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PENALIZED LOGISTIC REGRESSION
ABSTRACT

Logistic regression (LR) is frequently used modeling technique for categorical
response variables in statistical researches. Binary data are the most common form of
categorical response for which the binary outcomes “success” or “failure”, “yes” or
“no”. The estimation of regression parameters and classification rate is not accurate
when there is multicollinearity among the predictors. In this thesis, we study the
penalized logistic regression (PLR) model with quadratic penalization to eliminate
the multicollinearity problem and improve the classification rate. We concentrate on
several measures for determining the optimum amount of penalization on logistic
regression model. We model the real data, coronary heart attack disease data, by both

the PLR and LR model and compare their performances.

Keywords: Logistic Regression, Multicollinearity, Newton-Raphson Algorithm,
Penalized Logistic Regression, Quadratic Penalization.



CEZALANDIRILMIS LOJIiSTiK REGRESYON
0z

Lojistik regresyon kategorik verilerin modellemesinde siklikla kullanilan bir
istatistiksel tekniktir. Kategorik verilerin en yaygin formu “basarili” veya “basarisiz”,
“evet” veya “hayir” gibi ikili kategorilerin oldugu durumlardir. Regresyon modelini
olusturan degiskenler arasinda ¢oklu dogrusal baglanti olmasi durumunda, regresyon
modelinin basar1 oran1 énemli 6l¢lide diismektedir. Bu calismada, coklu dogrusal
baglanti sorununu gidermek ve modelin bagari oranimi arttirmak i¢in karesel
cezalandirilmis lojistik regreson modeli kullanilmistir. En uygun cezalandirma
miktarini belirlemek i¢in ¢esitli 6lciiler kullanilmistir. Bu iki yontem gercek veri
setine (koroner kalp krizi verileri) uygulanmis ve performanslart bakimindan

karsilagtirmalar1 yapilmistir.

Anahtar Kelimeler: Lojistik Regresyon, Coklu Dogrusal Baglanti, Newton-

Raphson Algoritmasi, Cezalandirilmig Lojistik Regresyon, Quadratic Cezalandirma.
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CHAPTER ONE

INTRODUCTION

Logistic regression (LR) is a special form of General Linear Models (GLMs).
Although it’s mostly used with binary responses, we can use LR models with multi-
category responses (more than two categories). The categories might be either in
ordinal scale or nominal scale. The choice of method depends on the scale of the
response variable. We can select the best criteria with respect to properties of
response variable and covariates. For all cases, the LR method models the success

probabilities of dependent variable.

The regression parameters are estimated by using several estimation methods.
Maximum likelihood estimation method (MLE) is frequently used for GLMs. In
practice, the data might be stored in different forms. The sample observations might
be grouped or ungrouped. When the data is grouped, we use contingency tables to
predict the cell probabilities. Thus, the response variable is distributed as binomial.
The logistic regression parameters are estimated by using the binomial likelihood
equations. If the data is ungrouped, the likelihood function of Bernoulli distribution

for response is used to obtain the regression coefficients.

Logistic regression model is not appropriate to fit the data when there is
multicollinearity among the explanatory variables or when the number of
explanatory variables is relatively large. In both of these scenarios, the estimated
parameters become unstable. The regression model might be very poor for predicting
new observations. Thus, we should carefully consider the high dimension and
multicollinearity problems before estimating the regression coefficients. In literature,

there are many modifications to improve the parameter estimates.



Penalized logistic regression (PLR) is a method which is based on the idea that
penalizing the unstable regression coefficients to obtain robust regression
coefficients to multicollinearity problem. This method introduces a penalty
parameter to the likelihood function. We may estimate regression coefficients by
maximizing the penalized likelihood function at the optimum level of penalty
parameter. In literature, there are several penalization methods. We propose the
quadratic penalization (ridge penalization) in this thesis to overcome the
multicollinearity problem. This method estimates the robust regression parameters
against multicollinearity. However, the estimated coefficients are not unbiased

anymore.

Cessie and Houwelingen (1990) propose ridge estimators (quadratic penalization)
in logistic regression to improve the parameter estimates and to overcome both the
multicollinearity and high dimension problem. This paper provides useful measures
based on cross-validation to define the amount of penalization (ridge parameter). Zhu
and Hastie (2004) study two different methods PLR based on quadratic penalization
and Support Vector Machine (SVM) for cancer classification from microarray data
set. Three different data sets are used to compare the classification rate of PLR and
SVM methods. Aguilera et al. (2006) study another alternative method Principal
Component Analysis (PCA) for estimating the logistic regression model with high
dimensional and multicollinear data. A simulated data set is also used to examine the
PCA method. Park and Hastie (2007) propose quadratic penalization for detecting
gene interactions. The advantages of quadratic penalization are also provided in this
study. They studied both simulated and real data sets with PLR method. Shen and
Tan (2005) study the combination of two dimension reduction method, PLS and
singular value decomposition (SVD), with the penalized logistic regression to
provide a powerful classification for cancer diagnosis using the microarray data.
These methods are compared on the data set given by Golub et al. (1999). We can
give many examples for logistic regression in medical applications. In this thesis, we

study with clinical data to classify the binary response by PLR.



This thesis contains three main chapters. In chapter two, we give detailed
explanation on binary logistic regression method where the response variable has
only two categories. We focused on how to estimate the regression coefficients with
MLE method. The general information and the inferences for logistic regression is
given in this chapter. In chapter three, we propose PLR with quadratic penalization to
overcome multicollinearity problem. We give general information about Newton-
Raphson algorithm to obtain parameter estimates. The advantages and disadvantages
of PLR method is also considered in chapter three. Chapter four includes the
numerical study. We compare binary LR and PLR on the same data set. A real data
set, coronary heart attack data, is used to compare the classification rate of LR and
PLR. Finally, we conclude our study with chapter five. The MATLAB codes and

data set are given in Appendix.



CHAPTER TWO

LOGISTIC REGRESSION

Logistic regression, as an extension of standard regression analysis, is widely used
modeling technique for categorical response variables in statistical researches.
Binary data are the most common form of categorical responses, for which the
possible outcomes “success” or “failure”, “yes” or “no” (Agresti, 2007, p.99). It is
used in social, educational and medical sciences. In educational researches,
classifying the students whether learning disabled or succeed in college is a use of
binary logistic regression. Similarly, in financial researches, defining the credit risk
which is the probability that a customer is credit worthy or not is another use of
binary logistic regression. Recently, logistic regression has become one of the most
popular tools in medical applications. Although it’s mostly called with medical
applications, logistic regression is useful modeling technique in business and
marketing. For instance, a company may wish to know that to open a new office at a
new place or not. The economical position of the public in this area, educational
status of people, the potential number of the customers that live nearby and past
buying behaviors of people might be independent variables for modeling the

marketing strategies.

Another important area of logistic regression applications is genetics. In
microarray applications, it is the most preferable statistical modeling. Many recent
articles that concern with genetic variations published for classifying cancer using

the DNA information.

In this chapter we study the binary logistic regression more closely. Model

building and interpreting the unknown parameters will be considered.



2.1 Simple Logistic Regression

Let Y be a binary response variable with categories “success” and “failure”.
Before we build the logistic regression model, the categories of response variable are
recoded as O for failure and 1 for success. Let X be the explanatory variable. The

ordinary least squares (OLS) model for response is defined as:

Y =B+ BX, +¢ i=1,2,...,n 2.1

where X, is explanatory variable and the value for i-th case in (2.1), that is Y, , is

Bernoulli distributed binary response with categories 0 and 1. Thus, the expected

mean of response can be written as:

E[Y,]= 8, + B X, i=12,...,n (2.2)

where E[g,]=0. Since Y, is Bernoulli random variable, its probability distribution

can be written as follows:

T if Y=1,
fY;m)=<1-rx if Y=0, (2.3)
0 otherwise.

Thus, 7, is the probability that Y, =1 and (1 - ;) is the probability that Y, =0.

The expected value of Bernoulli random response Y is:



E[Y,]= B, + BX, =l(z)+0(- 7)) =7, (2.4)

where the mean response is the probability of “success” when the response is binary
categorical variable. Modeling the probability requires to be very careful. Since the
probability must have continuous values within 0 and 1, our regression model must

generate mean responses within the interval 0 < E[Y,]<1. However, the OLS

method generates mean responses beyond this interval, which is the greater value
than upper limit 1 or smaller value than lower limit O for different X values.
Because the mean response is bounded, OLS method is not appropriate for binary
responses. The mean response must have values within the interval [0,1] while
explanatory variables have no constraints. Thus, the relation between the variables is

not linear. We can graphically define the relation as follow:

1.0 -
- 0.8 -
)
§ 06 -
=
8 04 -
o
&
V2=
0.0 + T T T 1
20 29 30 35 40

X

Figure 2.1 Logistic regression curve. The relation between response and
predictors is S-shaped.



As we can see from Figure 2.1, there is an S-shaped relation between explanatory
variable and the mean response. Logit transformation is the best form for modeling

this relation. The logistic regression model can be expressed as:

gy |- ol X))

Y- eXp(ﬂo +p, Xi) 2)

where [, denotes the intercept.

While the success probability is near 0 or 1, per unit change in explanatory
variable has smaller effect in the magnitude of mean response (probability). It’s
generally harder to interpret the logistic curve than linear equations. However, we
can make linear approximation to logistic regression curve by using logit
transformation which is expressed by Hosmer and Lemeshov. Logit transformation

generates new mean responses within the interval [— 0, oo] which are not a success

probability anymore. Equivalently, the linear logit model or log odds is:

logit[(x)] = logl_Lﬂx()x) = B, + BX (2.6)

where 7(X)=P(Y =1| X =x))=1-P(Y =0| X =x)). This equates the logit link
function to the linear predictor (Agresti, 2002, p.166).

2.2 Multiple Logistic Regression

As a general form of logistic regression models, the simple logistic regression can
be easily extended to more than one explanatory variable which is called multiple

logistic regression model. In fact, several predictors might be required to obtain



better interpretations and fits. The multiple logistic regression model with Kk

predictors is given with equation (2.7).

logit = B, + B X, + B, X, +---+ B X, (2.7)

The interpretations for regression coefficients, odds and logit are similar to the
simple logistic regression. The parameter £, (i =0,1,...,K) indicates the effect of
X, on the logit or log odds at fixed levels of other predictors. In this model,

estimated probabilities at point X denoted as:

exp(ﬁo + B Xy + B, Xy, +”'+:8kxik)

T T exp(fy + X+ oK+t Xy)

(2.8)

The explanatory variables can be continuous or categorical. If a predictor is
categorical, it is included in the model as dummy variable. When all variables are
categorical, the data can be grouped and displayed in a multiway contingency table.
In this situation, the multiple logistic regression model refers to the log-linear
models. Suppose a categorical variable with ¢ categories, the multiple regression
model contains (C-1) dummy variables since one category is selected as base
category. In statistical packages, if the categorical variable has a natural ordering,
first category or last category is selected as baseline. Researchers may decide the

selection of baseline category.
2.2.1 Matrix Approach to Logistic Regression

We have a sample with size n and k predictors. There is an n paired set
(X;,y,) 1=0,1,2,...,n. The response is assumed to be binary variable. To simplify

the calculations, we will use matrix approach to the multiple logistic regression

model. Refer to equation (2.7), we define the vectors and matrices as follows:



,B 1 Xp o Xz oo Xy n
0 1
ﬂ 1 Xy Xyz oo Xy n
1 2
= : X=1 X5 X5 o Xy n=| . (2.9)
ﬂk k+1)x1 T Joa
(b _1 an Xn3 o Xnk dnx(k+1) "

Here, B denotes the coefficients vector and X denotes the matrix of observations.
n is the column vector of logits for ith observation. Notice that first column of the
matrix X has a vector of 1 which indicates the regression constant f,. Now we can

express our model with matrix notations as:

n=Xp+e (2.10a)
1 X X3 Xk |
n, By €
n 1 X KXoy 0 Xy ,8 e
2=l Xy Xy o Xy, | +| 2 (2.10b)
Un x1 ﬂk k+1)x1 &n x1
n _1 Xn2 Xn3 e Xnk dnx(k+1) (kb "

where € denotes the column vector of error terms.
2.3 Interpreting Model Parameters

Interpreting model parameters in logistic regression should be carefully
considered. Because the logistic model has complex and non-linear form,
interpreting the model parameters might be more difficult comparing with linear
models. Although linear approximation to logistic regression curve makes it easier,

interpretation still requires more attention. From linear logit model, the sign of S

determines the direction of the logistic curve. For f =0, the response variable is
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independent from predictors. The effect of £ on the regression curve is graphically

shown as follows:

£>0 £<0

a b c

Figure 2.2 The effect of regression parameters to the logistic regression curve. a) Positive relation, b)
No relation, ¢) Negative Relation.

The per unit change in explanatory variables has increasing or decreasing effect in
the logit or base logarithm of odds. Similarly, it has same effect on the success
probability. However, these effects can’t be measured directly with the magnitude of
unknown parameter . From equation (2.6), 1-unit change in predictor variable
indicates that the logit or log odds increases by f. However, measuring the change
in logit may not be familiar for most scientists. Some alternative interpretations can

be considered. Exponentiating both sides of (2.6) we get the following equation:

odds =%=exp(ﬂo + B,x) =e" (eM)" (2.11)

We can see that the odds are expressed as exponential form of predictors. Since
e’ is constant, the odds increase multiplicatively by e’ for every unit change in
predictor variables which is called odds ratio. Odds ratio is a division of two odds at

the points X and x+1, respectively. Odds ratio indicates the magnitude of increase or
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decrease in odds for every unit change in predictors. This can be obtained

mathematically as follows:

7Z'(X + 1)
R 2 odds(x+D) _ 1- z(x+1) exp(a+B,(x+1) e* (")
©oodds(x)  #(X)  expla+Bx)  e“(e”)
1- 7Z(X)

_ ea(eﬁ1)xeﬁ1 4

OR =e”. 2.12
e” (ef)* @12)

Another alternative measure for a good interpretation is to obtain the slope of
regression curve at a given point of X. This provides us to calculate the rate of
probability change at that point. Increasing the magnitude of predictor from X to x+1

changes the success probability with a rate of Sz (x)[1—-z(x)]. Since the rate of a
function is the derivation of corresponding function, the rate of change in 7(X) curve
can be mathematically calculated by taking derivative 0z (X)/0X using the equation

(2.5). The slope decreases while success probability approaches 0 or 1. The
maximum slope occurs at the X point for which the success probability equals to 1/2.
The per unit change at that point will change the success probability as

L(1/2)(1/2)=0.254 . This x level is called median effective level and denoted ELsy.

The median effective level can be approximated as —«/ .
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Figure 2.3 Linear approximation to logistic regression curve. The slope of the
regression curve at a given level of X can be calculated with tangent line which is
drawn to the regression curve. (Agresti, 2002, p.167)

2.4 Inference for Logistic Regression

The inference procedures in logistic regression is similar to the simple linear
regression -inferences about regression coefficients, intervals for mean response,
prediction of new observations and its interval estimations. Since logistic regression

curve is not linear, the inferences for regression coefficients might be more complex.

2.4.1 Inference for Effects

Let our model be the logit model with several predictors. Suppose our sample is
large enough. For large samples, maximum likelihood estimators for predictors are
approximately normally distributed. The estimated variances for regression

parameters can be obtained from second-order partial derivatives of the log-
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likelihood function. Under the large sample consideration, Wald confidence interval

for the parameter £ in the logit model is:

Bt1,,(SE). 2.13)

If the sample size is small or fitted probabilities are located near 0 and 1 even the
sample is large enough, Wald confidence interval is not adequate. The likelihood
ratio based confidence interval is preferable instead of Wald interval. If confidence

interval for f is estimated, it can be updated into confidence interval for logits, odds
ratio, slope and success probability. The confidence interval for odds ratio is equal to

[exp(f—12,,,(SE)),exp(f + Z,,,,(SE))]. Similarly, the confidence interval for slope

at 7(x) =0.50 is 0.25[8+z,,,(SE)].

Although we don’t need to make inference for regression constant «, it is used
while making inference for event probabilities and logits. Before we make an
inference for logit, we need to calculate the estimated variance of logits. From our

logit model, the estimated variance is:

Var[logit[ﬂ(x)]] = Var(o? + ﬁx) = var(@) + X* var(B) + 2xcov(4, j3) (2.14)

The SE of logit is the square root of equation (2.14). Hence, the estimated

confidence interval of logit at point X is:

logit[z(x)]* z,,,(SE) (2.15)
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As we mentioned earlier, most scientists are not familiar with logits. Researchers
may wish to know about event probabilities. Once logit is obtained, we can upgrade
confidence interval for probabilities by transforming the estimated confidence

interval of logits. Let the confidence interval of logit at X is [LL,LU], LU for upper

limit and LL for lower limit, the corresponding confidence interval for z(x) is:

(2.16)

exp(LL) exp(LU)
1+exp(LL) 1+ exp(LU)

Determining confidence interval for probabilities has a minor exception. One
could obtain this interval by using the sample proportion instead of fitted model. If
the observations are repeated at X, the sample proportion at this point might be used

for estimation of probabilities. Because the repeated observations are distributed as

Binomial, SE of 7(x) is calculated from Binomial distribution as \/ fr(x)(l - ﬁ(x)) n.
In most cases, these two intervals will be different from each other. If the repeated

samples are not enough, using the full model will produce more consistent

confidence intervals.
2.4.2 Significance Testing of Parameters

For logistic regression model, selecting the redundant parameters is cruel. Before
performing the significance tests, we should understand the data set clearly. For large
samples, Wald statistics and likelihood based statistics can be selected. Wald
statistics are less complex comparing to the Likelihood based statistics. For null

hypothesis H, : =0, the Wald statistic indicates that the corresponding predictor

should be removed from logistic regression model or not. For a single predictor, the

following statistic has a standard normal distribution under the null hypothesis.

z=f/SE (2.17)
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One refers z to the standard normal table to get a one-sided or two-sided P-value
(Agresti, 2007). For the single predictor and two-sided H, : =0, z* = (,B / SE)?

has a chi squared null distribution with one degrees of freedom. This type of statistic
using the non-null standard error is called a Wald statistic (Agresti, 2007, p:11).
Although the Wald test is adequate for large samples, the likelihood based test
statistics are more powerful for large samples. The likelihood-ratio test is based on
the magnitudes of likelihood function. This statistic compares the maximum value of
the log-likelihood function under the null hypothesis to the value of the log-
likelihood under the constraints of alternative hypothesis. The likelihood-ratio test
and Wald test give similar results for large samples. However, likelihood ratio test is

more preferable than Wald because it uses more information.
2.5 Model Building and Variable Selection

Most of the regression methods include more than one predictor variable. When
there are several variables in the model, the strategies of selecting important
predictors are crucial. In regression methods there are several ways of excluding the
redundant predictors. Stepwise method, Backward elimination, Forward Selection
and Best Subset Regression Method might be reviewed as commonly used variable
selection methods. In this section, we will focus on the methods for testing several
variables at once. Equivalently, we will decide whether a set of variables should be
retained or removed from the model. Introducing the variable selection algorithms is

out of the scope of this research.

As we previously mentioned, Wald test is used for significance of single
coefficient. When a set of variables are being tested, alternative test statistics should
be preferred. The likelihood ratio (LR) test is one of the common test statistics when
testing a set of predictors. This test is based on a statistic called deviance. The

deviance of a model is an extension of the magnitude of likelihood function.
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Suppose a large sample with p unknowns and n observations. The logistic
regression model can be fitted perfectly if we estimate a parameter for each
individual which leads us to estimate n different parameter. This model, which is
called saturated model, includes all the information and provides perfect fit.
Equivalently, the error term for this model is zero. Thus, the likelihood for saturated

model is 1 and so that the log-likelihood is equal to 0:

log, L = i[Yi log (Y;)+(1=-Y;)log, (1-Y)]=0 (2.18)

This log-likelihood value for saturated model is compared with the log-likelihood

value of fitted model.

log, e (By. B By 1) = DYV, (XB) -~ log, [1+ exp(XB)] (2.19)

The log-likelihood for fitted model can never be larger than the saturated model
because it has fewer parameters. The difference between these likelihood values is
equal to its deviance which is used as a goodness of fit criterion. Thus, the model

deviance can be written as follow:

DEV(XOJ Xlo-'-: Xp—l) = 210ge LS _210ge LF(ﬁOaﬁla-'-:ﬂp—l) (220)

Since, log-likelihood for saturated model is 0, the model deviance can be

expressed as:
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DEV(Xoa Xlo-'-: Xp_l) = _2 loge LF(ﬂOvﬂlo-'-:ﬂp—l)

—2) [Y,log, () + (1-Y) log,(1-#)]  (2.21)

i=1

_ _zi Y,(XB)— z log,[1+ exp(XB)]

where 7, is the fitted probability for ith observation. This statistic has chi-square
distribution with degrees of freedom (n—1)—(p—-1)=n—-p . Equivalently, the

deviance is compared with the value ;(z(l—a;n— p) from chi-square table. The

larger the model deviance, the poorer is the fit (Neter and Kutner, 1996, p.587).

The deviance methodology can be used for testing several unknown parameters.

Suppose we have p unknown parameters, one may wish to conduct a test such as:

H, :ﬂq ::Bq+1 :"'::Bp—l =0

H,:not all g's in H, equal zero

First, we need to define the fitted model which includes all predictors that is full

model:

logit = By + B X, +-+ B,, X, (2.22)

and the fitted model which includes the unknowns except those given with the null

hypothesis; reduced model:
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logit = B, + B, X, +-+ B, Xy, (2.23)

Now we can denote the deviance of the full model DEV (X, X,,..., X ) and the
reduced model DEV (X, X,,...,X, ). The difference between these deviances

determines the significance of several predictors at once. If the difference is large,
the predictors given with the null hypothesis should be retained in the model because

they improve the fit substantially.

DEV (Xgeves X gy | Xgseves Xg ) = DEV (X ey X )= DEV (X 5es X))
(2.24)

This difference between two deviances is called partial deviance. Notice that the
deviances of the full model and reduced model have initially been compared with the
saturated model. The degrees of freedom for reduced model is

(n-1)—(g—-1)=n—-q and the degrees of freedom for the full model is
(n—=1)—(p—1)=n-p. Thus, the partial deviance has chi-square distribution with
degrees of freedom (n—q)—(n— p)= p—q. Notice that the analogy of deviance to

the extra sum of squares for linear regression models. Deviance statistic is used
either testing single predictors or a set of predictors. Hence, we are able to compare
several models with each other and decide the best model among the available

subsets.

Suppose we wish to test a single predictor H, : #, =0, that is, the predictor X,

should be dropped from the model or not, the partial deviance is calculated as

follows:
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DEV (X, | Xgs X5+, X 5 ) = DEV (X5 X550, X)) = DEV (X, X .00 X, )
(2.25)

where the partial deviance has chi-square distribution with df =1 that is
[(n=1)—(p-2)]-[(n=1)—(p—-1)]=1. Large values of the partial deviance lead to

conclusion of retaining predictor in the model.

Model deviance and partial deviances are important for model building and
variable selection procedure. We can easily decide which model is best and which
variables should be included or dropped from the model with the help of deviance

statistics.
2.6 Fitting Logistic Regression Models

In statistics several model fitting techniques are developed. However, we should
be careful what to use for fitting the model. The data properties and model
assumptions directly affect the method selection process. Thus, we should

understand the data correctly before fitting the model.

In linear regression model, the least squares method is used to obtain the
parameter estimates. It is based on minimizing the sum of squared errors of the
predicted values. This method is not appropriate for logistic regression models since
the response is binary. Similarly, the error term is assumed to be randomly normally
distributed. However, in logistic regression the error term is not random because it

equals to 1—-7(x;) when Y =1 and —(X;) when Y =0. The commonly used

estimating method for logistic regression models are:

1. The Maximum Likelihood Method (MLE).
2. Iteratively Reweighted Least Squares Method.
3. The Minimum Logit Chi-Square Method.
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In this paper, the method of maximum likelihood (MLE) is used to estimate the

unknown regression parameters.
2.6.1 Maximum Likelihood Method (MLE)

The most commonly used estimation method for logistic regression model is the
method of maximum likelihood. The likelihood function of response is equal to its

joint probability distribution.

A ARARS ) END)

: (2.26)
= H ﬂ-iYi (1 _ ﬂ_i )l—Yi
i=1
where Y, is Bernoulli random variable. The log-likelihood is equal to:
log(g (Yl 9Y2, e ,Yn )) = log(H 7Z-iYi (1 _ ﬂ.i )lin ]
- ZY log(, )+ 2 (1-Y, )log(1 - 7,) 2.27)
i=1
_ZY log(1 7Ti +Zlog (1-7,)
T,

Substituting the expressions 7z; and (1—7Z'i) into log-likelihood equation, we may
write;

n

InL(B) = S V,(By + B X+ + Bos Xicas)
= (2.28)

n

= D togli+exp(By+ B X, 4+ B X )
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Differentiating equation (2.28) with respect to S, and A,'s we obtain the

following equations.

dML(B) &y & explBy+ B Xyt By X))
aIBO ZY Iz[l+exp(:80 +ﬂl '+18q—lxi(q—l) )] (229a)

81n L(,B) ZY X, Z(Xia eXP(/Bo + 5 X, +"'+ﬂq—lxi(q71))

1+exp(B, + B, X, +-- +ﬂQ—1Xi(q_1))] (2.29b)

Setting the likelithood equations (2.29a) and (2.29b) equal to zero, we get the

following nonlinear functions.

=Y -7 =0

i=1

0 v _ . exp(,b’o + B Xy +"'+qu—1Xi(q—l))
i l+exp(,30 + B, Xy +°"+ﬂq—lxi(q—l))

i=1

(2.30a)

iYiXia _i(xia exp(ﬂo + 5, Xy "‘"""ﬁqlxi(ql))j:ixia(Yi _”i)zo.

1+exp(ﬂ0 +:B1Xi1 +'”+ﬂq—lxi(q—l)) i=1
(2.30b)

Equation (2.30a) and (2.30b) requires iterative solution. We use Newton-Raphson
algorithm to estimate the regression parameters. NR algorithm based on solving the
second order Taylor series expression of the likelihood function. Approximating the
nonlinear function with second order Taylor series generates linear form of the

corresponding function.
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Let f be continuous on a closed interval [a,b] and its derivatives f', f'",..., f @™

are exist. Let the qth-order derivative f ‘¥ (X) exists for every X e (a,b). Then there

exist ¢ € (a,b) such that (Fleming, W., 1977, p.386)

f(b)- f(a)= f'(a)b—a)+ "()( _ay

(2.31)
f (@D
+—(a)(b -a)" +R,
(q-D!
where the remainder equals
f (9) (C)
R, = " ——=(b-a)“. (2.32)

The remainder term is excluded because it rapidly approaches to zero while
q — . Let I(B) be the log-likelihood and h is a point in real space. The second-
order Taylor series approximation of I(4) on the interval [ﬂt,ﬂt + h] is expressed

as

ol(s")

(B +h)—1(B)=—"— o5

o’1(8Y)
+h-
(B +h=pY+—7~ o5

(B +h-pY)? % (2.33)

The expression (B' +h) denotes the parameter estimation at step t+1 which is
denoted by B'"'. For each step the estimation of S' is known. Thus, we should

estimate the value of h to get the parameter estimation of S'*'. The equation (2.33)

reduces to



23

(B +h)=1(8") +

A, OB )hz (2.34)
op 0B’

Here, we obtain the parameter estimations by maximizing the function I(5' +h).
The maximum of this function is equal to the point A’ +h that equates the first

derivation of I(S'+h) to zero. Hence, we need to obtain maximum likelihood

estimate for h. Differentiating |(8' + h) with respect to h we get,

A+ _alph Y,

oh op op’
_ash)  aNBY)
0= o5 + Y h (2.35)
(s
(p—
o°I(8)
op’

Equivalently, the approximated likelihood function I(f3' +h) gives its maximum

at point S' + h that is the parameter estimation at step t+1. We can express this point

as follow.

oA
pr=piah 62|(ﬂ?

Since equation (2.36) is solved iteratively, the final estimation is achieved when

(2.36)

the function converges. As seen from (2.36), NR method entails determining the
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second order derivatives. The second order derivative of log-likelihood with respect

to S, is:

0 n ( exp(ﬂo"‘ﬂlxl+"'+:Bq—1xq—1) ]:|

op, e 1+eXp(/Bo+ﬂ1X1 +"'+ﬂq4xq—1)

:_Z”i(l_”i)-

i=1

(2.37a)

Similarly, the second order derivative with respect to £, 'S ;

: 1+exp(ﬁ0 + B, Xy "’"“"ﬂq—lxi(q—l))

(2.37b)

We may write the derivative equations in matrix notations to simplify the
calculations. Refer to matrix approach to multiple logistic regression model and let u

be the column vector of ones, u'=[1,1,...,1], the first derivative of log-likelihood

function can be written in matrix notation as follow.
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OB _S v, — 2y =w (Y —m) (2.38a)
aﬂo i=1
wzixmm—m)zxw—n) (2.38b)

Notice that the first column of data matrix X is consist of ones which denotes the

regression constant f,. This notation provides us to combine the equations (2.38a)

and (2.38b). Thus (2.38a) and (2.38b) have form

al%z(ﬁhixi(yi_ﬂi):xw—n). (239)

From (2.37a) and (2.37b), we define W be the diagonal matrix with elements

TT; (1 -7 ) Similar to equation (2.39), the second derivatives are rewritten as follow.

nlp) _ Ve x
0B B, = ;(Xiaxibﬂ-i(l ”u)) X'WX (2.40)

The matrix of first derivates, X' (Y — ), is called Gradient matrix. Similarly, the

matrix of second derivates is called Hessian matrix. The ML estimates of unknown
parameters have a large-sample normal distribution. The estimated variances of
regression parameters are equal to the inverse of the information matrix. The

observed information matrix has elements;
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G
/Bj ﬂaﬂb (241)

_ _(_i(xiaxibni (1-7, ))] = X'WX.

i=1

The estimated covariance matrix is equal to

A

cov()= (xwx}" (2.42)

where the square roots of the main diagonal elements of (2.42) are equal to the

standard error of ﬁ .

Substituting (2.39) and (2.40) into NR equation (2.36), the iterative equation has

the form

ol(B
ﬁAm: /ﬁ At X'(Y_ﬁ)

Gzl(ﬁ/ - X'WX

U =B+ (X*WX) X' (Y — 7).

(2.43)

With an successful initial guess p*, the iterations continue until the function

converges. At final iteration, the parameter estimations converge to the ML
estimates. The selection of initial guess has an influence on the number of iterations.
In literature there are several ways suggested how to select the initial guess. We will

focus on this issue in the following chapters.



CHAPTER THREE

PENALIZED LOGISTIC REGRESSION

In chapter two, we focused on modeling the logistic regression and estimating the
unknown parameters. Logistic regression is widely used statistical tool for modeling
the main effects and interactions for a binary response variable. However, for some
data sets, logistic regression models might have considerable drawbacks that reduce
the fitting performance of the models. We will mention these drawbacks in the
following sections. Since model fitting is an important part of all statistical
applications, we should overcome these drawbacks. We can modify the logistic

regression model to eliminate these problems.

In this chapter, we will study the Penalized Logistic Regression (PLR) as a
modification of logistic regression model to overcome the unexpected problems.
Penalized logistic regression has been proposed especially for cancer classifications.
The rising of microarray applications has enabled the researchers to measure the
thousands of interactions between DNA sequences simultaneously. Recent works in
microarray applications have shown that most of the common diseases are highly
correlated with gene interactions. These gene interactions can be used to classify the
different types of tumors and other genetic diseases. The size of DNA sequences, say
billions of gene sequences and interactions, makes the PLR method one of the most
important statistical tools for modeling microarray data sets because modeling the

large samples is harder.

Many recent articles that concern with genetic variations have been published for
classifying cancer using the DNA information. Such as the articles Golub et al.
(1999), Zhu and Hastie (2004). Although PLR is mostly called with medical

applications, it can be used for different types of data sets.

27
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3.1 Penalizing the Model

The size of the data set may vary with the scope of application. Microarray
applications have large data sets because DNA sequences have billions of gene
interactions. While working with DNA applications, the gene and its interactions are
defined as explanatory variables. We can see that there is huge number of
explanatory variables k. However, the number of observations n is small comparing

to the number of predictors. There are several drawbacks in this situation:

e Because k >>n, there will be more unknown than equations. The feasible
solutions will be infinite.

e The regression model may have overfitting problem. For a training set we
may have zero prediction error, i.e. the model fits perfectly for training set.
However, for a new sample, the prediction might be very poor.

e The multicollinearity may exist among the predictors. Hence, the

estimated parameters may not be reliable.

Because of these problems, we should modify the corresponding regression
model. These problems can be solved by penalizing the logistic regression
formulation. The penalization term is added into likelihood equation and the
parameter estimations are made by using the penalized likelihood equation. Let

J(f) be the penalty term and L * be the penalized log-likelihood equation, we may

define L * as follow:

L =1(9)-23(8) (3.1)

where [(f) denotes the Bernoulli log-likelihood and A denotes the penalty

parameter. The parameter estimate not only depends on penalty parameter A but also

penalization term J(f). The penalty term J (/) has the following form:
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IB=2rvB)  r>0. (3.2)

In literature there are several penalization criteria. The selection of inner function

w(p,) specifies the penalization method. Each penalization method might slightly

change the parameter estimations. Thus, selecting the penalization method is

significantly affects the parameter estimates.

Quadratic penalization or ridge regularization (L,) and LASSO penalization (L)
are commonly used penalization methods for logistic regression. In this paper, we
use quadratic penalization which is frequently preferred for microarray and medical
applications. This penalization technique often works pretty well. In literature,
several penalty functions have been proposed. Table 3.1 gives a small list of penalty

functions.

Tablo 3.1 Penalization Functions (Antoniadis, A., 2003)

Penalty Function Author

v(B)=|p Saquib(1998)
w(B)=7|p/1+78) Geman(1992,1995)
v(B) =18 [(1+187) McClure(1987)

3.1.1 Quadratic (L,) Penalization

Assume that we have a sample with n observations and k predictors. The L,

penalization is based on the norm of the predictor vector, that is:
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J(P) = ZVk‘//(ﬂk)
- -5

(3.3)

Substituting (3.3) into likelihood function (3.1), the penalized log-likelihood

function equals to:
A
L*=|(ﬂ)—52ﬂf- (3:4)
k

The ML method estimates the penalized logistic regression parameters in the
same manner as logistic regression parameters by maximizing (3.4). The regression
parameters are estimated with Newton-Raphson (NR) algorithm. We have studied
the NR algorithm and the mathematical calculations in chapter 2. To apply NR
algorithm (2.43), we should calculate the first and second derivatives of penalized

log-likelihood function. The first and second derivatives of (3.4) are:

o* VX — C Xikexp(ﬂo"'ﬂlxil+"'+:Bp—1xi(p—1)) _ 2B, = X' (Y -#)— AP
B = * i1 1+eXP(ﬂo+ﬁ1xi1+"'+/8p—1xi(p—1)) ‘
(3.5)
oL * :
= (X Xy (1-77))- 2 =-X"WX - I (3.6)
paop,

Substituting (3.5) and (3.6) into NR formulation, we repeat NR steps to obtain the

following parameter estimates:
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ﬁm _ ﬁt . aL%B _ ﬁt . X' (Y _ﬁ)_/iﬂ
B 82L7 B ~X'"WX -1
op' op

B! = (X'WX +A)' X! W{Xﬁt + WY - fr)}.

(3.7)

where A is (px p) diagonal matrix with elements [0, 4,...,4]. (3.7) is equivalent to
iteratively reweighted algorithm form. Notice that the first element of A is zero that
means no penalization on regression constant. Equation (3.7) can be solved
iteratively. The iteration starts with an initial guess. In most applications the function

converges within ten iterations. Possible starting values for parameters are

A

By =log[y/(1-¥)] with y=>"y,/n and § =0.

i=1
3.1.2 Advantages of Quadratic Regularization

Using quadratic penalization improves the performance of the logistic regression
model. When the number of explanatory variables is large, the prediction error of the
observations becomes smaller than it should be. The prediction error of the ith

observation is:

eXp(ﬂo + Z_:XijﬁjJ
1+ exp(ﬂo + Zk“xijﬂj]

(3.8)

Notice that large number of explanatory variables for (3.8) leads to serious
overfitting problem. The SSE of the model becomes small for training set but large
for new samples. However, the L, penalization controls the magnitude of regression

parameters. We can see from (3.4) that the penalization parameter shrinks the
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regression parameters. The larger the 4, the smaller the S,’s are forced to be. Thus,

the penalization provides us to fit the regression model in a stable fashion since the

regularization parameter controls the regression parameters.

When we include high-order interaction terms in the model the number of
predictors grows rapidly with the possible result of multicollinearity amongst the
predictors. The multicollinearity induces infinite solution for unknown parameters.
The quadratic penalization easily overcomes the multicollinearity problem by
penalizing the regression parameters. Thus, unique solution is obtained for regression
parameters. Overfitting and multicollinearity problem yields very unstable estimates
for the regression model. One should handle this problem carefully before using

regression model on the new samples.

Logistic regression models may be applied into grouped or ungrouped data sets.
When the observations are grouped, some of the cells in the contingency table might
be very small, say smaller than 5, or zero. Zero cells in contingency tables lead to
poor estimates. We cannot fit a logistic regression model with zero cells in
contingency tables. However, when the model is modified with quadratic
penalization, the PLR model fits the observations with zero cells. The corresponding
regression coefficients of empty cells will be automatically set to zero. When the
observations are grouped, the binomial distribution is appropriate to fit the logistic
regression model. Using the binomial log-likelihood the ML estimates are obtained.

However, we should consider the symmetric constraint on the regression

coefficients, that is, Zﬂk = 0. This constraint is automatically satisfied when the
k

quadratic penalization is applied to the multinomial likelihood function.

As we already discussed in the earlier sections, the PLR method fits the regression
model by eliminating the multicollinearity amongst the predictors. Notice that PLR

works with the original data and variables to estimate the regression parameters
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without multicollinearity by maximizing the penalized log-likelihood or minimizing
the residual sum of squares, respectively. Thus, we obtain parameter estimate for
each explanatory variables which may provide us to measure the effect of each

predictors on the success probability.
3.2 Choosing the Regularization Parameter

The choice of regularization parameter is crucial since the estimates of the
regression coefficients are affected by A. There are several measures to determine
the best choice of regularization parameter. These measures mostly based on two
popular data-driven techniques. The first one is based on Cross-Validation (CV) and
the other on the Akaike Information Criterion (AIC). We use CV based measures to
define the best value of regularization parameter. If the regularization parameter is
selected correctly, the prediction error of the PLR model becomes smaller. Note that
determining the regularization parameter by considering only one measure may not
be reasonable. We should check several measures simultaneously to obtain the best

value of 4.

Suppose we have sample with n paired sets (Y,,X;) and k predictors. Cessie and

Houwelingen (1992) concentrate on three different measures to quantify the

prediction error of the model. These measures are:

(1) Classification or Counting Error (CE)

1 if Y,=1 and =/ <%
or Y.,=0 and 7 >l
CE = b ) (3.9)
1 itz =t
2 2
0 otherwise
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(2) Squared Error (SE)

SE = (Y, — #/) (3.10)

(3) Minus log-likelihood Error (ML)

ML = —{, log #7 + (1-Y,)log(1— #/)} (3.11)

where 7 denotes the penalized probability that Y, =1, i is for i-th case in the new

sample. The magnitude of three measures (1-3) becomes maximum while the real
success probability is around 0.5, that is 7 = 0.5. Note that the measures (1-3) are
calculated from new sample by using the penalized parameter estimates obtained
from training set. Thus, small values for 1,2 and 3 indicate the successful
classification on new samples. When a validation set (new sample) is available, the
predicted values of new sample can be compared for various values of 4 and the
optimal solution for regularization parameter is achieved. However, if a validation

set is not available, the cross-validated measures can be used. Cross-validation
predicts each observation based on other observations. Let ,B(f i, be the parameter
estimate based on all observations except the i-th observation and fz({ i be the

predicted probability of removed observation obtained from the equation based on

f_ i, ’s. Then, the cross-validated prediction errors of three measures defined above

are (Cessie and Houwelingen (1992)):

(1) Mean Classification or Counting Error (MCE)

MCE,, =n" [Yiwi) <%]+<1—Yi)[ﬁfn >%1+—[7f<- %ﬂ- (3.12)

i=1
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The expressions inside the brackets are equal to [.]=1, if it is true and [.]=0

if it is false.

(2) Mean Squared Error (MSE)

MSEg, =n" Y {(Y, - 22,)% ). (3.13)

i=1

MSE., is also known as PRESS (Prediction Residual Sum of Squares)

statistics.

(3) Mean Minus log-likelihood Error (MLL)

MML, =-n"> 4, log 2%, +(1-Y,)log(1- 27,))}. (3.14)
i=l1

Two more extensions of (3.13) are available in Cessie and Houwelingen (1992).
The effect of influential and outlier observations is introduced to the cross-validated

MSE measure. In addition to (1,2, and 3), we may also use alternative measures. Let

L be the penalized log-likelihood for ith observation based on parameter estimates
B/ which is estimated from entire data and L?Li) be the penalized log likelihood

when ith observation is removed which is based on ,Bf_ i- Using the same analogy

from (3.13) and substituting into log-likelihood function, we get SSLE (Sum of
Squared log-likelihood Error):

SSLE = > (L - L)’ (3.15)
i=1

where
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L' =Y, logz +(1-Y,)log(1-7) (3.16)

LE, =Y logzly, +(1-Y,)log(l-2(,). (3.17)

The best choice of regularization parameter according to (3.15) is the point that

minimizes the corresponding function.



CHAPTER FOUR

NUMERICAL STUDY

In statistical researches, the scope of the study and the properties of the data set
significantly affect the selection of analyzing methods. We can analyze data by using
several statistical techniques. Equivalently, several statistical models can be
conducted on the same data set. However, only very few of these models provide us
statistically significant results. Thus, the determination of best model is crucial. We
should carefully understand the data and the model assumptions to ensure the best

selection of statistical modeling techniques.

Logistic regression is a special form of General Linear Models (GLMs) which is
commonly used for binary response variables. Although it’s mostly used with binary
responses, we can use LR models with multi-category responses (more than two
categories). The categories might be either in ordinal scale or not. We can select the
best criteria with respect to properties of response variable. For all cases, the LR

method models the success probabilities of dependent variable.

In practice, the data might be stored in different forms. The sample observations
might be grouped or ungrouped. When the data is grouped, we use contingency
tables to predict the cell probabilities. Thus, the response variable is distributed as
Binomial. The regression parameters are estimated by using the Binomial likelihood

equations.

In this study, we use coronary heart disease data to compare the LR and PLR

model. The data is stored as ungrouped.
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4.1 Coronary Heart Disease Data

Let Y be a binary response variable with categories 0 and 1 for coronary heart
attack condition. The patient is assigned to class 1 if have heart attack. The sample
has 16 patients where 9 have had heart attack. There are 22 explanatory variables
including the physical measures (weight, obesity, age, gender etc.) and blood test
results (HDL, LDL, Blood Pressure, Platelet, Cholesterol etc.). The data has

multicollinearity and high dimension problem. The data is given in Appendix.

We fit LR and PLR models to data. Table 4.1 gives the basic results of LR

analysis.

Table 4.1 Classification rate of LR model

Observed Predicted
Heart Attack Percentage Correct
0 1 %
Step 0 Heart Attack 0 0 7 .0
1 0 9 100.0
Overall Percentage 56.3

a Constant is included in the model.
b The cut value is 0.50

As it’s seen from Table 4.1, all patients are assigned to group 1. All observations
from class 0 are misclassified. The LR model has very low classification rate with
56,3%. Remember that the data has multicollinearity and high dimension problems,
the LR model cannot estimate the regression coefficients or the estimated
coefficients will be insignificant. The regression function includes only constant term
which leads the estimated probabilities to be larger than 0.5. Table 4.2 gives the
significant test results for predictors which are not included in the regression

function.
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Table 4.2 Significance test of variables not in the model

VARO002 | VAR003 | VAR004 | VARO005 | VAR006 | VAR007 | VAR008 | VAR009

Coeff. 0.00403 | 2.10409| 0.02657| 0.4232] 0.00403 | 2.44643| 0.05162| 2.28571

Significance | 0.94937| 0.14691| 0.87052| 0.5153| 0.94937| 0.11779] 0.82026| 0.13057

VARO010 | VARO11 | VAR012 | VAR(013 | VAR014 | VARO015 | VARO016 | VARO017

Coeff. 0.26907| 0.00090| 0.37299| 1.84780| 6.16683 | 1.26101| 0.03872| 1.24336

Significance | 0.60396| 0.97610| 0.54138| 0.17404| 0.01302| 0.26146| 0.84400| 0.26483

VARO018 | VAR019 | VAR020 | VAR021 | VAR022 | VARO023

Coeff. 0.57838 | 3.53556| 3.26361| 2.13741| 0.56341| 0.00150

Significance | 0.44695| 0.06007| 0.07083 | 0.14374| 0.45289| 0.96912

Because of the high dependency among the predictors, the standard errors for
regression coefficients are to be overestimated. This problem yields the predictors
become insignificant. Thus, the LR model is not a suitable method for coronary heart

attack data.

We fit PLR model based on quadratic penalization to the same data set. The
variable selection and significance test of coefficients are excluded for PLR model.
Our primary concern is to focus on the parameter estimation steps of PLR method.
We developed the PLR codes with MATLAB (ver. 7.7.0.471), and the parameter
estimates are obtained with Newton-Raphson algorithm by using these codes. These
codes are given in Appendix. Before we estimate the regression coefficients, the
optimum value of penalty parameter should be determined. Figure 4.1 gives the cross
validated errors to determine the optimum regularization parameter. The predicted

errors are rescaled to combine three measures in the same graph.
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Figure 4.1 Cross-validated errors of PLR for various
penalty parameters.

From Figure 4.1, minimum PRESS is obtained when penalty parameter is selected

46.3. Similarly, the minimum MCE is obtained while penalty parameter is selected in

the interval [0, 119.3]. Unlikely MCE and PRESS, the MLL measure is decreasing

function. The error decreases very slowly when penalty parameter exceeds 150.

x)

Probabilities of Y (P{Y=1[X

09
08f
0Tr
06
05
04r
03
02r

Predicted Probabilities Classiication Rate of PLR Model
~r——r : - - 1 . e —g .
o=
% 08
N .
108 o o
& o ~ o
s 07 ’
.
308
o
R o
k-]
& 9 ®  cbserved
q 14 o 43 ¥
Lambda 5“ o o 153
2 B o + 400
:?933 E % 4 I =
202 o
- = 400 o =] o
800 01 ¢
I H
: ) T sl o8 .9
2 4 ] 2 4 6 8 10 12 1 &
¥ Obsenvations O st
(a) (b)

Figure 4.2 Predicted probabilities: (a) including all observations, (b) LOO cross-validated
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Figure 4.2 shows the predicted probabilities of PLR model when all observations
are in the model, (a), and when leave-one-out cross-validation is performed, (b).
While the penalty parameter increases, the success probabilities move towards the
threshold point 0.5. Thus the prediction error increases for increasing values of
regularization parameter. The blue filled circles indicate the sample observations.

Observation 6 and 11 are misclassified at all levels of penalty parameter.

The number of iterations for NR algorithm can be controlled with tolerance level
2
HB”I —BtH . When tolerance level is selected very small, the number of iterations

and the elapsed time for convergence grow rapidly. In addition, the tolerance level
may significantly affect the amount of cross-validated prediction errors. We employ
NR codes with different tolerance levels. Figure 4.3 shows the effect of tolerance

level on the predicted errors and determination of penalty parameter.

Effect of Tolerance Level on the Regularization Parameter
35 T T T T

34 Tolerance

04
— —0.08
""" 0.0005

PRESS

26
0

20 40 60 80 100 120 140 160 180 200
Lambda

Figure 4.3 Effect of tolerance level on PRESS

The predicted errors instantly increases or decreases if the tolerance level is
selected large. The larger the tolerance level, the smoother the error lines to be. In

this study, we selected tolerance level as 0.0005.
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4.2 Comparison of LR and PLR models

According to three cross-validated measures and different penalty parameters, we
calculated the classification rate of PLR and LR models. Table 4.3 gives the

classification rate of PLR for training set and LOO cross-validated samples.

Table 4.3 Misclassification rate of PLR model

A =463 A=1193 | 1=400 | A=800
Cross-Validated (PLR) 3/16 4/16 4/16 5/16
No Validation (PLR) 0/16 0/16 0/16 2/16

Finally, we compare classification rate of LR and PLR model with Table 4.4.

Table 4.4 Misclassification rate of LR and PLR model
PLR (1= 46.3)
3/16

LR
7/16

Misclassification Rate

From tables 4.3 and 4.4, the minimum misclassification rate is obtained when the
penalty parameter is selected as 46.3. The overall classification rate for PLR is 13/16
(81.25%). Thus, we select the penalty parameter as 46.3. At this point, we can

estimate the penalized regression coefficients.

Table 4.5 Penalized regression coefficients.

Systolic

Constant | Gender | Age Weight | Obesity | Smoking | Blood P.

A =0.005 -29.573510.006737 [ 0.289104 | -0.03655 | -0.00374 | 0.005113 | 0.137307
A =463 -10.611910.001018 | 0.061133 | -0.00172 | -7.0E-05 | 0.000461 | 0.026749
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From table 4.5, the regression equation for binary response might be written as

it’s given with equation (4.1).

Y =-10.6119 +0.001018 *Gender +0.061133 * Age — 0.00172 *Wheight +... (4.1)

As it’s clearly seen from table 4.5, the regularization parameter shrinks the
regression coefficients towards zero. However, none of the coefficients becomes
exactly zero. The corresponding coefficient for obesity is estimated very small near
zero. This property might be noted as a disadvantage of quadratic penalization since
all coefficients are included in the model even if the estimated coefficient is very
small. Thus, any predictor will be included in the model even if it’s statistically

insignificant.



CHAPTER FIVE

DISCUSSION AND FUTURE WORK

In statistical researches, the scope of the study and the properties of the data set
significantly affect the selection of analyzing methods. We can analyze data by using
several statistical techniques. However, only very few of these models provide us
statistically significant results. Thus, the determination of the best model is crucial.
We should carefully understand the data and the model assumptions to ensure the

best selection of statistical modeling techniques.

Logistic regression is a powerful modeling tool when the response variable is
categorical. This method is highly affected by multicollinearity and the size of
samples. Thus, we should be cautious against these problems during the analysis. We
can eliminate these problems by employing alternative methods or introducing some
useful modifications into logistic regression analysis. In this thesis, we prefer to
modify logistic regression for better results rather than changing the modeling

technique.

The data set which was used in numerical study had multicollinearity and high
dimension problem which led the method to be inaccurate for fitting the regression
line to the data. The response variable had only two categories. We proposed PLR
model to eliminate these problems. This study focused on determination of
penalization criteria and the parameter estimation of PLR method. Since PLR
method does not remove the multicollinearity problem from data set, the high
dependency still exists amongst the predictors. From earlier chapters, it can be
concluded that PLR method easily overcome multicollinearity problem without
removing it and estimates robust regression coefficients against the multicollinearity

problem.

44
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In chapter three, we have focused on quadratic penalization for PLR method. We
have addressed some important implications about quadratic penalization. The
regression coefficients are estimated at the optimum level of penalty parameter. In
order to define the optimum penalty parameter, we examined several measures
simultaneously to minimize the regression error. Each measure gives its minimum at
different levels of lambda. The overall classification rate is calculated for different
levels of penalty parameter. Finally, we define the best choice of penalty parameter
with respect to classification rate and prediction error. Moreover, advantages and
disadvantages of quadratic penalization were also provided. One important point of
quadratic penalization is that the regression coefficients never estimated as zero.
Although the penalty parameter shrinks regression coefficients towards zero, they

never become exactly zero.

According to the results of the numerical study, the overall classification rate for
LR model increased significantly when the PLR model was performed. While some
coefficients were estimated very small, none of the regression coefficients were
estimated exactly zero. Although the overall classification rate was quite high, the
regression model was not defined as the best model. Because there were many
predictors, some of them might be redundant. We might remove redundant predictors
by performing variable selection methods. However, the variable selection criterion
is not the scope of this study. In addition, an alternative penalization method might
be performed on the same data set to compare the performance of quadratic
penalization. For example, LASSO penalization is also popular method which is used
with logistic regression. Unlike quadratic penalization, LASSO is able to shrink
regression parameters exactly to zero. This property provides us an important
advantage. LASSO penalization internally performs variable selection process. We
may select only required predictors by removing the regression predictors where the

estimated coefficients equal zero.
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In recent researches, LR method is frequently used with microarray data analysis.
Since there is high dependency among the DNA sequences, the penalization
techniques are considered with LR model for better classification. In this thesis, we
performed quadratic penalization on the coronary heart attack data set. For further
research, we will consider quadratic penalization with microarray data for Alzheimer
disease. The data have gene sequences for 1305 patients. For each patient, more than
620000 genes are observed. As a comparison of penalization methods, we will

perform quadratic and LASSO penalization on the same data set.
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APPENDIX

A. NR codes for MATLAB

%

cle

display('Before running these codes, the data matrix should be denoted as X and
reponse vector as Y (with CAPITAL letters)')

inc = input('Define the increasements for penalty parameter : '); % the loop repeats
with the steps of inc for penalization parameter.

lambda_lower = input('Lower limit of lambda (starting value for the loop of
penalization) : ");

lambda_upper = input('Upper limit of lambda : ');

tolerance = input('Define the tolerance level for convergence : '); % The tolerance
level affects the number of iterations for NR algorithm.

%%%

[n,p] = size(X); % The data matrix X should be consisted of column of ones in the
first column to estimate the regression constant b0.

Y out=[];

X out={[];

logit out=1[];

resultd i=1[];

RESULTD =[J;

pi_hatd =[];

k=100;

mlambda = [];

RESD M =[];

PRESSD M =[J;

LOGL =1J;

CEcond = [];

Y _CE=[];

CE out=[J;

CE=[];

lambda RESULT =[];

%

%

for lambda=lambda lower:inc:lambda_ upper % the loop for penalty parameter,
lambda.

%

mlambda = lambda*eye(p);

mlambda(1,1) = 0;

%
LOGL = [J;
Xd=[];

Yd=[];
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logitd = [];
%
for d=1:n % the loop for Cross-Validation
Xd=[X(1:d-1,:);X(d+1:n,:)];
Yd=[Y(1:d-1,:);Y(d+1:n,})];
Y out=Y(d,);
X out=X(d,);
b0d _initial = log(mean(Yd)/(1-mean(Yd)));
betad_initial = [bOd_initial;zeros(p-1,1)]; % Cross-Validated initial guesses for
coefficients which is used for the starting value of NR algorithm.
betad = betad_initial;
kd =100;

while kd > tolerance % Loop for NR algorithm (Cross Validated.)

pi_hatd = [];
logitd = Xd*betad; % column vector of logits.

for i=1:n-1 % loop for obtaining the W matrix.
prob = exp(logitd(i,1))/(1+exp(logitd(i,1)));
pi_hatd = [pi_hatd;prob];
Wd(i,1) = prob*(1-prob);

end % end of loop for W matrix

betad new = (inv(Xd"*Wd*Xd + mlambda))*Xd"*Wd*(Xd*betad +
inv(Wd)*(Yd-pi_hatd));

kd = norm(betad new-betad);

betad = betad new;

end % end of loop for NR algorithm

logit out =X out*betad; % logit of removed observation.
Y hat out =exp(logit out)/(1+exp(logit out)); % estimated probability of
removed observation.
logl out=Y out*log(Y hat out)+(1-Y_ out)*log(1-Y hat out);%log-likelihood
value of removed observation
%
%%%% MCE (determination of the conditions in the brackets for MCE measure.)
if Y _hat out<0.5
CEcond(d,:) =[1,0,0];
elseif Y _hat out>0.5
CEcond(d,:) =[0,1,0];
else
CEcond(d,:) =[0,0,1];
end
%
Y CE=[Y out;1-Y out;0.5];
CE_out = CEcond(d,:)*Y_CE;
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CE = [CE;CE out];

%

%%%% end for MCE calculation.

%

LOGL = [LOGL;logL out];

RESD =Y out-Y_hat out; % residul for ith observation.
RESD M =[RESD M;RESD]; % residuals vector.
PRESSD = (norm(RESD M))"2;

end % end for loop Cross-Validation

MLL = (-1/n)*sum(LOGL);

MCE =(1/n)*sum(CE);

RESULTD i = [lambda;PRESSD;MCE;MLL];
RESULTD = [RESULTD RESULTD i];
RESD =[];

RESULTD i=[];

RESD M =[];

PRESSD = [];

CE=[];

end % end of loop for lambda (penalization)
%
[MinPRESS,index1] = min(RESULTD(2,:));
MinPRESS Lambda = (RESULTD(1,index1));
[MinMCE,index2] = min(RESULTD(3,:));
MinMCE_Lambda = (RESULTD(1,index2));
[MinMLL,index3] = min(RESULTD(4,:));
MinMLL Lambda = (RESULTD(1,index3));
%
lambda RESULT = [MinPRESS,MinPRESS Lambda
MinMCE,MinMCE Lambda
MinMLL,MinMLL Lambda];
%
%
% when the algorithm converges, the matrix RESULTD gives the selected lambda
values and the calculated error measures for corresponding lambda values. When we
repeat the loop for lambda in a very wide interval, say [1,1000], it might be hard to
find the optimum lambda by skimming the RESULTD matrix. The matrix
lambda RESULT gives the minimum of these measures from RESULTD and the
corresponding lambda values to achieve these minimum points.
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