circle and ellipse with the same
center. Fig.4.75a show dynamic of the distribution of the electric field component
E3(x1,0,x3,6/c). Fig.4.75b show dynamic of the distribution of the magnetic field
component Hj (x1,0,x3,6/c). The results of the simulations are 2D plots. Here x; and

X3 are axis.

Example 4. Triclinic Dielectric. €is given by (Yakhno & Yakhno & Kasap (2006))

30.7929 —12.7337 —14.3432
€= | —12.7337 551479  5.86982
143432 5.86982  6.74556
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And we take u = diag(1,1,1). Fig.4.76a contain screen shot of 2D level
plot of E3(x1,0,x3,(0.5)/c). Fig.4.76b contain screen shot of 2D level plot of
H3 (x1,%2,0,(0.5)/c).

Example 5. An electrically and magnetically anisotropic medium. The
matrix of dielectric permittivity is given by & = diag(16,25,36) and the matrix of
magnetic permeability is defined by u = diag(36,25,16) (Yakhno (2008)). The
medium is electrically and magnetically anisotropic. The 3D surfaces plots of z =
E3(x1,0,x3,50/c) and z = H;(x1,0,x3,50/c) are given in Fig.4.77b and Fig.4.78b.
Here the horizontal axes are x; and x3. The vertical axis is the magnitude of
z=E;(x1,0,x3,50/c) and z = Hj(x1,0,x3,50/c), respectively. The different colors
correspond to different values of z = E; (x1,0,x3,50/c) and z = H5(x1,0,x3,50/c).
Fig.4.77a and Fig.4.78a contain screen shots of 2D level plots of the same surfaces, i.e.
view of these surfaces from the top of z axis. In these figures include ellipse. And the

object in the center of Fig.4.77 has the complex configuration.

4.7.3 Analysis of the visualization

The simulation of electric and magnetic fields in anisotropic media by modern
computer tools allow us to see dependence between media structures and behavior
of electric and magnetic fields. Using the presented method we have generated
images of electric and magnetic fields components which are a result of the
electromagnetic radiations arising from a pulse dipole with a fixed polarization
in different electrically and magnetically anisotropic homogeneous media. The
different structures of electrically and magnetically anisotropic media produce different
responses of electromagnetic radiation inside these anisotropic media. The various

shapes of electric and magnetic waves (different forms of fronts and magnitude
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fluctuations) are shown in Examples 1-5.

4.8 Concluding Remarks

In this chapter of the thesis an analytic method for deriving the time-dependent
fundamental solution (FS) in a homogeneous, non-dispersive, electrically and
magnetically anisotropic media is studied. This method is based on Fourier
transformation and some matrix computations. Accuracy of the method is shown
by some numerical computations. Computational images of FS in a homogeneous,

non-dispersive, different anisotropic materials are given.

Figure 4.68: Graphs of ff(z,t) and E;(z,1).
The dotted line represents E j3(v,t)(z,t) att =
1/c (our method ). The continuous line
represents f}ﬁ(z,t) at t+ = 1/c (the explicit
formula ( 4.223)), j =1,2.



Figure 4.69: Graphs of %5 (z,r) and B (z,0).
The dotted line represents E33(V,t)(z,t) att =
1/c¢ (our method ). The continuous line
represents f33(z,t) at t = 1/c (the explicit
formula ( 4.223)).

~ 3 -
Figure 4.70: Graphs of #, (z,7) and H13(z,t).
The dotted line represents H13(V,t)(z,t) at t =
1/c¢ (our method ). The continuous line
~ 3
represents #; (z,t) at t+ = 1/c (the explicit
formula ( 4.224)).
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~ 3 ~
Figure 4.71: Graphs of #4 (z,t) and H23(z,t).
The dotted line represents 1-723(V,t)(z,t) att =

1/c¢ (our method ). The continuous line
~ 3
represents 75 (z,¢) at ¢ = 1/c (the explicit
formula ( 4.224)).
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() E5(x1,%2,—+/1/3x1,1/c) (b) E3 (x1,x2,—/1/3x1,1/c)

Figure 4.72: 2D and 3D plots of electric field in a biaxial crystal.
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“m 50 i 50 100 10 1o

(@) H; (x1,x2,—+/1/3x1,1/c) (b) H3 (x1,x2,—+/1/3x1,1/c)

Figure 4.73: 2D and 3D plots of magnetic field in a biaxial crystal.
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Figure 4.74: 2D plots of electric field in
sapphire (uniaxial crystal in principal axes)

of E;(xbxb_‘\/ 1/20751 -V 1/2x2,t), t =

1/¢,6/c,8/c.
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(a) E3(x1,0,x3,6/c)

(b) H3(x1,0,x3,6/c)

Figure 4.75: 2-D  level plots of
E3(x1,0,x3,6/c) and  H3(x1,0,x3,6/c)
for monoclinic dielectric.



-100 -50 1] 50 100

(a) E3(x1,0,x3,(0.5)/c)

(b) H} (x1,x2,0,(0.5)/c)

Figure 4.76: 2D of the electric and magnetic
field in electrically triclinic medium.
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180 400

(a) E3(x1,0,x3,50/c) (b) E; (x1,0,x3,50/c)

Figure 4.77: 2D and 3D plots of electric field in an electrically and magnetically
anisotropic medium.

-1o00

(a) H;(x1,0,x3,50/c) (b) H5(x1,0,x3,50/c)

Figure 4.78: 2D and 3D plots of magnetic field in an electrically and magnetically
anisotropic medium.



CHAPTER FIVE
AN ANALYTIC METHOD OF SOLVING IVP
FOR ELECTROMAGNETOELASTIC SYSTEM

In this chapter an analytic method for deriving for the initial value problem of linear,

inhomogenous, anisotropic dynamics of electromagnetoelasticity (EME) is studied.

5.1 Basic equations for system of electromagnetoelasticity

The basic equations for the linear, inhomogenous, anisotropic dynamics of
electromagnetoelasticity (EME) can be expressed by ( Yakhno & Merazhov (2000),
Dunkin & Eringen (1963))

= i fi=1,2,3, (5.226)
at2 ]_Zl ij
oD
curl,H= > +J, (5.227)
oB
curl,E = 3 (5.228)
div,B =0, diveD = p, (5.229)

Due to the coupling of elastic, electric and magnetic behaviors, the constitutive
equations for a inhomogeneous, linear and fully anisotropic magnetoelectroelastic

solid are given by ( Chen & Shen (2007), Tsai & Wu (2008))

o= Z c,,k, ZekUEk thqu, i,j=1,2,3, (5.230)
k=1

180
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D; = Ze,kEk+ Z e,,k +deHk, i =1,2,3, (5.231)
k,j=1 =1
ouy,
B; = Zd,kEk+ Z huka N Z,ulka, i=1,2,3. (5.232)
k=1 k,j=1 Xj

Let us consider the following initial conditions

uen) o = 100, P =y,

E(x,1) ;=0 = 0, H(x,7) |;—o=0, x€R>, t €R, (5.233)

where x = (x1,x2,x3) € R? is the space variable, ¢ € R is the time variable, y(x), y(x)
are given vector functions with components: vy = V;(x), V; = y;(x), i = 1,2,3;
p = p(x3) > 0 is the density of the inhomogeneous medium; w = (uy,up,u3) is the
displacement vector with component u; = u;(x,t), i = 1,2,3; p.(x,t) is the density of
electric charges; E = (E|,E»,E3) and H = (H),H,,H3) are the electric and magnetic
fields with components: E; = E;(x,t), H; = Hi(x,t), i = 1,2,3; B= (B},B2,B3) is the
magnetic induction with components: B; = B;(x,t); D = (D,D»,D3) is the electric
displacement with components: D; = D;(x,t), i = 1,2,3; 6;;(x,t) are the components
of the stress tensor; J = (J1,J2,J3) is electric current with components J; = J;(x,1);
f = (f1, /2, f3) is external force with components f; = fi(x,t). ciju = ciju(x3) are
the elastic moduli of the medium; e;;; = ex;;(x3) are the piezoelectric moduli of
the medium; hy;; = hy;j(x3) are the piezomagnetic moduli of the medium; €;;(x3)
are the dielectric moduli of the medium; dy;(x3) are the electromagnetic moduli of
the medium; w;(x3) are moduli of magnetic permeability of the medium. These
coefficients satisfy following symmetric properties ( Diaz & Saez & Sanchez & Zhang

(2008), Wang & Mai (2004))

Cijki = Cjikl = Cijik = Cklij» ©kij = €kji,» Mkij = Mk ji,

dii = dik, lki = Mik; €ij = E€ji- (5:234)
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Using the symmetry properties (5.234) it is convenient to describe the elastic moduli in
terms of a 6 X 6 matrix according to the following conventions relating pairs of indices

(ij) and (k) to single indices o and P:

(I1) <> 1, (22) <> 2, (33) <> 3,
(5.235)
(23),(32) <+ 4, (13),(31) + 5 (12),(21) <+ 6.

The obtained matrix C = (cqg)sxs of all moduli, where o = (ij), B = (kl), is

symmetric. Similarly the matrices

E = (gj(x3)), D= (dij(x3)), M = (u;j(x3)), i,j=1,2,3,

are symmetric. And C, E, M are positive definite matrices (Yakhno & Merazhov
(2000), Wang & Mai (2004), Diaz & Saez & Sanchez & Zhang (2008)). And also c!

which is the inverse matrix of C is positive definite.

The electric charges and current have to satisty the conservation law of charges

% - divd =0, (5.236)

In this chapter we also suppose that

J=0, p.=0, for t=0. (5.237)

Remark 1. The equations of (5.227)-(5.228) under conditions (5.233)-(5.237)

imply the equalities of (5.229) (we assume here that (5.236) is satisfied).
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5.2 Reduction of IVP for Electromagnetoelastic System to IVP for a First-Order

Symmetric Hyperbolic System

Let

Y
ot

8ul

U. -
l an I

3
i=1,23, %= Y cou a=1,2,..,6. (5.238)

k=1

Using the symmetry properties of the elastic moduli, Eq.(5.238) and the rule (5.235)

we can write fora=1,2,3,4,5,6

1 oU; oU,
+ Ca6 +Cas + Ca6
0x1

0x> 0x3

Col =
ot ¢ 8x1

oUs oU; oUs

oU,
_— _— 5.23
ox1 + Cod 0x2 o3 0x3 ( %)

x>

U,
+ca2 + Ccos 3 + cus
X3

Let us define

oU; U, dU; ,0Usz 09U, dU; dU; 8U2+8U1

Y= (8x1 "Oxp Ox3 ' Oxp  Ox3’ " 0x;  Ox3 ’(axl 0x3

and

T = (71,72,73,T4,T5,T¢)-

Eq.(5.239) can be written in the form

ot
—=CY 5.240
py ; ( )
where C = (cqp)6x6. Multiplying both sides by the inverse of C, denoted C~!, we find

cl=—-vY=0. (5.241)
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Letting
V= (U1,0,,U5,T,T5,13,14,T5,Ts,E1,E2, E3,H| ,Hy, H3),,

(5.241) can be written in the form

oV & . 9V
MoE +;Mj$j =0, (5.242)

where 0,, , is the zero matrix which has the order m x n, here m is the number of lines,

n is the number of columns.

My = 0673 C! 0676 :|; Mj: |: (A})* 06,6 0676 , J=1,2,3,

-1 000 O O 0 0 0 0 0 -1

Al 0 000 0 —11,A4 0 -10 0 0 0 [,

0 000 -1 0 0O 0 0 -1 0 O

000 0 —10
Al=100 0 -1 0 0]: (5.243)
00 -1 0 0 0

Here * denotes the transposition of sign. Let us consider Eq.(5.230). Using the
symmetry properties of elastic moduli, piezoelectric moduli, piezomagnetic moduli

and the rule (5.235), Eq.(5.230) can be written in the following form for o =



1,2,3,4,5,6
s ouy N Juy N ouy N ouy N ous N ouy
= Caly—+Casy —FCasy T a3 T Co2z FCasz
8u3 au3 au
+ Cas3 » +Coc4a X +cCazs— s —eiokEl
— ey kr —e30E3 — higH — hogHy — h3oHj3
or

Ca = To, — €101 — €202 — €303 — hiogH | — hoodHy — h3oH3.

The left-hand side of (5.226) can be written in the vector form

o*u oU

Pz =Par

185

(5.244)

(5.245)

Now consider the term Z ’{ on the right-hand side of (5.226). Applying rule
; Xj

]_
(5.235) fori =1,2,3 gives

3 8(51] 8(511 8612 8013 8(51 8(56 865
Z ox; + 0x> + dx3  Oxj + ox> + 0x3

)

i aGQj _ 8(521 8622 n 8(523 _ 8(56 i 862 4 8(54
ox; 0x] 0x> 0x3 0x; Oxa Ox3

i 863]' _ 8631 8(532 n 8633 _ 865 n 864 n 863
ox; ox1 0x2 0x3 ox; Oxp Ox3

(5.246)

(5.247)

(5.248)

Substituting (5.244) into (5.246)-(5.248) and using (5.245), (5.226) can be written

as

oV & . oV
R0§+];R ax]+QV f,

(5.249)



where 1,,, , is the identity matrix of the order m x m.
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Ro = pI373 03,6 03,6 1 ; R] = |: 03,3 (A}) (A%) (A;) S 1,2,3,

ell e el el6 €x% €36 els exs e3s
Al = = A} =
1= | el6 ex e36 = | en en e |AIZ=| eq4 ey e |
els exs e3s els ey ey e;3 ey e33
hir hy hsy hie hae h3e his has  hss
3 _ 3 _ .
AT = | hig M hse = | hia hn hyp |A3=| hy hy hzg |
his hys  hss hia hos h3a hi3 hyz hss
_ d d
2 3
Q=10 Qi =—A3 Q=—A:x. (5.250)
390 Q1 Q2 | des Y a3

Let us consider (5.227). Taking derivative with respect to t of (5.231) we obtain

oD; oE oU oU

oH

oU
+ (€i5,€i4>€is)a—xa+(di17di2,di3)§-

Substituting this equality into (5.227), we obtain

3

Z jaxj

where

el (8i178i27£i3)§ + (eilaeitSaeiS)E + (6:‘6,61'2,61'4)%

(5.251)

(5.252)

So = 033 036 E @};Sj:{(Ai)* 036 033 (A;‘) , J=1,2,3;
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0 0 0 00 —1 0 1 0
Al=10 0 1|.A=]00 o [.AS=]| -1 00]. (5253
0 —1 0 10 0 0 0 0

Similarly let us consider (5.228). Taking derivative with respect to t of (5.232) we

obtain in the following form

0B; JoE oU oU
-, di 7di ;di Ev hi 7h' 7h' 3. h; 7hi 7hi 3
5 (din,dp )at + (hi1, hie zs)axl + (hie, hi2 4)ax2
oU oH
+  (his, hia, hiz) FN + (it 7;ui27:ui3)§' (5.254)

Substituting this equality into (5.228), we obtain
vV & 9V
No—=— Ni—=0 5.255
o5t LNy, =0 .
where M = (u;5), i,j=1,2,3,

NOZ 0373 03,6 D M}, Nj: [ (Ai)* 03,6 (A‘})* 0373 7j:17273;

Combining (5.242), (5.249), (5.252) and (5.255), we obtain the matrix representation
of EME in the form

VvV & oV
Aog—kj_ZlAjngrQV—F. (5.256)

Here

V= (U17U27U37117127T37147157T67E17E27E37H17H27H3)7
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oA A A
(A" 0 0 0 . P(x3)I33 036 O3
. 66 063 063 '
Aj: J , ]:1,2’3; A(): 0673 C—] 0676 ,
(AD)* 036 033 Aj
3\ Ak 06,3 066 L
| (A7)" 036 (AT)" 033 |

£ D Q *
L= 5 Q: 5 F:(f706,17_J703,]) .

D M 012,15

The matrices A, j =1,2,3, k =1,2,3,4, and Q are defined by (5.243), (5.250),
(5.253).

Since the matrix L is positive definite (Karamany (2009)), p > 0, the inverse matrix

C~ ! is positive definite Ag(x3) is also positive definite and symmetric matrix. And

Ai(x3), i =1,2,3, are symmetric matrices.

The initial conditions (5.233) can be written as

Vix,t) im0 = V°(x), xeR>, reR, (5.257)

where
Vo(x) = (Wl3W27W37T(1)7T(2)7Tg712712712707070707070)*7
3 d
0 Vi
To = Y, Cakin— 0=12,..6.
Ko 9%
Assumptions

In this chapter we suppose that
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1. There exits a constant py > 0 such that for x3 € (—co,c0), p(x3) > po > 0.

2. There exits a constant ¢y > 0 such that for the inverse matrix C~!(x3) and x3 €

(—o0,0) and for every nonzero vectorn € R, < C~!(x3)n,m >> co[n|>.

3. There exits a constant Ly > 0 such that for all x3 € (—eo,0) and for every nonzero

vector 1 € R® the matrix

f(X3) @(X3)
D(x3) M(x3)

L(x3) =

satisfies < L(x3)n,m >> Lon|%.

4 . There exit constants a3 > 0 and a3z > 0 such that for x3 € (—oo, )

| (A23(x3))ij |< a23, | (A3(x3))ij |< a3, i,j=1,...,15.

. . o B 4
5. Let T be a given positive number; ap = max{po, co, Lo}, a3 = max{azs,az3}, M = ﬁ

AM,T) = {(x3,1); 0<t<T, —M(T —1) <x3 <M(T —1)}. (5.258)

6.The function p(x3) € C*([-MT,MT]) N C(R); elements of matrices
E(x3), M (x3), D(x3),C~!(x3), A3 and A3 from the class C?([-MT,MT]) N C(R);

elements of matrices A7, A3, A3 and A3 from the class C!([-MT,MT)).

7. £(v,x3,1), J(v,x3,1), J(v,x3), W(v,x3) be Fourier images with respect to x|, x, of
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f(x,2), J(x,1), y(x), ¥(x), respectively.

f(v,x3,1), J(v,x3,1) € Co(R*,C (AM, T))),

Y(v,x3) € Co(R?,C*([-MT,MT))), §¥(v,x3) € Co(R?,C ([-MT,MTY))),

where Cy(R?) denotes the class of all functions from C(R?) with compact support.
Co(R*;C'(A(M,T))) is a class of all continuous mapping of v € R? into the class
C'(A(M,T)) of functions (x3,#) € A(M,T) and these functions have finite support
with respect to v. Co(R*;C?(A(M,T))) is a class of all continuous mapping of v € R?
into the class C>(A(M, T)) of functions (x3,¢) € A(M,T) and have finite support with

respect to v.

For any fixed x3 € [-MT,MT| functions ¥(v,x3), ¥(v,x3) have finite supports lying
in S4; for any fixed (x3,1) € A(M,T) functions f(v,x3,¢),J(Vv,x3,¢) have finite supports
lying in S4. Here

Sy ={vER? vi+v]<A?),

and A is a positive number.

5.3 Diagonalization of matrices Ay(x3) and A3 (x3) simulteneously

In this section we will find nonsingular matrix T(x3) and diagonal D(x3) satisfying

the following relations ( Goldberg (1992))

T>k (X3)A0(X3)T(X3) = I, T>'< (X3)A3 (X3)T(X3) = D(X3), (5.259)

where I is the identity matrix, T*(x3) is the transposed matrix to T (x3).

Since Ap(x3) is the symmetric and positive definite matrix and we can find a matrix
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S(x3) such that S = A¢. S(x3) is denoted as A(l)/ 2(x3). The inverse matrix to A(l)/ 2<X3)
is denoted as A, 12 (x3), ie. Ay 12 (x3) = (A(l)/ 2)_1 (x3). There are the following
properties of A, Y 2()63)

~1/2

Ay 7 (x3) =P(x3)S ™2 (x3)P* (x3), (5.260)

where P(x3) is an orthogonal matrix and S(x3) is a diagonal matrix. The diagonal
element of S(x3) are the eigenvalues of Ag(x3) and the columns of P(x3) are the

corresponding eigenvectors. Using the facts we have
1/2 _
AY?(r3) = P(3)S"2 (x3) P! (x3).

Let us consider the matrix A, 1/2 (x3)A3(x3)A 1/ 2(xg). Using the symmetric property

we can write
Ay (x3)As () Ag 2 (x3) = Z(x3)D(3) Z ' (x3),

where the orthogonal matrix Z(x3) consists of eigenvectors and the diagonal matrix

D(x3) consists of eigenvalues of given matrix. From the last equality we have
_ ~1/2 ~1/2
27 (x3)Ay " (x3)As(x3)Ag 2 (x3) Z(x3) = D(x3).

For T(x3) =A, 1/2 (x3)Z(x3), we can say that there exists the matrix T such that (5.259)

are satisfied.

Properties of matrices Ay, D, T:

Property 1. Let ag = max{po, co,Lo}. Then for x3 € (—eo, o) and every nonzero vector

N E€RY < Ag(x3)n,m >> aoln|>.
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Proof of property 1. Proof of property 1 follows from assumptions 1-3.

Property 2. Let x3 € Rand A, 1/2 pe defined in (5.260). Then

—1/2 —1/2 1
A <|IS < —, (5.261)
Ay =] | NG
where
Aol = max | (Ao)ik(x3)] . (5.262)

ik=1,...,15, x3€(—oc000)

Proof of property 2. If v;(x3), j=1,2,...,15, are eigenfunctions of Ag(x3) and

Aj, j=1,2,...,15, are corresponding eigenvalues then
(Ao)j(x3)vj(x3) = Aj(x3)v;(x3).
And using property 1 we have

< (Ag)j(x3)v;(x3),vj(x3) >> ao|v;(x3)[*, j=1,2,...,15,

and
A (x3)[vi(x3)|* > aolv(x3)%, j=1,2,...,15,
1 1
<—, j=1,2,..,15
Aj(x3) — Vao
and so

1
Va

~1/)2

1A, 7~ < S7V2 < (5.263)
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Property 3. If x3 € R and D(x3) is defined by (5.259). Then
az
<%,
0
where || . || is defined by (5.262).

Proof of property 3. Since A is the symmetric and positive definite matrix and A3 is

the symmetric matrix we have
_ —1/2 —-1/2
77 (x3)Aq P (x3)A3(x3)Ag 2 (x3)Z (x3) = D(x3).

From assumption 4 we have

| Az [|< as.
And
_ —1/2 —-1/2
IDI < 1z 1A 1 As 1l A2 12 ),
1 1
l.—a3.——.1 < “
\/ Ao \/aQ ap

Property 4. If x3 € R and T(x3) is defined by (5.259). Then

1
N

where || . || is defined by (5.262).
Proof of property 4. Using T(x3) = A, 1/2 (x3)Z(x3) we have

~1/)2

T < 1A [HIZ]

IA

1<

IN

%\‘H
(e}
%“’_‘
(e}
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54 1IVP (5.256)-(5.257) in terms of the Fourier transform and its reduction to a

vector integral equation

In this section IVP (5.256)-(5.257) is written in terms of the Fourier images with
respect to the space variables x1,x,, we denote FIVP. We show that FIVP is equivalent
to a second kind vector integral equation of Volterra type. Properties of this vector
integral equation are described. This FIVP consists of a system of fifteen partial
differential equations with two independent variables x3,7. The two-dimensional
Fourier transform parameter v = (v1,V») € R? is appeared in the obtained system. The

principal part of this system contains function-coefficients depending on x3.

5.4.1 IVP (5.256)-(5.257) in terms of the Fourier transform

Let components of vector functions V(v,x3,) and F(v,x3,¢) be defined by

Vj(V,X3,l’) = FX],XQ[Vj](V7~x37t)7 Fj(V,Xg,f) :Fxl,xz[Fj](V7x3at)7

j=1,2,..,15 v=(vi,v2) € R,

where Fy, y, is the Fourier transform with respect to xp,x, i.e.

0o oo

FunVMvan) = [ [ Ve man s, @ =-1.

—00 —00

Lemma 5.5. The IVP (5.256)-(5.257) can be written as

oV oV _ 8 L
AO(x?a)g —|—A3(X3)@ = B(V7X3)V— Q(X3)V+F(V,X3,t), (5264)

V(v,x3,1) l—o=VO(v,x3), VER?, x3€R, t R, (5.265)
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where B(v,x3) = i(ViA(x3) + V2Az2(x3)), V(V,x3,t) and F(v,x3,t) are the Fourier

images of V(x,t) and ¥(x,t) with respect to x1,x,, respectively.

Proof. Applying the operator Fy, , to (5.256)-(5.257) we can write the problem

(5.256)-(5.257) in terms of the Fourier image V(v,x3,¢) as follows

oV oV " L
+A3=— —i(ViIA] +V2A2)V+QV = F(v,x3,1),
ot a)C3

V(Vi,V2,x3,1) li—o= VO(V,x3), x3 €R, (V1,V2) ER?, tER.

Ao=-

O
Lemma 5.6. The IVP (5.264)-(5.265) can be written as
oW oW
— +D(x3)=— = B(v, x3)W—l—F(V x3,1), (5.266)
ot 0x3
W(v,x3,1) [i—o= WO(v,x3), VER?, x3€R, 1 €R, (5.267)
where
- dT
B(v,x3) = T(x3)B(v,x3)T(x3) —T" (x3)A3(x3)d 3( 3)
— T (13)Q(x3)T(x3), (5.268)

F(v,x3,t) = T (x3)F(v,x3,1), WO(v,x3) =T (x3)VO(v,x3).

And T(x3), D(x3) are defined by (5.259).

Proof. Using the following transformation in (5.264)

V(v,x3,1) = T(x3) W(V,x3,1)
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we have

oW oW dT . - - R
AT —+A3T-—+A3—W=BTW-QTW+F.
8 a X3 dX3

Multiplying the above system by T* and using relations (5.259)
oW oW dT

— 4+D-— = -T'A;—W+T'BTW - T*QTW + T*F.
ot 0x3 dx;

Now let us consider the initial condition (5.265)

T(X3)V~V(V,X3,t) ‘I:O = VO(V,X:;),

W(V,X3,t) ‘Z:O = Til('x3)v~0(vax3)‘

5.4.2 Construction of characteristics for ) +d(x )% = f(x,1)

Let T,M be arbitrary positive numbers; A(M,T) be defined by (5.258). Let us

consider the following partial differential equation

ou(x,1)
ot

+d(x)au§;’t) = f(x,1), (x,) € AM,T). (5.269)

Here d(x) € C(—o0,0), | d(x) |< M for all x € R, d(x) € C*>([-MT,MT)).

The partial differential equation (5.269) can be written as

u(&, 1)

()
=)

dg

f(&1).
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And characteristics equations are

—&(t) = d(&(1)), T€[0,1], (5.270)

E(T) =t = x. (5.271)
IVP (5.270)-(5.271) can be written as

E(T;x,1 —x+/ EM;x,t)) (5.272)

Applying method of successive approximations to the above integral equation we

have

Eo(Tyx,t) = x,

En(Tix,t) = x—l—/ttd(ﬁn_](n;x,t))dn. (5.273)

Lemma 5.7. Let T,M be arbitrary positive numbers; A(M,T) be defined by (5.258);
(x,t) be fixed point from A(M,T); &,(T;x,t) be functions defined by (5.273). Then the
values of &,(T;x,t) satisfies

1.
En(tix,t) € x—M(t —1),x+M(t —7)] C [-MT,MT] for 0<t<t<T.(5274)
2. There exits a positive constant K = K(M,T) such that
t
&n(xn) ~Ewnn) <K [ & Minn) ~Eiman) [dn. (5.275)
T
Proof. 1. From (5.273) we have

() —x|< [ a1 (nixn) [ dn < M)



From the last inequality

x—=M(t—1) <& (1) <x+M(t—1).

Now, we will show [x —M(t —1),x+M(t — )] C [-MT,MT|. From

AM,T)={(x,1); 0<t<T, —M(T —1t) <x<M(T —1)}

we can write

x+M(t—1) <M(T —t)+M(t —1) < MT — Mt < MT.

Similarly
x—M({t—1)>-M(T—t)—M(t—1) > —-MT +Mt>—MT.
So
x—M({t—1),x+M(t—7)] C [-MT,MT].
2.

From (5.273) we have

Gt (51,) ~Eulwi) = [ {d(Eaix,1) = G (mix.t)) b

Using the following relation

d(2) —d(y) = /y “d(s)ds, [y.7] C [-MT,MT],

198

(5.276)

(5.277)
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(5.276) can be written as

T rEa(nixt)
Ei(minn) ~E(mxn = [ [T d(s)dsin.
t

n—1 (’r];x,t)

En(Mix,t)
|1 (1) — En(Tixt) | < / / (s)ds | dn

nxt

t E.'n(nx’)
/ K| ds | dn
T gn*l(n;xvt)

< K[ & 1tin) G | dn

IN

Lemma 5.8. Let us consider the following Neumann series

Eo(T3x,1) + i {&nr1(Tsx,t) = Eu(Tsx, 1)} (5.278)

n=0

The series (5.278) uniformly converges to a continuous function &(t;x,t) € C([0,1]) for

any (x,t) € AM,T).

Proof. The partial sum of the series (5.278) is
N—1
Sn(Tx, 1) =&o(tx,1) + Y {&ui1(Tix,1) = Ea(Tix,1)} = En(Tix,1).  (5.279)
n=0
Let us denote

20(Tx,t) = x

Zn+l(T;x7t) = §n+l(r;x7t) _&JZ(T;-X?t)' (5280)



200

From (5.273)

E(txt) = x+ /, S (tix,))dr
£ () —x = /t (o (1) )dr

From (5.280)

axn| = (G -G <l v 1< [ 1dE) i

t
< / Mdt<M(t—1) <MT, 0<t<r<T.
T
Using (5.275) we can write
t
a1 (®an) [<K [ |z | dn. (5.281)
T

Forn=1

t
a(man| < K[ ammi) | dn
T

(t—7)°
2

t
< K/ M(t—n)dn =KM
T

And we have

M (KT n+1
o () |< KT
K (n+1)!

The series
KT ) k+1

; k+1)!

is convergent to exp(KT). And from (5.273) &, (7;x,t) are continuous functions with
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respect to T for any (x,7) € A(M,T). By Weierstrass theorem (Apostol (1967))

Y wl(uxr)
k=0

uniformly converges to continuous function &(t;x,7) € C([0,¢]) for any (x,7) €
A(M,T). Consequently, from (5.279) the series (5.278) uniformly converges to a

continuous function &(7;x,7) € C([0,7]) for any (x,t) € A(M,T). O

Lemma 5.9. Let T,M be arbitrary positive numbers; A(M,T) be defined by (5.258);
(x,t) be fixed point from A(M,T); &,(t;x,t) € C([0,t]) be a sequence of functions
defined by (5.273); &,(t;x,t) be uniformly converges to a continuous function
E(t;x,t) € C([0,2]) for any (x,t) € A(M,T); d(x) be a continuous function in R. Then

d(&,(T;x,t)) uniformly converges to a continuous function d(&(T;x,t)).

Proof. 1f £,(t) uniformly converges to a continuous function &(t) then for V € > 0,

I N=N(€):V k>N sup |&(M)—&M)|< £ . From (5.277) we can write
ne0y]

&)~ dE) =] [ s 1<K [ ds <K |glm)~Em) .
&(n) - Jgm

And
sup |d(&(M))—d(@EM)) <K sup |&M)—EMm)[<e.

nelo,] nelo,]

]

Theorem 5.10. Let T, M be arbitrary positive numbers; A(M,T) be defined by (5.258);
(x,t) be fixed point from A(M,T). Then &(t;x,t) € C([0,1]) is a unique solution of IVP
(5.270)-(5.271).

Proof. From lemma 5.8 the sequence of functions &,(t;x,7) defined by (5.273)

uniformly converges to a function &(t;x,¢) € C([0,¢]) for any (x,¢) € A(M,T). Now,
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we will show that function &(7;x,1) is a solution of IVP (5.270)-(5.271). Taking limit

as n — oo in (5.273) we have

T
lim &, (t;x,¢) =x+ lim | d(§,—1(M;x,7))dn.

n—oo n— Jt

From lemma (5.8)

g(rnr) =+ fim [ d(6,-1 (0.

From the second Weierstrass theorem (Apostol (1967)) and lemma (5.9)

E..(’cxt)—x%— llmd(ﬁn 1(n;x,2) dn—x+/ E(M;x,1))

To show uniqueness let &; (T;x,7) and &, (T;x,7) be two solutions of (5.270)-(5.271) and

E(tix,1) = &1 (T3x,1) — Ea(Tix,1) then &(T;x,1) satisfies the following integral equality

%(T;xvt) = /[T(d(gl(ﬂ;x»t)) —d(§2(n§xaf)))dﬂ7 (x7t) < A(M7T>7 0<t<r<T.

And we have

_ t t &
B | < [ la@ms) -y i< [[] [ day|an
K [ 18 mecn) ~ Gt [ dn

< K[ [&mxn)an (5.282)

IN

Applying Grownwall’s lemma (Nagle & Saff & Snider (2005)) to (5.282) we find

El(ux,t) =& (tix,1), (x,0) EAM,T), 0<t<t<T.

O

Lemma 5.11. Let T, M be arbitrary positive numbers; A(M,T) be defined by (5.258);
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(x,1) be fixed point from A(M, T); &(T;x,t) be the solution of IVP (5.270)-(5.271). Then
E(t;x,t) € CH(AM, T);C([0,1])).

Proof. Let us consider integral equation (5.272). Taking derivative with respect to x

we obtain

%i(t;x,t) =1+ /t Td’(&.(n;x,z))j—xéi(n;x,t)dn. (5.283)

Let us denote 0(T;x,7) = %&(T;x, t). Let us consider the following equality

O(Tx+ Ax, 1+ A1) — O(Tix, 1) = / (d' (E(Msx+ A, + A7)0, %+ Ax, 7 + Ar)
t+At

- d’(&(n;x,t))¢(n,x,t)}dn+/d’(é(n;x,t)w(n,x,t)dn-

t+Ar

From the integral equation (5.283) and d(x) € C?[-MT,MT] we can say that there

exits positive constant K such that
| 0(T;x,1) [< Ky, V(x,t) € AMM,T), 0<t<1t.

Then we can write

t+At
| O(Tsx+Ax,t + Ar) — O(T3x,1) ]SK/ | &M, x+ Ax,t +Ar) —O(M,x,1) | dn
T

t+At
+ / | d'(Mox+ Ax,t + A7) — d'(0,5,) || O(Tx+ Ax, £+ AF) | dn + K KA
T

From the Grownwall’s Lemma

t+At
| O(Tix + Ax,t + Ar) — 0(Tix,1) |< (K KAr + / |d'(nx+Ax,t+ A1) —d'(n,x,1) |
T

| 0(T;x+Ax,t +At) | dn).expK(t + At —1).
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If Ax and Ar approaches to zero then | ¢(T;x + Ax,7 + At) — 0(T;x,1) | approaches to
zero. This means that ¢(T;x,7) is a continuous function with respect to x and ¢ for

(x,t) € A(M,T). And we have &(1;x,t) € C(A(M, T);C(]0,1])).

Now, we will show that the solution of IVP (5.270)-(5.271) from the space

C!(A(M,T);C([0,t])). Taking derivative with respect to ¢ in (5.272) we obtain

S(Tx,1) = /t (G )s e, )dn — d(E(:x.0)), (5.284)

where ¢(T;x,1) = L&(t;x,1).

T
Glrit Axt+ A1) — g(mnt) = [ {d/ Gt Axr+A0)M, -+ Ax + A1)
t+At

— dEmx)smrn}in+ [ dEm))gmxndn
t+At
+ d(&(t;x,1)) —d(E(t + At;x+ Ax,t + At)).

And we can write

t+At
| S(Tx+Ax, 1 4+ Ar) —g(Tix,1) |[< K / | d'(E(Msx +Ax,t + Ar)) —d'(E(M;,1)) | dn

T
t+At

£ K [ I gmix+ Avr+ AN — i) | dn -+ KiKAr
T

+ d(&(t;x+,1)) —d(E(t + At;x + Ax,t +At)) | .

Applying the Grownwall’s Lemma and taking limit as Ax and At approaches to zero
then we find | ¢(T;x + Ax,t + Ar) — ¢(T;x,1) | approaches to zero. This means that
¢(T;x,t) is a continuous function with respect to x and ¢ for (x,7) € A(M,T). And we

have &(1;x,t) € C} (A(M, T);C([0,¢])). This complete proof of the lemma. O
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5.4.3 Reduction of IVP (5.266)-(5.267) to an equivalent vector integral equation

Lemma 5.12. Let T be a given positive number; A(M,T) be defined by (5.258). IVP

(5.266)-(5.267) can be written the following Volterra type integral equation

—~

r
wj(v7-x37t) :Gj(V,X3,l)+/ (KjW)<V,(Pj(’C;X3,t),T)dT, .]: 1727"'7157 (5.285)
0
where ©j(T;x3,t), j=1,2,...,15, are characteristics of IVP (5.266)-(5.267),
—_— l_
Gj(V,X3,t) :W(V,(Pj(O;X3,t),0)+/ Fj(V,(Pj(’Q)C:;,Z‘),T)dT, J= 172771i75286)
0

and operator K;, j=1,2,...,15,is

(KjW)(v,xg,,t,r) = [B(v,0;(t;x3,1) )W(v,0,(T;x3,1),7)] . (5.287)

(5.285) can be written as

t —
Wv,xs,0) = Gv,x3,0)+ / (KW)(v,x3,7,7)d7, (5.288)
0

K — (KI,K27...,K]5), G:(GI,GZ,.7G]5)

Proof. Applying the method of characteristics to IVP (5.266)-(5.267) characteristic
equation of (5.266) is

doe;(T;x3,t
% = Dj(9j(vx3,0)), j=1,2,..., 15,
Qj(Tsx3,1) = = x3. (5.289)

From lemma 5.11 (5.289) has a solution from C!(A(M,T);C([0,t])). (5.266) along of
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the characteristics may be written in the form

MRS _ (B(v, ) W(v.0.7)) +;(v.0,.9

integrating fromt=0toT =1

Wj(V,Xg,l‘) = Wj<v7(Pj(0;x37t)>0)+/Ot{[B(V7@.i(T;x37t))W<V7(P.i(r;x3at)7r)]j

+ Fj(v,0;j(t;x3,1),7)}dr, j=1,2,...,15,

where

W, (v,0;(0;x3,1),0) = (T (9;(0;x3,1)) VO (v, 9 (0;x3,1))); j=1,2,..., 15.

5.4.4 Properties of the vector integral equation (5.288)

In this section the properties of the inhomogeneous term and the kernel of (5.288)
are described. These properties will be used for solving (5.288). We state these

properties in the form of the following lemmas.

Lemma 5.13. Let T be a fixed positive number, components of G = (G1,Ga,...,G5)
be defined by (5.286). Then under assumptions 1-6 the functions G;(V,x3,t), j =
1,2,...,15 belong the space C(R*,C' (A(M,T))).

Proof. From the assumptions 5-6 T~ (x3), T*(x3) € C*([-MT,MT]) and V°(v,x3) €
Co(R*;C' ([-MT,MTY))), F(v,x3,t) € Co(R*;C'([~MT,MT))). From lemma 5.11
9;(T;x3,1) € CHAM,T);C([0,1])), j=1,2,...,15. Using formula (5.286) we find that
the functions G (v,x3,t) € C(R%;CY(AM,T))), j=1,2,...,15. O
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Lemma 5.14. Let T be a fixed positive number and A(M,T) be defined by (5.258).
Suppose that the Assumptions 1-6 are true and the components of the vector operator
K = (K|,Ky,...,Ks5) are defined by (5.287). Then for any vector function W(v,m,t)

with continuous components in R* x C'(A(M,T))
1.K;, j=1,2,...,15, is a linear operator and
r
/O(KJ-W)(V,X3,z,«:>dr, ji=1,2,..15 (5.290)
belongs to the space C(R*;C' (A(M,T)));
2.for any positive number Q the following inequalities are satisfied
| /O[(KjW)(v,xg,t,’l:)d‘c |< Bo/ot | w | (v,t,M,T)dz, j=1,2,....,15; (5.291)
where
| W (v.2.1.T) = max I Wv.9m) |

kvj:1727"'715a OSTISTa ((P]ﬂ)GA(M,T

(x3,t) €AM,T),

v |< Q, and By is a positive number depending on values of T,M , 2.

Proof. From assumptions 5-6 the matrix B(v,x3) has continuous components for
(v,x3) € R> x CY([-MT,MT)). From lemma 5.11 @;(T;x3,1) € C' (A(M, T);C([0,1])),
i=12,...,15. ¢;(t;x3,t) C [-MT,MT] for any (x3,t) € AMM,T)and 0 <t <7 <T.

Using the equalities

(KJ'/V\V/)(Vax%th) = [B(V,(pj(’C;X3,t))W(V,(pj(’C;X3,l‘>,‘C)]j,
B(V,X3) = iT*(X3)(V1A1(X3) +V2A2(X3))T(X3) — T*(X3)A3 ()g)%()@)

— T*(x3)Q(x3)T(x3), (5.292)
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linearity of the operator K; is satisfied.

Let (x3,7) be an arbitrary point from A(M,T); the components of the matrices

T(x3), Az(x3) are twice continuously differentiable functions for x3 € [-MT,MT]|;

dT(x3)

the components of the matrices —;
3

, A1(x3), Az(x3) and Q(x3) are continuously
differentiable functions for x3 € [-MT,MT]. From lemma 5.11 @;(T;x3,7) €
Cl(AM,T);C([0,2))), j=1,2,...,15. And @;(T;x3,¢) C [-MT,MT] for any (x3,t) €
AM,T) and 0 <t <t < T. Using formulae (5.292) for any vector functions
W = (W, ..., W;5) with components Wj(v,xg,,t) in C(R? x C'(A(M,T))) we find that
(5.290) is from C(R*;C' (A(M,T))).

From assumptions 5-6 we know A;(x3) € C'([-MT,MT]), I = 1,2; T(x3) €
C?([-MT,MT]); Q(x3) € C!([-MT,MT]). From lemma 5.11 we have @;(T;x3,t) €
CHAM,T);C([0,2))); @;(T;x3,1) C [-MT,MT] for any (x3,t) € A(M,T) and 0 < 1 <
t <T. Using the facts we find positive constants a1 (M, T), ax(M,T), q(M,T), c(M,T)

such that

A1)j ) 1= M’T;l:172;‘:17“'7157
k:1727~~71517’n([i‘)é[—MT,MT] | ( l)]k((p]) |— Cll( ) J

dT (&) .
RS <ej=1,...15,
k:1,2,...,15fn(§lj)é[—MT,MT] | dg le=py(rinan) < €57
max | Qjk(9)) < qgM,T);j=1,...,15. (5.293)

k=12,...,15, ;€[-MT,MT)
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Using (5.292) and the inequalities (5.293) we can obtain the following inequality

| /Ot(KjW)(v,x3,t,'c)dr < /Ot | BV, @;(T:x3,1))W(V, 0;(T:x3,1),7)] | .

1 —
= [ 1B (v, (x00.) W (v, (tix3,1),7)
+ Bj,z(\h(Pj(‘C;X3,t))‘V2(V,(Pj(f;xw),T)+...
+ Bjis(v,9;(Tx3,0))Wis(v,9;(t:x3,1),7)] | dr,
t

<15 max B.(0:) || W V.1 M. T)dx,

o
<Bo(M.7.Q) [ | W] (v.5.M.7)ds,
0

J=12,..15, (x3,t) e AM,T), 0<t<T, |v|<Q.

Here §(t;x3,1) = @;(T;x3,1), j = 1,2,...15, for all (x3,¢) € A(M,T), |v|<Qand

asc

Jao

a a
Bo(M,T,Q) = 15{| v | 24 | vy | 24 B2 4 1y
ap ap ap

5.5 Solving the integral equation (5.288) by successive approximations

Let T be a fixed positive number, A(M, T') be defined by (5.258). In this section we
solve the integral equation (5.288) by the method of successive approximations and
then show that this solution is unique in the class of vector functions with components

(5.285) from C(R%,C (A(M, T))).
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5.5.1 Solving integral equation (5.285) by successive approximations

Let us consider integral equation (5.285) for v € R?, (x3,t) € A(M,T). For finding
a solution of this equation we apply the following successive approximations for j =

1,2,..,15

W] (V,X3,t):Gj(V,X3,I), (5.294)

o~ (P)

W,-(p (V,x3,t):/OZ(KjW(p1))(v,(pj(’c;x3,t)7r)d’cp:1,2,.... (5.295)
Let Q be an arbitrary positive number. We will show that for | v |< Q, (x3,¢) € A(M,T)
the series E W(k)(V,X3,t) = ( E ‘Xfl(k)(V,X3,t),..., E VfV\E(k)(v,x%t)) is uniformly
convergentkT(()) a vector functiOIi(:VN(;’(V,xg,t) = (\X’/] (\f,:x(;,t), ...,\/7\71/5(v,x3,t)) and this
vector function W(V,X3,I) is a solution of (5.288). Indeed, we find from (5.294)
and Lemmas (5.13)-(5.14) that W"(v,)@,t), k =0,1,... are vector functions with
components \Vj(k)(v,xg,t) cC(R*:CHAM,T))), j=1,..,15,k=0,1,... for | v|< Q,

(x3,¢) € A(M,T) and
—~ (k o
W o) 1< B [ IWED | (v M Thax re[0,7], (5296)
0
where || . || (v,T,M,T) and By are defined in Lemma (5.14).

It follows from (5.296) that

—~ (k BoT )k
W, v 1€ BT 6 | M7, k=01, [VIQL (5297
where
HGH (V7t7M7T): max max ‘Gj<V,X3,T) | .

Jj=1,..,150<1<y, (x37t)€A(M7T)
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The uniform convergence of i W/jk(v,x%t) to a continuous function \fij(v,x&t)
for | v |<Q, (x3,¢) € AM,T) follz)ws from inequality (5.297) and the first Weierstrass
theorem ( Apostol (1967)). Let us consider the vector function W(V,x3,t) =
(W1 (V,x3,1),..., Wis(v,x3,1)) for | v |< Q, (x3,¢) € A(M, T). We show below that the
vector function W(v,x3,7) € C(R%C'(A(M,T))) is a solution of (5.288). Summing

the Eq.(5.294) from 1 to N we have

N N—1 /¢ _
Z Jv,a3,0)= Y / (KW®X) (v, x3,1,7)dT, (5.298)
k=1 k=070
where
Y WH (v, x3,1) ZWI (V,x3,1),. ZW15 (V,x3,1)).
k=0

Adding both sides G(v,x3,7) of Eq.(5.298) we have

N tN—1
Z J(v,x3,1) = G(v,x3,1) Z (KWH)(v,x3,1,7)d1. (5.299)

Approaching N the infinity and using the second Weierstrass theorem ( Apostol (1967))
we find that W(v,x3,7) satisfies (5.288) for | v |[< Q, (x3,) € A(M,T). Since  is an
arbitrary positive number we find that W(v, x3,7) € C(R2;CY(A(M,T))) is a solution

of (5.288) for v € R?, (x3,1) € A(M,T).

5.5.2 Uniqueness of solution

We prove here that a solution W(V,x3,t) of (5.288) is unique in the class of
vector functions with components W;(V,x3,#) € C(R2,C" (A(M,T))), j = 1,...,15.
Indeed, let W(V,X3,Z‘) and W* (v,x3,1) be two solutions of (5.288) corresponding to the
same vector function G(v,x3,) and /WV(V,Xg,l‘) =W(v,x3,1) — W*(V,x3,1) for v € R?,

(x3,1) € AM,T).
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The vector function VAV(V,x37t) satisfies the following operator integral equality

—~

t —~
W(V,x3,1) = / (KW)(v,x3,1,7)dt, v € R, (x3,6) €AM,T).  (5.300)
0
Let € be an arbitrary positive number. Using the Lemma 5.14 and (5.300) we have
= T
| W (vt M.T) < Bo [ | W (v.e.M.T)d, VIS @, t€[0,T), (530D
0
where || . || (v,T,M,T) and By are defined in Lemma (5.14).
Applying Grownwall’s lemma (Nagle & Saff & Snider (2005)) to (5.301) we have
| W (v.t,M,T) <0, |v|<Q, t €[0,T]. (5.302)
Since Q is an arbitrary and W(v, x3,¢) is continuous we find from (5.302)

W(v,x3,t) =0, veR?, (x3,1) € AM,T).

This means that W(v,x3,1) = W*(v,x3,1) for v € R2, (x3,1) € A(M, T).

5.6 Solving IVP for EMES (5.226)-(5.233)

In this section we describe a class of functions where this inverse Fourier transform
works correctly (similar reasoning in Yakhno & Sevimlican (2010)). We will use the
following notions and notations. For the exponent o = (01,0) with o € 0,1,2,...

and | o |= a + oy, the partial derivatives of higher order

/ t cee
8V1 j( s A3 )7 J geeey 19, )
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will be denoted by

Dg\/}vj'(v,)g,l‘).

For vector functions W(V,x3,7) = (W1 (V,x3,1), ..., W15(V,x3,7)) and each o we define
Dgfwv(vax?nt) by

DYW = (DIW,....D¥W 5).

The Paley-Wiener space is denoted by PW. C(PW(R?);C'(A(M,T))) is a class of

all continuous mapping of PW (R?) into the class C' (A(M,T)).

Theorem 5.15. Let T be a positive number; £ = (fi, 5, ), J = (J1,72,5), ¥=
(V1,72,V3) and ¥ = (V1,¥2,W3) be the Fourier transform with respect to xy,x; of the

inhomogenous term £, J, Y and  in (5.226)-(5.233) such that for each o
DY, DYY;j € Co(R*CH(AM,T))), j=1,2,3.

D3y € Co(R%,CH(AM,T))), DIY; € Co(R*C*(AM,T))), j=1,2,3.

Then under Assumptionsl-6, there exits a unique generalized solution of IVP

(5.226)-(5.233) such that

u(x,t) € C*(A(M,T);PW(R?)), E(x,r) € C'(A(M,T);PW(R?)),

H(x,1) € C'(AM,T);PW(R?)).

Proof. We note that under hypothesis of the theorem the functions G;(v,x3,t),j =

1,...,15, defined by (5.286) for any « satisfy the following conditions
DG (v, x3,1) € Co(R*:CH(AM,T))), j=1,...,15. (5.303)

o= (a,0), 0j €0,1,..., v=(vi,v2) € R, (x3,t) € A(M,T). Applying D% to the
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vector integral equation (5.288) we obtain for v € R?, (x3,1) € A(M,T)

t —
DOW (v, x3,1) = DEG (v, x3,1) + / (KDOW)(v, x3,1,7)d. (5.304)
0

Eq.(5.304) has the same form as (5.288). Using the reasoning of Section 5.5 for any o
we have

DYW(v,x3,1) € C(R%:C (AM,T))).

Let Q be an arbitrary positive number. Then using (5.304) and (5.291) for any o

and | v |< Q we obtain the following inequality
N t N
| DEW || (v,t,M,T) <] DYG | (v,0,M,7) 4By [ 1| DEW || (v,5,M, T)dr2(5.309
0

where || . || (v,T,M,T) and By are defined in Lemma (5.14). Applying the Grownwall’s
lemma (Nagle & Saff & Snider (2005)) for the inequality (5.305) we find

| DYW || (v,1,M,T) < exp(BoT) max | DYG || (v,1,M,T),v € R*t € [0,T)(5.306)
v|<

Since € is an arbitrary positive number then we find from (5.303), (5.306) that the

solution W(V,xg,t) of (5.288) satisfies for any o the following property
DYW(v,x3,1) € Co(R:CH(A(M,T))).

So
W(v,x3,1) € C3 (R CH(AM,T))).

From the equality

V(V,X3,t) = T(X3)W(V,X3,t)

there exits a unique solution of IVP (5.264)-(5.265) such that V(v,x3,t) €
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Cy(R*;CY(A(M,T))). Applying the inverse Fourier transform with respect to vy, Vs
to the V(v,x3,¢) and using the real version of the Paley-Wiener theorem (Reed &
Simon (2005)) we find that V(x,t) = F~![V] is a unique generalized solution of

(5.256)-(5.257) such that V(x,t) € C!(A(M,T); PW (R?)).

Consequently, IVP for EMES (5.226)-(5.233) has a unique generalized solution

such that

u(x,t) € C*(AM,T);PW(R?)), E(x,r) € C'(A(M,T);PW(R?)),

H(x,1) € C'(AM,T);PW(R?)).

5.7 Concluding Remarks

In this chapter of the thesis an analytic method of solving IVP for linear,
inhomogenous, anisotropic dynamics of electromagnetoelasticity is given. This
method is based on the Fourier transform, successive approximations and Paley-Wiener

theorem. Theorems about existence and uniqueness of the solution are proved.



CHAPTER SIX
CONCLUSION

New methods for the computation of fundamental solutions of differential
equations of elastodynamics and electrodynamics for general anisotropic solids,
crystals, electrically and magnetically anisotropic materials have been developed.

In particular three new analytical methods are developed for computation of
fundamental solution of anisotropic elastodynamics. In the first method dynamical
equations of the motion of homogeneous elastic anisotropic media have been written
in the form of the symmetric hyperbolic system of the first order partial differential
equations. If initial data and inhomogenous terms have finite supports then solutions
of hyperbolic systems have finite supports with respect to space variables for any
fixed time variable. This property is proved in the thesis for the system of anisotropic
elasticity. Using Paley-Wiener theorem we find that the Fourier image of the solutions
with finite supports with respect to space variables are analytic functions with respect
to Fourier parameters. Using the presentation of unknown solution in the form of
a power series with respect to Fourier parameters we can find the recurrence relations
for unknown coefficients of the power series from the considered system of anisotropic
elasticity and initial data. Using these relations we recover all unknown coefficients.
Finally, the inverse Fourier transform is applied for the considered power series for
Fourier image of the solution. We have justified the suggested method using the explicit
formula of the fundamental solution for the isotropic elastic media. The computational
experiments confirm the robustness of our method to produce images of elements of
fundamental solution of symmetric hyperbolic system of elasticity.

In the second method the fundamental solution (FS) of anisotropic elastodynamics is a
matrix whose columns are solutions of motion equations with pulse point forces. The
direction of these forces are basic vectors. The columns of FS are vector functions

with finite supports and their Fourier transforms with respect to space variables are

216
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analytic vector functions. The FSs in terms of wave-vector variables are differentiable
matrix functions without singularities. The time-dependent FSs of electrodynamics
in general anisotropic media in terms of wave-vector variables is derived by matrix
transformations and solutions of some ordinary differential equations depending on 3D
wave-vector variables and the time variable. The computational demonstrate that the
accuracy of values of FSs in terms of wave-vector variables computed by the suggested
method is less then 10710, The values of FSs in terms of space and time variables are
derived numerically from the values of FS in terms of wave-vector variables and 3D
integration of the inverse Fourier transform. The computational illustrate that integrals
of FSs are found with high accuracy in the case of isotropic (or transversely isotropic)
solids. The computational examples show that the suggested method is applicable
for the computation of all elements of the time-dependent FSs of elastodynamics in
general homogeneous anisotropic solids (trigonal, monoclinic, triclinic) as well as the
computation of the displacement speed, stress components arising from arbitrary force.
The computational examples have confirmed the robustness of the suggested approach.
In the third method a new method of computation of the fundamental solution for
anisotropic elastodynamics is proposed. Applying the Fourier transform with respect
to space variables to system of anisotropic elastodynamic we obtain a system of second
order ordinary differential equations whose coefficients depend on Fourier parameters.
Using the matrix transformations and properties of coefficients the Fourier image of
the fundamental solution is computed. Finally, the fundamental solution is computed
by the inverse Fourier transform to obtained Fourier image. The implementation and
justification of the suggested method have been made by computational experiments
in MATLAB. Computational experiments confirm the robustness of the suggested

method.

The explicit formula of the time-dependent fundamental solution of elastodynamics

in 1D, 2D and 3D QCs has been derived by the matrix transformations, solutions
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of some ordinary differential equations depending on the Fourier parameters and the
inverse Fourier transform. The formula for the FS of elastodynamics in 1D, 2D and 3D
QC:s has been presented in the form convenient for computation of the transient phonon
and phason displacement fields. Computational experiment confirms the robustness
of our method for the computation of the time-dependent fundamental solution in

quasicrystals.

A novel efficient method of constructing the time-dependent fundamental solution
(Green’s function of the free space) for electrically and magnetically anisotropic
homogeneous media is developed. This method is based on matrix computations and
the inverse Fourier transform which is done numerically. This method combines in a

rational way analytical techniques and numerical computations.

The visualization of the elastic waves, phonon and phason elastic fields, electric
and magnetic waves in different anisotropic crystals, quasicrystals and electrically and
magnetically anisotropic materials has been obtained. These images are the simulation
of wave propagations arising from directional pulse point forces in homogeneous
elastic crystals and quasicrystals. We have generated images of electric and magnetic
fields components which are a result of the electromagnetic radiations arising from
a pulse dipole with a fixed polarization in different electrically and magnetically
anisotropic homogeneous media. The visualization of wave propagations in general
homogeneous anisotropic materials and solids by modern computer tools allows us to
see and evaluate the dependence between the structure of solids, crystals, quasicrystals,
electrically and magnetically anisotropic materials and the behavior of the waves.
Our method allows users to observe the wave propagations arising from pulse point
sources of the form €”3(x)3(¢) in general anisotropic solids, crsyals, quasicrystals and

electrically and magnetically anisotropic materials.

A new analytical method of finding a solution of the initial value problem (IVP)
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for equations of electromagnetoelasticity (EMES) in a general anisotropic vertically
inhomogenous electromagnetoelastic material has been suggested. This method
consists of the following. The Fourier transform of IVP for EMEs with respect
to lateral variables is obtained. Transformed IVP reduces to a second kind vector
integral equation of the Volterra type. Solving this integral equation by the method of
successive approximations. The inverse Fourier transform with the real Paley-Wiener
theorem to the obtained Fourier images is applied. At the same time a theorem about

the existence of a unique solution of IVP for EME is proved.

The main results of the thesis were published in the following papers:

e Yakhno, V.G., Cerdik Yaslan, H. (2011). Three dimensional elastodynamics of
2D quasicrystals: The derivation of the time-dependent fundamental solution.

Applied Mathematical Modelling 35, 3092-3110.

e Yakhno, V.G., Cerdik Yaslan, H. (2011). Equations of anisotropic
elastodynamics as a symmetric hyperbolic system: Deriving the time-dependent

fundamental solution. Journal of Computational and Applied Mathematics. doi:

10.1016/j.cam.2010.10.048.

e Yakhno, V.G., Cerdik Yaslan, H. (2011). Computation of the time-dependent
fundamental solution for equations of elastodynamics in general anisotropic

media. Computers and Structures. 89, 646-655.

One of the results of this thesis was presented in /4th International Congress on

Computational and Applied Mathematics, September 2009, Antalya.
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CHAPTER
APPENDIX

A.1 Some Facts From Matrix Theory

This section contains some basic facts from matrix theory related with symmetric

and positive-definite matrices, which are used inside the thesis (Goldberg (1992)).

Theorem A.16. Let C be a real, symmetric, positive-definite matrix of dimension m X

m. Then C~is a real, symmetric, positive-definite matrix.

Proof. Since C~!C = CC~! =1, using the symmetry property of C and the rule
(AB)* = B*A* we get I = C(C~!)*. Multiplying both sides of the last equality by
C~! from left-hand side we get C~! = (C~!)*, which implies symmetry property of
c

If A is an eigenvalue of C, then 7% is an eigenvalue of C~!. Since the eigenvalues of
a positive-definite matrix are positive, all eigenvalues of C are positive, which implies

that C~! has all positive eigenvalues. Hence C~! is positive-definite. [

Theorem A.17. Let C be a real, symmetric, positive-definite matrix of dimension m X

m. Then there exists a real, symmetric, positive-definite matrix M such that C~' = M2,

Proof. According to Theorem A.16, C~! is real, symmetric, positive-definite and is
congruent to a diagonal matrix of its eigenvalues. That is, there exists an orthogonal

matrix Q such that

QCQ=A Q=Q".
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Since C~! is symmetric and positive-definite, its eigenvalues A;, i = 1,2, ..., m are real

and positive. Let A? and M be defined as follows

ol —

A? =diag(\?,i=1,2,...,m), M=QA2Q".

7
Noting that Q is orthogonal we have Q*Q = I, and therefore
M? = (QA’Q")(QA’Q") =QAQ" =C™".

Clearly, M = QA%Q* is positive-definite. 0

Theorem A.18. Let A, S be real and symmetric matrices of dimension m X m. Then

the matrix A i =SA;S is real and symmetric.

Proof. The proof follows from equalities

= (SA;S)* =S*(SA;)* =S*A’S* =SA;S=A;.

A.2 Some Existence and Uniqueness Theorems for Symmetric Hyperbolic

Systems

In this section we present the existence and uniqueness theorems for symmetric
hyperbolic systems of the first order. For the statements of these theorems we will use
the following notation. L>(R",R™), C*(R",R™), H*(R",R™), k = 0,1, .., consist of all
vector functions w = (wy,w, ...,w,) such that w; belongs to L*(R"), CK(R"), H*(R"),
L*(R"), j = 1,2,...,m, respectively. Here C* is the space of k times continuously

differentiable functions; H* is Sobolev space (Evans (1998)) and L*=H" Cc=C".
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The spaces C' ([0, T]; H*(R";R™)), C'([0,T];C¥(R";R™)) are the spaces of all k times
continuously differentiable functions with respect to ¢ which is defined by from [0, T]
to H*(R";R™) and [0, T] to C¥(R";R™), respectively. The space M ™ is the space of

all matrices of dimension m X m.

Let x = (x1,x2,...,X,) € R", t € [0,00). Consider the system (Evans, 1998)

ur + zn:Ai(x,t)uxl. + B(x,t)u(x,t) = F(x,1). (A.307)
i=1

Here the unknown u : R" x [0,00) — R™, and the functions
Ai(x,1),B(x,t) : R" x [0,00) = M"™*™(i =1,2,...n),F : R" X [0,00) — R™ are given. Fix

&€ R". Let

n
A(x,t,&) = ZA,'()C,Z)&I',
i=1
The system (A.307) is called hyperbolic if the matrix A(x,,§) is diagonalizable for
all x,§ € R",t > 0.

In particular, a system is hyperbolic if the matrix A(x,,&) has m real eigenvalue

A (x,1,8) < Aa(x,1,8) < ... < A(x,2,8),

and corresponding eigenvectors r;(x,t,§)(i = 1,2,...n) which form a basis of R™ for all

E,x € R",t > 0. There are two special cases of hyperbolocity which we now define.

1) If A;(x,7) is symmetric for i = 1,2, ...n, then A(x,7,§) is symmetric for all § € R".
Recall that if the m x m matrix A(x,z,&) is symmetric, then it is diagonalizable. For
the case when the matrices A;(x,) are all symmetric we say that the system (A.307) is

symmetric hyperbolic.
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2) If A(x,t,&) has m real, distinct eigenvalues

A (x,1,8) <M (x,1,8) < ... < Ap(x,1,8),

for all x,& € R",t > 0, then A(x,7,§) is diagonalizable. In this case, we say system

(A.307) s strictly hyperbolic.

Consider the initial value problem a symmetric hyperbolic system of the first order.

Let the symmetric hyperbolic system be written in the form

oV 3 9V .
= ;Ajgjzn x€ER", t€(0,T) (A.308)
V(x,0) = o(x) xeR", (A.309)

where T is a fixed positive number, V = (Vy,...,V,,) is the vector function with
components V; = Vj(x,t), j=1,2,...,n, A, j =1,2,...,n are real, symmetric, m X m

matrices with constant elements.

In this part of the section, we adjust the general approach (Courant & Hilbert (1962))
for finding stability estimates of solutions for the symmetric hyperbolic system. Let
the symmetric hyperbolic system be written in the form given with the equations

(A.308)-(A.309).

Let & = (&1,...,&n) € R" and A(E) = i A€ and A;(§), j=1,...,9 be the
j=1

eigenvalues of A(§). We define the constant M as

M= :rrllf}fgfgajlki(ﬁ)h (A.310)
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Let T be a given positive number. Using M and 7" we define the following domains

T(P) = {(x,) 10 <1 < T,[x| < M(T —1)}, (A311)
S(h)y={xeR":|x| <M|T —h|, 0<h<T}, (A312)
R(h) = {(x,t) :0 <t <h,|x| = M|T —t|}. (A313)

Here I' is the conoid with vertex (0,7); S(h) is the surface constructed by the
intersection of the plane + = & and the conoid I'; R(h) is the lateral surface of the
conoid I" bounded by S(0) and S(k). Let Q be the region in R" x (0,e0) bounded by
S(0), S(h) and R(h) with boundary 0Q = S(0) US(k) UR(h). Further we assume that
O(x), F(x,), V(x,7) are vector functions with continuously differentiable components
in S(0) and T, respectively. Multiplying (A.308) with V and integrating over Q we

have
oV
/V—+V (ZA,B )dxdt:/gF.dedt. (A.314)

Noting the relations

oV _19VP
"o 2 o’
L oV 1 & 0
A% Ai— | == — (V.A;V
(j; Jaxj') 2]._;8)6]‘( 4 )

we rewrite (A.314) as

/ayvy2 Z (V.A;V) dxds = | FVdua,
2 a * *

Applying divergence theorem to left hand side of the last equality we find

1 n
- / VPR, + Y (V.AV)vds = / F.BVdxd, (A315)
2 Jaa i Q

where v = (V1,...,Vp,V;) is the outward unit normal on dQ. Since 0Q = S(0) US(h)U
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v = (0,...,1) on S(h),
v = (0,...,—1) on S(0),
20T _
_ (.X'],...,xn,M (T t)) R(h),
(T —1)MV1+M?
formula (A.315) takes the form
1 M
WP — - / 0)[2d / P _ds
2/ V(x, X 5 V(x, x—|—2 V(x,1)| N2
1 “ Xj
= (V.A,V) ! ds
2/ ; (T—t)M\/1+M2
| h
- / / F(x,0).V (x,1)dxdt (A316)
2 S(r)
0
Let us denote
(/)
i =1,.
&J (T —I)M 9 ,l’l,
which satisfies |§| = /&1 +...+&2 = 1. Using
n
A€)=) A%,
j=1
we write the following equality
1 ! X;
- VAV ! ds
Z/R(h)j_zl( V) (T —t)MV1+M?
l n
=— V.AE;V)dS
271+ M? /R(h)j;< &V)
1
= — AE)V)dS A.317
ST Jay VAGY) (A317)



244

Substituting (A.317) into (A.316) we get

1 1
- V,hzd——/ V(x,0)2d
3 iy VO RPax =5 [ V(c0)Pa

- IVI°M +V.AE)V]dS

1
2V 1+M? /R(h) [

h
= // V(x,t).F(x,t)dxdt (A.313)
0 S(¢)

Let us consider the matrix MI+ A (&), where T is the identity matrix of order m X m.
Since A(§) is diagonalizable we can find a matrix Z which reduces A (§) to a diagonal
matrix of its eigenvalues, denoted A = diag(A,A2,...,A;). Multiplying MI+ A(§)

with matrix Z from right, and with its inverse 7!, from left we have

Z7'MIFAENZ = Z'MIZ+Z7'AE)Z=MI+Z'A(E)Z

= MI+A. (A.319)

Noting (A.310), we conclude that the matrix MI+ A has non-negative elements on the
diagonal. It means that the matrix MI+ A (&) has non-negative eigenvalues. This fact
Goldberg (1992) implies the positive semi-definiteness of the matrix MI+ A(§), i.e.
V.(MI+A(E))V > 0 for any & € R",

€ |=1 and any vector-function V(x,#). Using

this remark and denoting 3 [ |V (x,t)|*dx = w(t), we find from (A.318)
S(t)

or

h
w(h) < g(h) + / w(t)dr, (A.320)
0



245

h

where g(h) = 3 [ [ |F|?dxdt+3 [ |0(x)|?dx. Using Gronwall’s Lemma (Nagle &
0 5(t) 5(0)

Saff & Snider (2005)) we find from (A.320)

w(h) < g(h)eh,
or

/S(h) [V, < | /S o [0(x)[Pdx+ /0 ' ( /S . [F(x,0)Pdx) d .

Theorem A.19. (see, for example, work Mizohata (1973)). Let Aj(x,t), j=1,...,n, be
N x N symmetric matrices, O(x) € H"(R";R™), F(x,t) € C([0,T];H™(R";R™)), where
m = 1,2,.... Then there exits a unique solution V(x,t) of the problem (A.308)-(A.309)

such that
V(x,t) € C([0,T];H"(R";R™)) ﬂCl([O,T];H'”_l(R”;Rm)).

Theorem A.20. Let m > [|5|] +2 in Theorem A.19. Then V(x,t) is a classical solution

of (A.308)-(A.309) such that
V(x,t) € C([0,T):cm = R R n C ([0, 7], B U372 (R R™).

Theorem A.21. A special case of Sobolev Lemma (see, for example, work Mizohata

(1973)). Let H™(R";R™) be Sobolev space and
B?(R";R™) ={f:R"— R", D*f is bounded and continuous, |c| < p}.

Then H' P13l c B, p=0,1,2, ...

Theorem A.22. Hormander-Lojasiezwicz Theorem (see, for example, work Vladimirov
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(1979)). The equation
P(D)u=f,

where P(D) # 0, is solvable in S’ for all f € S'.

Corollary: Every nonzero linear differential operator with constant coefficients has

a fundamental solution of slow growth.

Theorem A.23. Paley-Wiener Theorem (see, for example, work Reed & Simon (1975)).
A distribution T € S’/ (Rs) has compact support if and only if Fourier transform of T,
T, has an analytic continuation to an entire analytic function of n variables T(T]) that
satisfies

| T() [<C(1+n )N exp(R | Imn |)

for allm € C" and some constants C, N, R. Moreover, if A.23 holds, the support of T

is contained in the ball of radius R.

A.3 Positive definiteness of A(v), defined by (2.88)

The matrix A(Vv), defined by (2.88), is symmetric with real valued elements. Let us
show that A (V) is positive-definite for any nonzero (V1,V2,v3) from R3, i.e. the matrix

A (V) has to satisfy

VA(V)V >0 (A.321)

for arbitrary nonzero vectors (uy,us,u3) € R* and (vi,v2,v3) € R>.

We assume that ¢; jy; satisfy condition (2.13) for any non-zero real symmetric tensor
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g;j. The relations (2.13) can be written in the form

3
Z CijkiUiuiV jVy > 0 (A.322)
Jlidk=1

when

1
gj= E(ui\/j—f—ujv,'),

here v, V2, V3, U1, up, uz are arbitrary nonzero real numbers.

From (4.201) we can write

3
u*A(V)u= Z CijkiUiUgV Vi (A.323)
Jilik=1

where u = (uy,uy,u3) € R® and (V1,v2,V3) € R? are arbitrary nonzero vectors.

The inequality (A.321) follows from (A.322) and (A.323) for all nonzero u =

(u1,up,u3) € R3 and (V1,V2,V3) € R3.

Remark: For all (V{,v2,V3) € R® the matrix A(Vv) defined by (4.201) is positive

semi definite matrix.

A4 Properties of 1D QCs

There exits the following classification of 1-D QCs ( Wang & Yang & Hu (1997)):

Triclinic: In the triclinic 1-D QC system, the point group may be 1 or 1. There
are 21 independent phonon elastic constants, 6 independent phason elastic constants
and 18 independent phonon-phason coupling constants in the triclinic crystal system.

Therefore, the total number of independent elastic constants is 45.



248

Monoclinic:  In the monoclinic 1-D QC system, there are two Laue classes, i.e.
2/my, and 2j,/m. For invariants of the point groups 2/mj, we obtain the non-zero elastic

constants as follows

C1111 5 €2222, €3333, C1122, C1133, C1112, €2233, C2212, C3312,
€3232 , C3231, C3131, C1212, K3333, K3131, K3232, K3132

R1133 , Ro233, R3333, Ri1233, R2331, R332, R3131, R3132.

Therefore, the total number of independent elastic constants is 25.

For invariants of the point groups 2;/m we obtain the non-zero elastic constants as

follows

Cli1l 5 €2222, €3333, C1122, C1133, Cl131, €2233, €2231, C3331,
€2323 , Cl1212, C3131, €2312, K3333, K3131, K3232, K3331

R1133 , R2233, R3333, R3133, Ri131, R2231, R3331, R3131,R2332, Ri232.

Therefore, the total number of independent elastic constants is 27.

Orthorhorbic:  The point groups 2,22, mm2, 2,mmy, and mmmy, in this system

belong to the same Laue class. And the non-zero elastic constants

Cir1r . €2222, €3333, C1122, C1133, €2233, €2323, C1212, C3131,

K3333 , K3131, K3232, R1133, R2233, R3333, R3131,R2332.

Therefore, the total number of independent elastic constants is 17.

Tetragonal: Two Laue classes, i.e. 4/my, and 4 /mjmm belong to this system. For
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the Laue class 4/my, the non-zero elastic constants are

Cl111 = 2222, €3333, €2323 = C3131, C1122, C1212, C1133 = €2233,
c1i12 = —c212, K3333, K3131 = K3232,
Ri133 = R2233, R3333, R3131 = R332, R2331 = —R3132.

Therefore, the total number of independent elastic constants is 13.

For the Laue class 4/mjmm the non-zero elastic constants are

Ci111 = €2222, €3333, C1133 = €2233, C1122, C1212, €2323 = C3131,

K3131 = K3232, K3333, Ri133 = R2233, R3333, R3131 = R2332.

Therefore, the total number of independent elastic constants is 11.

Trigonal: Two Laue classes, i.e. 3 and 3m belong to the trigonal 1D QC system.

For the first Laue class the non-zero elastic constants are

Cl111 = C€2222, €3333, €2323 = C3131 C1133 = 2233, C1122,
2c1212 = (c1111 —c1122), €1123 = —€2223 = €3112,
2231 = 2312 = —c1131, K3131 = K3232,K3333, R1133 = R2233, R3333,
R3131 = R332, Rp331 = —R3132, Ri131 = —Ro231 = —Rio,
Rz = —Rp3 =R (A.324)

Therefore, the total number of independent elastic constants is 15. For the Laue class in
(A.324) c1131 =0, R1131 = 0 and R»331 = 0 and hence the total number of independent

elastic constants is 12.

Hexagonal: Two Laue classes, i.e. 6/my, and 6/mymm, belong to the hexagonal
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1D QC system. For the first Laue class the non-zero elastic constants are

Cl111 = €2222, €3333, €2323 = C3131 C1133 = €2233, C1122,
2ci212 = (c1111 —c1122), K3333, K3131 = K332,
R1133 = R2233, R3333, R3131 = R2332, R2331 = —R3132. (A.325)

Therefore, the total number of independent elastic constants is 11. For the latter Laue

class their elastic constants are the same as (A.325) except that Ry33; = 0.

Positive definiteness of A(v), defined by (3.129): The matrix A(v), defined
by (3.129), is symmetric with real valued elements. Let us show that A(v) is

positive-definite for any nonzero (Vi,Vvs,v3) from R?, i.e. the matrix A (V) has to satisfy

VA(V)V >0 (A.326)

for arbitrary nonzero vectors V = (uy,ua,u3,w3) € R* and (v1,v2,v3) € R3.

We assume that c;ji;, R;j3, K3j3; satisfy conditions (3.118) for any symmetric

matrix (€;;)3x3 and any vector (w3;)1x3.

The relations (3.118) can be written in the form

3 3 3
2
Z CijkiuiugV vy > 0, Z R,'j3lu,'W3VjV1 >0, Z K3J3IW3VJ'V1 >0 (A.327)
jLik=1 jli=1 jl=1

when

1
g = E(uivj‘i‘ujvi); W31 = Vw3,

here vy, V2, V3, uy, up, uz, wz are arbitrary nonzero real numbers.
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Using (3.129) we can write

3

1 3
V*A =5 Z (Cijrt + Citkj)uiterV jV; + Z R;j31+Rip3j ) uiwsV vy
J,Lik=1 J,Li=1
1 3
+ 3 Y (Kajai+Kaizj)wiv,vi, (A.328)

jl=1

where V = (u1,us,u3,w3) € R* and (v{,v2,V3) € R? are arbitrary nonzero vectors.

The inequality (A.326) follows from (A.327) and (A.328) for all nonzero

(Vi,V2,V3) € R¥andV = (uy,un,uz, w3) € R*.

Remark: For all (V{,V2,v3) € R® the matrix A(v) defined by (3.129) is positive

semi definite matrix.

A.5 Properties of 2D QCs

Follow works Lei & Wang & Hu & Ding (1998), Lei & Hu & Wang & Ding (1999),
Lei & Wang & Hu & Ding (2000), Gao (2009), Peng & Fan (2002), Hu & Wang &
Ding (2000) we consider the following types of anisotropic 2D QCs: dodecagonal,
octagonal, decagonal, pentagonal, hexagonal, triclinic. Similar to Ding & Yang & Hu
& Wang (1993) we assume that elastic constants ¢;jk;, Kgjos, Rijou satisfy conditions
(3.139) for all types of anisotropic QCs. Moreover these elastic constants satisfy
specific properties for each type of anisotropy for 2D QCs. Let us point out these

specific properties.

Dodecagonal: Nonzero elastic constants are (see, for example, Lei & Wang & Hu
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& Ding (2000))

C1111 —C1122
LIl = €2222, €112, C1133 = €2233, €3333, C4444 = €555, CI212= — >
Kt = Koo, Kii22, Kinzi, K33 = Ki313, Ki212 = K2121 = Ki111 + Kq122 + K221,
Kiiiz = Kii2i = —Kpi2 = —Kxoi.

Octagonal: Nonzero elastic constants are (see, for example, Lei & Hu & Wang &

Ding (1999))

C1111

Ri111
Ri112
Ki313

Kz

€222, C1122, C1133 = €2233, €3333, C4444 = C5555, C1212 = 61111—;61122,
R1120 = —R2211 = —R2220 = Ri221 = —R1212,
—Ri1121 = —R2212 = Rp221 = R1211 = Ri1222, Ki111 = K222, K122, Kiooi,
K>323,K1212 = K2121 = K111 + Ki122 + K221,

Ki121 = —Kx»i12 = —Kxo1.-

Decagonal: Nonzero elastic constants are (see, for example, Peng & Fan (2002))

C1111 —€C1122
€2222, €1122; C1133 = €2233, €333, Caddd = 5555, CI212 =~ 5
Ri122 = R1221 = —R2211 = —R2222 = —R1212,

K>200 = Ki212 = K2121, Ki122 = —Ki221, K2323 = Ki313.

Pentagonal: Nonzero elastic constants are (see, for example, Lei & Wang & Hu &
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Ding (1998))

Cl111 = 2222, C1122, C1133 = €2233, €3333, C4444 = Cs5555, C1212 = w,
Rii11 = Rim2 = —Roi1 = —Ryp22 = R = =R,

Ri112 = —Ri21 = —Ro12 = Rypo1 = Rin11 = Riooo,

Ry312 = Rp321 = —R3111 = R3122, Ra311 = —Ro320 = R3112 = R3101,

Ri113 = —Rxpi13 = —R1223,R1123 = —R2203 = Ri213, Ki111 = K200 = K212 = Kp121,
K112 = —Ki1, Ki313 = K2323, Ki1113 = K2213 = K2312 = —Koa21,

K123 = Koz = —Ki213 = Kisar.

Hexagonal: Nonzero elastic constants are (see, for example, Gao (2009))

C1111 —C1122
Cli11 = €2222, C1122, C1133 = €2233, €3333, C4444 = C5555,C1212 =~~~

2
Ri111 = R, R1122 = Roo11, R332 = R3311, Ri313,
Ri111 — R
Ri212 = Ri1 = — 5 K = K22, K2z,
K21 = Ko, Kozoz = Kiz13, Ki2o1 = Ki11 — K122 — Ki212.

Triclinic: The total number of independent elastic constants is 78 (see, for example,
Hu & Wang & Ding (2000)) in the triclinic 2-D QC system. There are 21 independent
phonon elastic constants, 21 independent phason elastic constants and 36 independent

phonon-phason coupling constants.

The classification of 2D QCs is given by Table A.1( Hu & Wang & Ding (2000)).

Positive definiteness of A(v), defined by (3.149)

The matrix A(v), defined by (3.149), is symmetric with real valued elements.
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Table A.1. Systems, Laue classes, point groups and the number of independent elastic
constants for 2D QCs. N¢, Nk and Ny are the numbers of independent elastic constants
associated with the phonon field, the phason field and the phonon-phason
coupling,respectively.

Systems No of Laue classes Point groups Nc Ng Nr Sum
Triclinic 1 1, 1 21 21 36 78
Monoclinic 2 2, m, 2/m 13 13 20 46
3 12, 1m, 12/m 13 12 18 43
Orthorhombic 4 2mm, 222, mmm, mm2 9 8 10 27
Tetragonal 5 4, 4, 4/m 7 7 10 24
6 dmm, 422, 4m2, 4/mmm 6 5 5 16
Trigonal 7 3,3 7 7 12 26
8 3m, 32, 3m 6 5 6 17
Hexagonal 9 6, 6m, 6/m 5 5 8 18
10 6mm, 622, 6m2, 6/mmm 5 4 4 13
Pentagonal 11 55 5 5 6 16
12 5m, 52, 5m 5 4 3 12
Decagonal 13 10, 10, 10/m 5 3 2 10
14 10mm, 1022, 10m2, 10/mmm 5 3 1 9
Octagonal 15 8, 8, 8/m 5 5 2 12
16 8mm, 822, 8m2, 8 /mmm 5 4 1 10
Dodecagonal 17 12, 12, 12/m 5 5 0 10
18 12mm, 1222, 12m2, 12/mmm 5 4 0 9

Let us show that A (V) is positive-definite for any nonzero (vi,v2,v3) from R, i.e. the

matrix A(Vv) has to satisfy

VA(V)V >0 (A.329)

for arbitrary nonzero vectors V = (uy,uy,u3z,wi,w2) € R and (v1,v2,v3) € R>.

We assume that ¢;jx;, Rijas, Kpjou satisfy conditions (3.140) for any symmetric

matrix (€;)3x3 and any matrix (wgys)2x3.
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The relations (3.140) can be written in the form

3 2

3
Y, Ciuuwinvivi>0, Y, Y Rijquiwav;vi >0,

J,lik=1 J,Li=1o=1

3 2
Y, Y Kgjuwpwav,vi >0 (A.330)
JHi=1lo,p=1

when

1
&ij = E(uiv_i +UjvVi), Woi = Viwg,

here vy, V2, V3, u1, up, uz, wi, wy are arbitrary nonzero real numbers.

Using (3.149) we can write

1 3
V*A =5 Z (Cijir =+ Citkj)uitxV Vi + Z Z ijol
j7l7l>k:1 jll lo= 1
1 3 2
‘f‘Rilocj)”iW(ijVl‘f‘E Z Z (KBjal+KBlaj)WBWanVlu (A.331)
leI(X,I?)Zl

where V = (u1,us,u3,w1,w2) € R’ and (V1,V2,V3) € R? are arbitrary nonzero vectors.

The inequality (A.329) follows from (A.330) and (A.331) for all nonzero

(V],Vz,V3) eR¥andV = (u1,u2,u3,W1,W2) cR3.

Remark: For all (v{,V2,v3) € R® the matrix A(v) defined by (3.149) is positive

semi definite matrix.

A.6 Positive definiteness of A(Vv), defined by (3.172)

The matrix A(Vv), defined by (3.172), is symmetric with real valued elements. Let

us show that A(V) is positive-definite for any nonzero (vi,v»,v3) from R, ie. the
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matrix A (V) has to satisfy

VFA(V)V >0 (A.332)

for arbitrary nonzero vectors V = (uy,uy,u3,wi,wa,w3) € R® and (v,v2,v3) € R,

We assume that ¢;jx;, Rjju, Kiju satisfy conditions (3.162) for any symmetric

matrix (€;)3x3 and any matrix (w;;)3x3.

The relations (3.162) can be written in the form

3 3
Z Cijklu,'uijVl > 0, Z RijkluiWijVl > 0,
jLik=1 ijki=1
3
Z K jigwiwivivy >0 (A.333)

=1

ka

when

1
&ij = 5 (WiVj+uvi), wi = Viwg,

here v{, Va2, V3, uy, ua, usz, wi, wp, wz are arbitrary nonzero real numbers.

Using (3.172) we find

1 ¢ 3
VA =3 Y (ciju+cakj)uimevivi + Y, (Riju + Rikj ) uiwiV vy
]7lvlvk:1 j l,l,kzl
1 3
5 Z l]kl +Kllk])WkaV]Vl7 (A.334)
]7l7l’k:l

where V = (u1,us,uz,wi,wz,w3) € R® and (v{,v2,v3) € R® are arbitrary nonzero

vectors.

The inequality (A.332) follows from (A.333) and (A.334) for all nonzero V =

(ul,uz,u3,W1,W2,W3) € R6 and (Vl,Vz,V?,) c R3.
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Remark: For all (vi,v2,V3) € R® the matrix A(v) defined by (3.172) is positive

semi definite matrix.
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