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STATISTICAL INFERENCE OF COINTEGRATING VECTORS

ABSTRACT

Cointegration analysis states that, in case the economic variable to be analyzed is
not stationary, a linear combination of these series would be stationary. Put it
differently, cointegration studies the linear combination of non-stationary variables.
A simulation study is conducted in Chapter Four for the estimation of the coefficient
matrix for the cointegrated vector autoregressive process. This study, in the last
chapter, gives information about the performances of Johansen Trace and Maximum
Eigenvalue tests, used for testing cointegration, depending on the size of the sample

and the number of the variables in the system.

Keywords: Cointegration, least square method, maximum likelihood method, trace

test, maximum eigenvalue test



ESBUTUNLESME VEKTORU ICIN ISTATISTIKSEL CIKARSAMA

0z

Esbiitiinlesme analizi incelenen ekonomik degiskenin duragan olmamasi
durumunda, bu serilerden olusturulan dogrusal bir birlesimin duragan olacagini ifade
etmektedir. Yani bagka bir ifadeyle esbiitiinlesme duragan olmayan degiskenlerin
dogrusal bir birlesimi ile ilgilenmektedir. Esbiitiinlesik ikinci dereceden vektor
otoresgresif silirecin katsayilar matrisinin tahmini i¢in dordiincii boliimde simiilasyon
calismast yapilmistir. Bu calismanin son bdliimiinde esbiitiinlesme testi igin
kullanilan Johansen trace ve maximum eigen value testlerinin 6rneklem biiyiikliigiine
ve sistemde yer alan degisken sayisina gore performanslari hakkinda bilgi

vermektedir.

Anahtar sozciikler: Esbiitiinlesme, maksimum olabilirlik yontemi, en kiigiik kareler

yotemi, iz testi, en biiyiik 6zdeger testi
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CHAPTER ONE
INTRODUCTION

A time series is a sequence of the values a variable has for successive time units.
Time series analysis is the statistical investigation of the data observed in time. It is
possible to estimate the future values of the economic time series by making use of
the values it had in the past. Time series can be discussed under two categories,
stationary and non-stationary, with regard to the deviations from the mean value they
exhibit.

In the econometric time series, the most important hypothesis for obtaining
econometrically significant relations between the variables is the requirement for the
time series to be analyzed to be stationary series. If the mean and variance of the time
series do not change with regard to time, and if the covariance between two steps
depends on the distance between these two steps rather than time stationarity is
present. Therefore, stationarity concept has an important place in time series. On the
contrary, economic time series show a tendency of increasing in time. This means

that most of the economic time series are not stationary.

There are some consequences for using non-stationary time series variables in
times series analyses. Spurious regression issue is one of the major issues and this
would cause problems in hypothesis tests. In case of using stationary series these

issues are solved to a great extent.

There are substantial differences between the stationary and non-stationary time
series. A stationary time series shows an inclination of returning to the mean level in
the long term. Covariance has a finite value and does not change in time. On the
other hand, variance and mean of a non-stationary time series depend on time.

Chapter two of this study summarizes the concept of stationarity in time series.

The domains in the time series field which have been focused recently are the
studies that question the determination of the unit root, whether or not the time series
are stationary, at which order the series are cointegrated and whether there is a
cointegration relation between the series. If the series is not a stationary one, it

should be made stationary using various methods. One of the main reasons of



making the series stationary is providing the hypothesis about the error terms.
Therefore, a unit rooted series is tried to be made stationary by taking difference.
However, taking difference method causes long term data loss in variables and it

causes statistically erroneous results in the analysis of the series.

Cointegration analysis states that, in case the economic variables to be analyzed
are not stationary, a linear combination of these series would be stationary. Put it
differently, cointegration studies the linear combination of non-stationary variables.

Studies in which the cointegration analysis is used can be listed as follows:
relations between expenses and revenues, relations between the long and short term

interest rates, and the relations between the production and sales volume.

A simulation study is conducted in Chapter Four for the estimation of the
coefficient matrix for the cointegrated vector autoregressive process. In this

simulation, the asymptotic properties of E(p) —p ve E(&@) — a , for pand « values

of the coefficient matrix A, are investigated for different conditions as per the
method used for obtaining the unit root. For instance, the unit root in the process can

be obtained in two ways depending on p =1and a <lor ¢ =1and p<1.

There are two separate hypothesis test methods frequently used for the
determination of the existence of cointegration. These are the Engle-Granger and
Johansen cointegration tests. Engle and Granger (1987) argues that if times with
common trend are also integrated at the same order and the difference between the
time series is stationary, then these series are cointegrated. Johansen (1988) method,
on the other hand, is the multivariate generalization of the Engle-Granger method.
While only one cointegration is found between variables in Engle-Granger method,
more than one cointegration relations can be found in Johansen cointegration test.
Also, while Engle-Granger test uses the least squares method for the estimation of

the cointegration vector, Johansen test uses the Maximum Likelihood method.

This study, in the last chapter, gives information about the performances of
Johansen Trace and Maximum Eigenvalue tests, used for testing cointegration,
depending on the size of the sample and the number of the variables in the system.

2000 sample groups will be randomly generated, sample size being 30 and 400, using



a simulation method with varying f and g parameters. The presence of cointegration
in the sample groups, generated with regard to the a = 0.05 significance level which
Is mostly preferred in the literature, will be investigated with reference to the

rejection ratios of Hg hypothesis, and the power of the tests for each method will be

questioned.



CHAPTER TWO
STATIONARY AND NON-STATIONARY TIME SERIES

2.1 Graphical Investigation of Stationary and Non-stationary Time Series

Stationary series have mean and variance that do not change in time. Such series
would present a constant oscillation and move around its own mean. For
nonstationary series, on the other hand, the variance of the series becomes a function
of time. All statistical tests give correct results under the assumption that the series is

a stationary one.

For stating the series x; , defined for t=1,2,...,T times, as stationary, the three

conditions given below should be met:

a) Constant mean, E(X;) = E(X;) =u ,Vt#s

b) Constant and finite variance, Var(X,) = Var(X;) = 0?2 <o ,V t s
€) Cov(Xy, Xs) =I5 Ve Cov(Xpyi, Xsyi) = ltes, V I

The series which do not have a constant oscillation around a constantmean and
which do not satisfy the three conditions above are called the nonstationary time
series. The stationarity of the AR (1) model given in Equation 2.1 depends on the a,

coefficient.
xt = alxt_l + St (2.1)

If |a,] < 1, then the process is called stationary; and if a, = 1, then the process
is called nonstationary process. In case of a;, = 1 equity, the process is unit rooted
and called random walk process. In order to present the differences between the unit
rooted (nonstationary) series and the stationary series, two AR (1) process with
sample sizes of 300 and with (0,62) distributed error terms, were produced. In the
AR(1) process in Figure 2.1, while the a; coefficient is 0.8 and the process is
stationary, in the AR(1) process in Figure 2.2, the a; coefficient is 1 and unit rooted,

I.e. nonstationary.
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Figure 2.2 x; = x;,_, + &, Nonstationary AR (1) model (Random walk process)

Stationarity is a significant issue in a univariate time series as it is in multivariate

time series. Let
X; i=1,2,...k t=1,2,....,T

be a k dimensional t time indexed time series variable. The stationarity conditions for

the k dimensional X;; variable are as below;
a) If the X;; vector has time independent mean vector,
EXy) =EXi) =p YV t#s

b) If the covariance between the k dimensional X;; variable, which is realized
in t time, and the X;, variable, which is realized in s time, depends only and only

the time interval between these two variables, expressed as below:

Cov(Xit, Xis) = Cov(Xiqeejy Xics+) =Ts,V
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Figure 2.3 Three dimensional stationary VAR(1) process

The time series graph of the VAR (1) process, which has three variables, is

presented in Figure 2.3. The equation of the process is given below:
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Figure 2.4 Three dimensional unrelated nonstationary VAR (1) process
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Figure 2.5 Three dimensional related nonstationary VAR (1) process

Figure 2.4 and Figure 2.5 presents two examples for nonstationary VAR (1)
process with three variables. The models of these processes are given in Equations
2.2 and 2.3 respectively. Each variable in the model presented in Figure 2.4 were
produced from the random walk process. In Figure 2.5, on the other hand, the
processes X;;, X,:and X5, were produced from the nonstationary random walk
processes. While the variables in the model presented in Figure 2.4 are independent
of each other, the first variable in the model in Figure 2.5 depends on the delay of

other variables.

X1t '20' 1 0 O X1t-1
X2e| = (30 0 1 X2t-1 52t (2.2)
X3t | 0 | 0 O X3t—1
X1t 0] [0.4 0.4 0.5][*1t-1 €1t
Xt = [0l +] O 1 0 [|X2t—1|+ | €2t (2.3)
0 0 1 11X3¢-1 €3t

The process in Figure 2.4 can be transformed into a stationary one by taking the
difference of each series. On the contrary, the process in Figure 2.5 could not be
transformed into a stationary one by taking the differences. This study aims at
investigating the cointegrated relationships of the processes that cannot be smooth by
difference operations.



2.2 Stationary VAR (p) Process

Before introducing the stationary VAR (p) process, brief information about the
notation of the k dimensional Y, vector and the matrix notation of the covariance

matrix.

Let Y, vector present k variables observed in t time.

Yie

If k time series are observed in a certain time interval, Y, vector for t=1,2,...,T

could be expanded to a kxT dimension.

Yi1 Y1z o YT

/4 yZT

Y,=[Ye Yo - Yiel = yfl Y?Z "
Yir Yk2 . VT

Each row of Y matrix shows the univariate time series and the each column shows

the values for the k™ variable in time t.

The covariance coefficient for the h™ step between the i and the j™

component of the Y, vector is defined as below:
I (h) = cov(Yie, Yie-n) = EMie — 1) (Yjeon — 1)

The kxk dimensional variance-covariance matrix of k variables for the h™ step is

expressed as below:

L) L) - Tuh)
F(h) = EIYe — WY, — )’ = |2 T2 T
L) Te® . T

Let a, shows the white noise process; the model of a p™ order autoregressive

process AR(p) in univariate time series, is written as below:

Yt =cCc+ ®1Yt—1 + ¢2Yt—2 + -+ ¢th_p + at



In the multivariate time series model, on the other hand, the dependency structure

of the ith variable with other k variables. The model is as below:
Yie=ci+ @Y1+ DizaYor1 + -+ Bupea Ver +
+0i12Y1e-2 + Biz2Yor—2 + -+ Dig2Vie—2 +
+0i13Y1e-3 + BizaVor—3 + -+ DigaVie3 +
+ ces +
+0i1pVie—p + BizpYor—p + -+ BirpYt—p t air i =12,...,k

The @y, parameter shows the ith time series, k indicates the related variable,

and p shows the delay degree of the model. The pt™ order vector autoregressive

process VAR (p) can be written with matrix notation as below:

C2 +|¢21,1 Bo21 - Dok | YZF—l

Vit C1 [®11,1 D121 - wlk,l] Vit-1
Yot _

Pr11 Dr21 .. Dkka Ykt-1

Imll,p Bi2p = Pikp|[Yit-p
+ |®21,p Q)zz,p QkallYZt p‘ l

Dr1p ODkzp ... Q)kkp Ykt-p
or
Yi=c+ @Y, 1 +DY, 2+ +D,Y, ,+a,
In the equation,
Y,: is the kx1 dimensional random time vector,
®@;: is the kxk dimensional autoregressive coefficients matrix i=1,2,...,p,

c: is the kx1 dimensional constant term vector,

a,: is the kx1 dimensional white noise process vector.



The expected value and the variance-covariance matrices of the white noise

process are as below:

E(a;)) =0
[ E(ai)  E(a1az) - E(as¢are)]
E(ata,t) — za — |E(a1§ta2t) E(a%t) : E(azstakt) |’
lEaan) E(azaw) .. E@}) |

Where X, is the positively defined variance-covariance matrix. Because of this
property, X, is existing.
2.3 Stationary VAR (1) Process

After a brief information about the VAR (p) processes, the investigations will
continue on the basis of VAR (1) process, in order to interpret the statistical
properties of the process more easily.

2.3.1 Model Definition
1% order autoregressive process VAR (1) is presented in the equation below:
Yt =cC+ q)lyt_l + at
This model can be expressed using a backshift operator.
(Ix — ®L)Y,=c+a,

In the equation above the L is called as the backshift operator, and it shifts the

variable it precedes backwards by the power of the operator (L'Y, = Y )

2.3.2 General Linear Process

If we rewrite the VAR (1) model using the backshift method we obtain the

equation below:

ye=c+ Oy, 41+ a,

10



=c+0.(c+ Py, 2+ a; 1) +a;

=c+0.c+Diy, », +Dia, 1+ a;
=c+0.c+0i(c+DPy,_3 + a;_p) + Pia,_ 4 + a,
=c+0.c+Dic+ Dy, 3+ Dia, , + Dra,_1 + a;

=+ 0, +DDc+ DIy, 3+ Dia, , + Pra, 1 + a;

After performing n replacements VAR (1) model is expanded to the form below:
Yo=(I+® +®i++0c+ 1Y, +Dla,_p,+ -+ Dra, 4 +a,

As the VAR (1) model will become close to zero, when the ®%*! coefficient of
Yi—n—1 Variable is n — oo, and thus become negligible, VAR (1) becomes a model
which comprises only of random shocks. Therefore, VAR (1) model, which has the
property of invertibility in its nature, becomes a stationary model. If it is accepted
that the kxk dimensional matrix with the ®; coefficient has s linear independent
eigenvectors, s being less than or equal to k, the @, matrix is tried to be decomposed
using the Jordan Decomposition method. Py, being any matrix that is not singular,

the equation below can be written:
®, = PAP?

The A matrix with the diagonal elements being A; and other elements being zero

Is presented as below:

A, .. 0
A=1: . :

o .. A4,
The A; matrix, with the diagonal elements comprising of the eigenvalues ( 4;

i=1,2,....k ) obtained from the ®; matrix, and with other elements, crossover the

diagonal elements, being zero, is written as below:

11



[)\1 1 0 0 1
0 A 1 0
Ai = 0
0 1
0 0 Ay

Then, the m™ power of the ®,; matrix, decomposed using the Jordan
Decomposition method, can easily be obtained by using the equation below, with the
help of the decomposed matrices:

= (pJPHm = pympt

If the absolute values of the eigenvalues of the ®; matrix are less than 1, for

m- oo, O =P/™P 150 will be close.Since it would converge to

o'ty .1 - 0value ®7*1y, ., can be neglected in the model. Therefore VAR
(1) model is stationary (Hamilton 1994).

2.4 Near-Stationary Process

This section will cover the process which are close to unit root, except a unit root
case. This process which was introduced into the literature by Philips (1987b) is
widely used in the application; since the financial or economic data are either unit

rooted or have parameters close to unit root.
If we consider the AR (1), it is written as below:
Yt = pYr-1 T Us (2.4)

Here u, is independent and has N(0,02) distribution. When |p| <1 and
¥o~N(0,05%(1 — p*)™1),{y,} is a stationary process. On the other hand, if p = 1 and
Yo = 0, {y:} is first order integrated (I(1)) and nonstationary; the variance of the

series varies depending on t, i.e. the variance is equal to the value to? .

In case |p| < 1 and very close to 1; i.e. for <0, when the p value is defined as

p = 1 + ¢ for the small ¢ values, the equation will be as below:

E(y) =0

12



Var(y)) = o?[1+ (1 +&)? + -+ (1 + &) D]
=o%t(1+e(t—1)) = ot

Therefore, the variance would behave as a trend equation. In other words, the
process would behave as a first order integrated process although it is an

asymptotically stationary.

A more appropriate parameterisation could be used for a near-stationary process:
€
p = exp (T) <0

This parameterisation will create a local alternative series for p = 1 series. When
e =0, itwill resultin p = 1, and p will obtain a value less than 1 but very close to 1
for the smaller ¢ values, if €<0. Put it another way, for — oo , it will converge to
p — 1 value. Thus, the process will be called as near-integrated process; because the
process, for the smaller & values, for <0, will behave as a first order integrated

process.

2.5 Non-stationary Time Series

Nonstationary time series would yield unit rooted parameters in the prediction and
regression equations. It will be give brief information about the nonstationary, in this

section univariate and multivariate time series models which include unit roots.

2.5.1 Unit Root Status in Univariate Time Series

The situation that the univariate time series has a unit root means that the series
under investigation is nonstationary. Series like this contains a stochastic trend. If

we are to consider the AR (1) model

Ye = PYe—1 T Ut

in case of p = 1, the parameter is unit rooted and the process is nonstationary. As it
iIs mentioned in the previous sections, processes like these are called random walk

process. When the errors are assumed as zero mean, with unit variance and normal

13



distribution and when initial value is y, = 0, the random walk process will be

obtained as below:
Vi=& Tt &+t &
ye~N(0,1)
The variance iny at time tand s is below,
Vs =YVt = €41t Erpp T F &

Ys — ¥:~N(0, (s — t))

The variance of the y, process at the time interval between s and t is distributed
normally. This situation will be investigated in detail in the following chapters. The
processes which are nonstationary, such as random walk process, will be divided
into parts based on equal intervals, and the distribution of the divided parts will be

obtained using the Wiener process.

2.5.2 Unit Root Situation in Multivariate Time Series

As it is Iin univariate processes, unit root situation is encountered in multivariate
processes. If the first order autoregressive process with variable vector is considered,

the model of the process will be as below:
Xt == A1Xt—1 + St

In the model the equity of the A; coefficient matrix to the unit matrix indicates
that the model includes a unit root. In this situation the equation of the model will

become as below:

If at least one of the elements of the nonstationary multivariate time vector
(X1t ..o, Xxt) includes a unit root, the process will not have the property of

stationarity.

14



CHAPTER THREE
THE ASYMPTOTIC PROPERTIES OF UNIT ROOT PROCESSES

This chapter aims give information about the asymptotic distribution of unit
rooted processes and the properties of these distributions. For this purpose, first the

Brownian motion functions and some theorems should be considered.

3.1 Brownian Motion (Wiener process)

In statistics, the Wiener process is a continuous-time stochastic process named in
Norbert Wiener. It is often called standard Brownian motion, after Robert Brown.

3.1.1 Random Walk and Brownian Motion

It was previously mentioned in Chapter Two that the random walk in Equation 3.1

IS not a stationary process.
Ye = Ye-1 T Q¢ (3.1)

When the process is started to be written with y, = 0 assuming that the errors in
the random walk process are with zero mean and unit variance normal distribution

"a; ~i.i.d N(0,1)", y, will be obtained as below.
Ye=a+a,+--+a;
ye~N(0,1)
The change in y in times t and s will be as follows,
Ys =Yt = Qg1 t Apyp + ot 4
Ys = ¥e~N(0,(s — 1))

and this change will be independent of any changes in r and g times (assuming
t<s<r<q). When the change of y in time t-1 and t is examined by dividing the t-1

and t time period to n sub-periods, the process will become as follows:

Yt = Vt-1 = Q1 T Qo T+ Ayt
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Here it should be noted that a;;~i.i.d. N(0,1/n). This process has the same
properties with the random walk process. The limit of this process for n — oo will
return the continuous times process known as the standard Brownian motion. The

value of this process in t time is shown with W(t).

Brownian motion will be discussed in detail under the functional central limit

theorem.

3.1.2 Standard Brownian Motion (Standard Wiener Process)

The use of continuous timed stochastic processes to obtain the asymptotic
processes of the unit rooted processes is quite frequent. Wiener process is used for
describing of the asymptotic properties of the estimated parameters. Standard
Brownian motion or standard wiener process are examples of the continuous timed

processes in the range of (W(.)), [0,1].
For each te [0,1], W(t) has the three properties below.
(2)W(0)=0;

(b) Considering W (r)~N(0,r), for
0<t;<t, <<t [W(ty)—W(t)], .., [W(ty) — W(ty_,)] random variables

are independent form each other and normally distributed.
(c) W(t) is a continuous function of t in almost everywhere.

In order to develop the unit root asymptotics, generally the X, (r) quantity is

considered. Here

[77]

Xr(r) =T z a; re[0,1]

a; represents a stationary stochastic process, r € [0,1] represents the proportion,
[Tr] represents the integer value of Tr expression. Use of X,(r) quantity in unit
rooted processes will be explained in detail when discussing the functional central

limit theorem.
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3.2 Functional Central Limit Theorem

Using the functional central limit theorem, it is tried to prove, by dividing the unit
rooted processes into different sub-period intervals, that the functions belonging to
these intervals have independent and identical distributions with different

parameters.

As per the central limit theorem, and considering wu, as being independent
random variables having the same distribution with a zero mean and &2 variance,
the asymptotic distribution of %, sample mean will have a normal distribution as

shown in Equation 3.3.
U, =T 'Y a (3.2)

VT, 5 N(0,0?) (3.3)

Let us try to obtain the X, (r) step function by dividing the sample into certain
subsections using the function pertaining to the sample mean in order to show the

functions of the functional central limit theorem.

[77]

Xr(r) =T Z a; 71e[0,1]
t=1

The step function of X, (r)is as below:

(O 0< <1

ST T

aq 1< 2

Xp(r) ={T T=T<T
(a; +a, +-+ar)

r=1

\ T

Later, for all values of r, as per the central limit theorem, it is obvious that it would
be;

[Tr] Irrl

B i B VITr] 1
ﬁwﬂﬂ—vfgku—(vfﬂvﬁﬁgg%
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[Tr]

1 L
) ) 4> N(0,0%)
t=1

VITT]

(

. VITT]
Since (* ;=) - VT,
VTX (1) ks N(0,70?)
VT(Xr(r)/3) > N(0,7)
they will have the distributions above.

Similarly, letr, > r; , the asymptotic distribution, mean and variance of the
difference of the two step functions for a [Tr,] and a [Tr,] sample size would fit

the normal distribution as in Equation 3.4.

VT (X7 (ry) — Xr (1)) /0 = N(O,75 — 17) (3.4)
According to all these results, it will have the VT (X;(.)/o) properties
which takes the X, (r)=0 for r=0,
which takes continuous values for each t and
asymptotic normally distributed for each r, > r;value.
VT (Xr(.)/0) =W()

The Brownian motion provides the possibility of applying the central limit
theorem in a more general way. Using the functional central limit theorem, the
traditional central limit theorem for r=1 can easily be reached. In other words;

T
Xr(1) = T‘IZat r=1
t=1

T
VI(:()/0) = [1/oNT )] SW(D)~N(0,1)
is obtained

18



3.3 Continuous Mapping Theorem

Let {X;}=,random variables array be a g: R — R defined continuous function

and let X be any random variable.As per the continuous mapping theorem, while

T - oo, if Xp iX approximates, g(Xr) ig(X) will approximate.Accordingly,
while T — oo,
VT (X () =oW() ,W(@)~N(0,7) veNTX;(r) i oW (r)

can be written.Also if S;(.)Is a stochastic function of X random variable

(ie.y=[ S(r)dr), itis obvious that S;(r) = WTXp (]2, Sp(r) a2 [W ()],

3.4 Asymptotic Properties for Unit Root Univariate Time Series

Philips (1986, 1987) is the first researcher to investigate the asymptotic
distributions of the unit rooted processes using the functional central limit theorem.
In this section, the obtaining process of the asymptotic distributions of the unit rooted
AR (1) process will be summarized. The equation of the unit rooted AR (1) process

is presented below:

Yt = Yi-1 T g,

For the random walk process if a,is accepted as independent and having the same
distribution with zero mean and o2 variance and if the process starts with y, = 0,

the model will be as
Ve=a,+ -+ a; (3.5

The model shown in Equation (3.5), X1 () step function is as below:

rO 0< <1

<r T

V1 1 2
XT(T):<7 ?Sr<?
&y% r=1
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The graph of the step function obtained above is given in Figure 3.1

X1(0)

Ik
¢ |V

b1

< —>

&
T

1 2 3
T T

Figure 3.1 Graph of X, (r)step function

When figure 3.1 is examined; the area below the function will be equal to the
product of T rectangles. In other words, the area of the first rectangle is obtained by

the product of the length of base 1/T and the height % When all the areas of the

rectangles are summed, the area of the X;(r) step function will between [0,1]

interval. The mathematical representation is given in (3.6).

T

1
fXT(r)dr=&+~-~+yT_1 =Zyt‘1 (3.6)
0

T? T? T?
t=1

When Equation (3.6) is multiplied by T, the product is:

1\/TXT dr = T3/2 o1 3.7
jo () dr Zy 3.7)

Equation (3.7), will become Wiener process for T — co as per continuous

mapping theorem.

f T dr Lo f Wy dr (3.8)
0 0
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The information in Equation (3.8), can be used to obtain the asymptotic

distribution of the T=3/2¥T_, y,_; function obtained in (3.7).

T
1
L
T‘3/22yt_1 - af W(r)dr
t=1 0

When the equation T=3/2¥T__ y,_, is unfolded until T equation (3.9) is obtained.

N|w

T
3
T Zyt_l = T_E[al + (al + az) + (a1 + a, + a3) + .-
t=1

+ (a1 + a, + as + -+ aT_l)]

=T 32[(T — Day + (T — 2)a, + (T — 3)az + -

T
+(T—-(T-1)ar_4] = T_%Z(T —ta,
t=1

N| W

Z tay (3.9)

1

T
=T"1/2 Z a,—T~
t=1

Hamilton (1994) showed that the function in (3.9) approximated the normal

T
t=

distribution, with the parameters given below.

RN
ll(i\)/TZ(t/T)a Jl (00"l 175
\/T t

3
Thus T~ 2 YT, y,_, asymptotically will approximate to the normal distribution

with 0 mean and %2 variance. Using the equation in (3.11), o fol W (r) dr expression

2
will naturally have the same distribution; in other words it will also be N(O,%). With

reference to this information, the asymptotic distribution of the function

3
T~ zYT_, ta, will be as given in Equation (3.10).
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le
M’ﬂ

le

T T
_1
t=1 t=1

T
3
T™ iz ta; 4 oW()—-o W(r) dr (3.10)
t=1

The asymptotic distribution of the sum of stochastic squares of the random walk

process can be obtained similarly. 1f S (r) statistics is defined as below;
Sr(r) = NTXp ()]

The step function S;(r) statistics can be obtained as below:

[0 0<r<o
<r T
2
V1 1 2
ST(T)=<_T TST<T
, :
Yr _
T r=1

3’t1

Later; The area of S;(r) in the [0,1] interval will be equal to equation Y.7_,

T 2
V1 Yr-1’ _ Yt-1

1
JOST(T)dT_F-l- -+ T —t_l TZ

As per the continuous mapping theorem;
T d 1
Y yat 5ot [ wordr
0
t=1

can be written.When the asymptotic distribution of the products of the statistics
discussed up to now with t/T, assuming r=t/T, equation (3.11) is obtained.
T
T‘S/ZZ ty,_ 3/22(—)yt = af rW(r)dr (3.11)

t=1

Similarly;
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1
0

T T
t d
T Y vk =T Y QS0 [ rwePdr
t=1 t=1

Until now, the asymptotic distributions of y.and its different functions have been
investigated. Using the results obtained, one can get information about the
asymptotic distribution of unit rooted AR (1) model. The operation begins by

squaring both sides of the AR (1) model. Let

Ytz = -1+ at)z = 3’1:2—1 +2y:q,a; + a?
1 2 2 2
Ve—1a¢ = <§> v —yie1 —af}

and for y, = 0;

r Z et = (3) A/DH - (5) (%)i a?
t=1

t=1

Y= ()50 - () )Y e
t=1

t=1

are obtained. Here, as per the law of large numbers and the continuous mapping

theorem, the distributions will be obtained:

T
1 p
) ) at 5o
t=1

Sr(1) S a2 W (D)2

Here W(1), is a wiener process with N(0,1) distribution. With regard to this

information [W(1)]? will distribute as y2(1) and will be equal to the expression

below:

1 2 Yerae S (3) 02 WP - (5) 02 = (5) o2 IW I ~ 1)
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= (3) oL@ -1

The asymptotic properties for Univariate Unit Rooted AR(1) process are

summarized in Table 3.1.

Table 3.1 The asymptotic distributions of wiener processes

Functions

The asymptotic distributions of

wiener processes used

(\%) Z a; i N(0,02)

T yeaae S (3) 2 WOR - 1] | W),
t=1
e d 1 W(1)~ N(0,1)
T 2; ta;, > aW(1) — O'J;) W(r)dr
JOIW(T) dr ~N(0,1/3)
3% a (* !
T 2 ; Vie1 ™ aj; W(r)dr fo W(r)dr ~N(0,1/3)
T j 1 )
— 2
r Ey 5o | WP (WP~
T j 1
-5/2 e
T-5/ ;tyt_l aj;) rW(r)dr

3.5 Asymptotic Properties for Unit Root Multivariate Time Series




In the previous section the asymptotic properties of univariate AR(1) process and
naturally the univariate standard Brownian motion W(r) were discussed. Since the
asymptotic properties of the multivariate VAR(1) process will be discussed in this
section, information about the multivariate Brownian motion W(r) will be provided.
W(r) is a (nx1) sized vector which contains n “W;(r), ..., W, (r)” processes

independent from each other.

The n sized W(r) multivariate standard Brownian motion defined r € [0,1] has

the three properties given below.
awo) =0

b) For any 0<r<n<--<n <1 time, [W(ry)—-W(ry), .. Wi —
W (ry_1)] changes have independent and identical distributions. They are normally
distributed as [W(s) — W(r)]~N(0, (s — r)I,).

¢) W(r), is a continuous stochastic function with a probability of 1 in the interval in
which r is defined.

Let the {v,}{Z univariate discrete time process with O mean and unit variance,

which are independent and have the same distribution, be defined.
X;(T') = T‘l[vl +vy, + -+ U[Tr]*]

[Tr] = expresses the integral function which shows the largest integer value
which is equal to or smaller than Tr. As per functional central limit theorem, for

T — oo it was;

VTX:() S W)

This situation written for univariate processes can be generalized for multivariate

processes.

For the multivariate {v,};=, vector process with independent variables and the

same distribution let E(v;) = 0 and E(v,v;) = I, for the function below

X;'(r) = T_l[vl + Vo + -+ V[Tr]*] (312)
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It is written as below

VTX() Sw)

Later, if the {&;};=, process, with n-size, zero mean vector and Q variance -
covariance matrix, is defined the P matrix can be obtained by applying cholesky

decomposition for the Q variance-covariance matrix.
Q = PP’

If it is assumed that all &, are produced from v, the equation below can be written

by using the P matrix obtained from the decomposition.
gt = P‘Ut

When &, is expressed with Pv, its initial properties do not change. Its mean and

variance-covariance matrix are as below:
E(e)) =PE(vy) =P*x0=0
E(g.g) = PE(vv)P' =PI,P' = Q
The properties of the X7(r) statistics given in Equation (3.12) will be as below:
Xi(r) =T 'eg + &5 + - + €1e.]
=PT1[vy + vy + - + V]
= PX;(r)
As per the continuous mapping theorem, it will distribute as below:
VTX; () S PW()
Foranyr, PW(r) has N (0, rQ) distribution.

The a, vector in the multivariate VAR (1) process can be written as dependent &,

vectors using the functional central limit theorem.
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[ee]
at = 2 lpsst—s
s=0

Let W;; be the ith line and jth column element of the matrix Ws. The lineer

weights of a, obtained as &, vectors should be smaller than infinite for each i and j,

as per the stability and convertibility condition. This condition is stated below:

o

> 5wy | <o

s=0

Since the unit root VAR (1) models are under discussion, at this point it is
necessary to give information about the Beveridge-Nelson decomposition.
Beveridge-Nelson decomposition is used for dividing a scalar time series vector Y
into two parts as total random walk component and stationary component.Thus,
information about the asymptotic properties of the unit root component can be

obtained.

Beveridge-nelson decomposition shows that an | (1) process can be written as the
initial conditions of the sum of random walks and as the linear components of a
stationary process. The way to obtain the decomposition is given in Equation 3.13
from its beginning to the end.

t 00 co 00
z ag=a;+--+a = Z Yee, o+ Z Yee, o+ -+ Z‘Psst_s
s=0 s=0 s=0

s=1
= (‘Posl + ‘Plso + ‘st_1 + ‘1138_2 + )

+(lp0€2 + ‘Plsl + lp2£0 + lp3£_1 + "')
+(1P0£t + ‘Plst_l + q"zst_z + lp3€t_3 + "')
=Wo(ey ++&) +Pi(egr+ - +g)+

—(P1+ W+ )e— (P + W3+ )€ g — (W3 + Wyt )gp—
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=P +¥P+¥+)(gg++g) — (P + W+ )g
— (P2 + W+ g1 — (W3 + Wyt g —

t

Zas = ‘P(l)iss +My— Mo (3.13)

s=1

In the equation above, W(1) = (W + W1 + W, + - ) and 1 = Ygop OsE s are
in the form of ag = —(Wsyq + Peyz +-++). The term W(1) Yt_; & in equation
3.13 shows the random walk part, the n, term shows the stationary part and y, — ng

shows the initial conditions.

The step function, used in investigating the asymptotic properties for the
univariate unit root time series, can be used with the same purpose for multivariate

unit root time series. For the equation

[Tr]=

1
Xe(®) = (@) ) as

The equation below is written using Beveridge-Nelson decomposition,

t
\/TXT(I') = T_%(‘P(l) z & + NiTr]x — r|0)
s=1

The expression My — Mo approximates to zero value for T — co. In other

words it approximates zero.

P
sup T~ Y2 e — Mio| 20

i=1,2,..,n

(Hamilton 1995). At this point, using the previously given asymptotic properties

the equation below is written:

VTX() S WP ATX() S WP W()

Y(1)P.W(r) process has the N(0,r.¥(1).Q.W(1)") distribution.
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It was previously mentioned that Qmatrix is decomposed as PP’ using the
cholesky decomposition.The properties below can be used for investigating the
asymptotic properties for all multivariate unit rooted series.

rs = E(ata,t_s) = Z lPS_I_vﬂlP,v S = 0,1,2, e

v=0

A1
a2

z.=| . v=>1
A

-V

T, r, .. T4
.. T
V=E@zp=|" o oy
l-‘—v+1 F—V+Z l-‘0

A=PYQ)P= W+ +WP,+ )P
E,=a;+a,+--+a,E=0 t=12,..,T

Table 3.2 is an attempt to summarize all asymptotic properties.
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Table 3.2 Asymptotic properties for multivariate unit rooted time series

1 L
T2Y(a,~> AW(1) ;

T
1 L
T_iz Zi € N(O, O-iiv) | = 1,2, e, n

t=1

-

_ P
T 1Zat a'y_s—oT

t=1

AW(DW (DA —T,
s—1

T
d
T—lz B s +a_B'
t_l( t—1a t-s A= ¢ 1)_) AW(l)W’(l)A,'i‘

v=—s+1

L,

T-! ZT: Epa’; ke A {LIW(T) (dW(r))'} A+ i r,
t=1 v=1

T 1
71 2 B o A { J w(r) (dW(r))’} P’
t=1 0

1
L
T=3/2 E Et_1—>AJ W(r)dr
0

T 1
L
T=3/2 E tat—s—>A{W(1) - f W(r)dl‘}S =012,..
0
t=1

T

L 1
T-2) B, (& 1> A| WEOW@driA
> 2T {fo W) r}

t=1

T 1

L
T=5/2 Z tZ_, — Af rw(r)dr
0

t=1

L 1
T3 z tE2_1E' -1 5 A {J rW(r)W’(r)dr} A
0

t=1
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CHAPTER FOUR

COINTEGRATED VAR (1) PROCESSES

The first definition of cointegration was put forth by Engle and Granger (1987)
with a theory which argued that the linear combinations of non-stationary series were
stationary. They defined the stationary combination of these non-stationary series as
cointegration and showed this with the CI (d,b) notation. Here d indicates the
integration level of the non-stationary processes, and b indicates the number of linear
cointegrations between the non-stationary processes. If (xq; Ve Xy:)the linear
combination of two different I(1) series, is stationary [1(0)], then it is said that these
two 1(1) series are cointegrated and the CI(1,1) notation is used.

Engle and Granger give the definitions below for a CI (d,b)

X = (X10 X20 > Xnt)' VECtor process with n variables:
a) All n components of the X, vector process are cointegrated at d™ level.

b) For the (8 vector, different from zero, B'X;~I(d — b) is stationary and 3 vector is

the cointegration vector.
Axt == HXt—l + at (4.1)

In equation 4.1, IT matrix has a O<r<n dimensional reduced rank, herefore it can
be written as IT = ap’. Here a and B are (nxr) dimensional and have a rank of r. B
is the cointegration matrix, o is the adjustment coefficient (loading)matrix, and a', X,
is a unit rooted process. If r=0 then AX, is a stationary VAR process, and if r=n then

X, is a stationary process.
4.1 Bivariate Cointegrated VAR (1) Process

To be understood more easily, the cointegrated VAR (1) process and the
acquisition of cointegration matrix will be explained over a bivariate lateral vector
autoregressive process. X; = (X;; X,¢)" vector time series is written in terms of a

vector autoregressive process in Equation 4.2.

X, = AX,_1 + a, (4.2)
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The roots of the characteristics equation of the coefficient matrix A, under the
assumption that the one of the two roots of 4.2 model would have unit root and the

other one would be smaller than one, will be as follows:
|A—zl,| =0
Zl = 1 ZZ = }\ < 1

Since z; = 1, X;and X, is first order cointegrated and A matrix has a full rank.
Therefore A matrix is expressed as eigenvalues and eigenvectors corresponding these

eigenvalues.

10
A:P& JQ

P matrix is the eigenvector matrix of A.

a b

_ p-1
c dl’ Q=P

|

For ease, under the assumption that the determinant value of P matrix is equal to
one, the elements of A matrix are expressed as below in terms of their own

eigenvalues and eigenvectors.

_ |(ad—2abc) —ab(l-21)
_[waﬁ@ em+mm}

When both sides of Equation 4.2 are multiplied with Q matrix, being

W || Xy . . N
=Q | the equation below is obtained:
t

W | |1 0f wy, 43
S 2

w, and z, variables can be written in terms of X and X, variables as below:

w, =dX,, —bX,,
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—Z; :Cxlt _aXZt

When the equation above is examined, a non-stationary variable such as z, can be
obtained from the linear combination of the non-stationary variables X, and X,,. In

this case, X,, and X,, are cointegrated and [c — a]’ is the cointegration vector.

Another important issue about cointegration is that the cointegration vector is not
unique. As it is previously mentioned, the error correction model coefficient matrix
in a cointegrated model could be written as IT = af’. Using the (rxr) dimensional
nonsingular C matrix, a* = aC’ and B* = BC~! are obtained and this disintegration
shows that the cointegration matrix is not unique. This issue can be removed by
limiting the cointegration matrix appropriately. B matrix has a rank of r; therefore it
has r rows linearly independent from each other. Organizing the variables in the
model appropriate, and using the information that the first r rows of the cointegration
matrix are independent from each other, the cointegration matrix can be made

unique. For this purpose, the cointegration vector can be selected as below:

# = o, (@4

Bk-r Is the (n-r)xr dimensional matrix, and I,. is the unit matrix. Organization of
B* as in Equation 4.4 is called normalization. Using this normalization, the
cointegration vector is made unique. The results of the normalization operation will
be explained over a trivariate system with a rank of 1 and with all variables first
order cointegrated (I(1)). In this system the model that shows cointegration can be
written as  B*Yy =[1,B' .Y = yic + B2y2e + Bsysr. In order for this
normalization to apply, y;: needs to be integrated into the cointegration relationship
and its coefficient is different from zero. Although y,; and y5. are not cointegrated,
the condition that the variables y,;, y,: and y5; are cointegrated together leads to the
result that y;, is naturally integrated into the cointegration relationship; and therefore

its coeficient in B vector is different from zero.
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4.2 Estimation of Bivariate Cointegrated VAR (1) Process
Consider bivariate cointegrated VAR (1) process is as follows:
AXt = nXt_l + at = aB,Xt_l + at t = 1,2, e (4.5)

where II is (2x2) matrix of rank r=1 (0<r<2), a and @ are (2x1) with rank r=1 and a,
is two dimensional white noise process with mean zero and variance-covariance
matrix Z,. Also we suppose that X, is | (1) process and o, B is an invertible,
because it is real valued scalar. B, and a | are orthogonal complements of a and .

If r=0, then AX, is stationary and if r=p=2 then X, is stationary.

Maximum Likelihood and Unrestricted Least Square estimator of II, e and B are
discussed in this section. Then asymptotic distribution of these related estimators are

derived.

Unrestricted LS estimation method is preferred to LS estimation method due to
the lack of the variance information. Using normal equations, unrestricted LS

estimator of IT is obtained as follows:

M= (310X X; 1) (Zt1 Xe—1 X2_1)_1 (4.6)

if MX,_1 + a, is replaced instead of AX,, then equation 4.7. is obtained.

Ti / , -1
-1 = (20 acX1)(Zict Xe-1 Xi-1) (4.7)

Q (2x2) matrix can be choosen as follows,

o=[5]  et=la@w B g
4

If the left hand side of equation of 4.7 is multiplied by @ and the right hand side

of the equation is multiplied by @1, following equation can be obtained
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T

T -1
e(i-mQ" =0 (Z axz_1> Qe (2 X1 X;_1> Q!
t=1

t=1
T T -1
_ ’
= (z vtzt—1> (Z Ziq Zt—1>
t=1 t=1

where v; = Qa, and z; = QX,.

Hence, denoting the first r components of z, by z,() = B’X, which consists of
the cointegration relationship and therefore the stationarity while the last K-r
components of z,, denoted by z,® = a X, which contains a K-r dimensional
random walk because Azt(z) is white noise. So, z; is separated into two parts -

former is stationary and latter is nonstationary.

To derive the asymptotic properties of the LS estimator, it is useful to rewrite

(I —me
- T T 11
. . Z 2, Wz, D Z 2z, Wz, @
= [z v, 2,1V’ zvt ze 1 '] T T
=1 =1 Z 2@z, @ Z 2, 1@z, @
“t=1 t=1 -
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Table 4.1 Assymptotic properties of stationary and nonstationary process

P
L] X ANO RN OIS JO)
where I,™ is the covariance matrix of z, @
1 d
2 | T 2vec(ST v, 2,4 ') S N(ord ®x,)
3 _ ;4 172,01 vy w12 0
T 1Y vz @ _>Zv/ (fo W.dw,) Zv/ [IK—r ,
Where W denotes the standard wiener process W (s) of dimension K.
4 T
t=1
5 T d 1/ 01 1o
T2 Z zt—1(2) zt_l(z)’ - [O IK—r] Z‘ZI <f WkWI'(ds> 2‘2, [l ]
0 K-r
t=1

Ahn & Reinsel (1990) would be helpful for details in derivation of the asymptotic
distribution of I — I1. The following information in table 4.1 will use frequently in

the other sections.

4.2.1 Limiting Results for the LS Estimator IT

D matrix is considered as follows:

1/2
D= [T 0]
0 T
where its elements, T1/? and T, are convergence rates.

Then

vec[Q(T—M)Q D]
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NO, ST,

4 101 1o 101 1o
vec{xf?,(f wwiasy 2], 0 |0 1z [ wawiassl, ])‘1}
0 K—-r 0 K-r

el

The vec[Q(TT — I)Q~1D] is distributed as a combination of normal distribution

and Wiener process.

Proof:
(l-me'p
[ T T ]-1
T T Z 2V z, ' Z 21 Vz @
= |7-12 Z vz, D' T z veze @' | D] =1 D
=1 =1 ! !
¢ t lz 2, @ z,_,® Z 2, ®z, @ |
t=1 t=1
[ T T ]—1
T T |T‘1Zzt_1(1) Zt—l(l)’ T_lzzt—1(1) Zt—l(Z)’|
T-1/2 z v, 2, D" T Z .2, 4@ | =1 =1
t=1 t=1 - ’ - ’
T2 7, ®g, O T2 Z 2, @z, @ |
t=1 t=1

Using by partitioned inverse, following matrix is yield as follows:

T

T
T-1/2 2 vz, D' T Z v, 2y @
=1

t=1

S1i + 8115125721511  —S11S125
—~5*55,571 s

where S* = (552 — $21511512) L.

By using first information in table4.1,

p 1
Zt—l(l) Zt—l(l) ' Fg )

T
Si1=T7"

t=1
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the §,4 is converging in probabilityto variance-covariance matrix Fz(l) of stationary

process (z,(V = B'X,).

By using 4™ information in table 4.1,

T
! - ! d
S12=83,=T7" Z 21 PVz @' > 0, (T'?)

t=1

the S, is converging in distribution to zero with converging rate 7<%,

By using 5™ information of Table 4.1 and the continuous mapping theorem;

T
S22 = T_Zzzt—l(Z) 24P = 0,(1)
t=1

-1 _
S22 = 0,(1)
The inverse of S,, convergences to a real-valued scalar

1 1
[0 Ix_,]Z%( fol W Wds)x? [ I:_r] with convergence rate T
Using rules of partitioned inverse;
* - - - -1 -
S* =827 +523521(S11 — $12523521)  S12522
_1 1
= 0,(1) + 0,(1)0, (T z) 0,(1)o, <T2> 0,(1) = 0,(1)
1
S* convergences to finite real-valued scalar since o,, (TE) convergences to zero.

It can be seen easily, $1; — 12572521 convergences to a real-valued scalar.

1 1
S11 — 812523821 = S11 — 0, (ﬁ) 0,(1)o, (T7> =S11

Based on continuous mapping theorem, the inverse of S;; — $1257482; also

convergences to the scalar.
_ -1
(511 — $12522521) = 0,(1)
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As a result,

-1 1 1
S11 + S115125°521811 = (FS)) +0,(1o, (TT) 0,(Do, (TZ) 0,(1)

=T +0,(1)

and
-1 1
—S115125" = —0,(1o, (ﬁ) 0,(1) = 0,(1)
Thus,
1 ! T
=T 2 Z vz, ' T Z v 2,1® ']
t=1 t=1
T
T 242,509+ 0,(1) 0,(1)
t=1
X T
0p(1) (T2 24® 2,,P97 4+ 0,(1)
t=1 i
1
:[ T = ZZ:I Uy Zt—l(l) I(T_l Z{:l Zt_l(l) Zt_l(l) ,)_1
TN 102 1@ (T2 21 2014P 24P ) H0,(1)
Finally,

vec[Q(M —M)Q D]

— T T -
1
vec(T Zth Zt—1(1)'(T_IZZt—1(1) Zt—l(l),)_l)
_ t=1 t=1
- T T -1
UeC(T_let z, @’ (T_ZZZF1(Z) Zt_1(2)’> )
- t=1 t=1 i

Using table 4.1, the proof has been completed.
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NO,T)H) 1Ry,
Sl o aevss| 0 : Pwawiaszz [ 0 )
vec {Ev(fo W, W,ds)' 22 [IK—r] ([0 IK_r]Z'v(fO Wi W;ds)x, [IK—r]) }

The vec[Q(TT — I)Q~1D] is still consisting of nonnormal elements. Choosing

proper convergence rate, the nonnormal part of matrix could be normal.

The distribution of unrestricted LSE estimator II is asymptotically normal,
—~ d -1
VTvee(l ) > N©O,B(r") B ® £.)

-1
And B(I"gl)) B’ is estimated by using (T™* Y7, X,_1X;_1) !

4.2.2 Limiting Results for the MLE Estimator IT

When the error process is assumed to be Normal distribution, maximum
likelihood estimator can be used to estimate unknown parameters. If a and ), are
known, the maximum likelihood estimator is the same as Generalized Least Sqaure

(GLS) estimator for B_,. The log likelihood function is given as following:

KT T 1w
In() = ==~ In2 - 2 Inl Z| - EZ(Ayt _ X, ,) 531 (AX, — TIX,_,)
t=1

Maximizing log-likelihood function is possible just minimizing the following

determinant.

T
T By, — MX,_1) (&Y, — X, 1)’

t=1

For the general case, rank (ITI) =r, it means that there are r cointegration

relationship. We can write I = af’, so the determinant is given by
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T
- Z(AXt —af' X, 1)(AX; —af'X; )’

with respect to a and . The minimum value of the determinant is attained for
T
B=[n o WO XeaXe) ™2
t=1

o= (T4 AX X 1 B)(Z1-1B'Xeq X2—1ﬁ)_1

where the eigenvalues A;,>X, >-->Ag and the associated orthonormal

eigenvectors Y1, .., Uy isobtained from the following matrix

T -1z r T T T
(Z xtX;_1> (Z Xt_lAX;> (Z xtxz> (Z Axtxz_1> (Z XtX;_1>
t=1 t=1 t=1 t=1 t=1

And also TT = &@’ must have same asymptotic results as the unrestricted LS

-1/2

estimator of II. We know that B’ does not affect the LS estimator I1. And also,
MLE estimator of « is equal to LS estimator (Lutkepohl 2005). That is given in the

following asymptotic results,

VTvec@' - S N©,8(1") " B ® 2

To reach unique B’, normalized MLE estimator of B should be obtained. f =
I

[v r ] is normalized MLE estimator B and also the normalized estimator for MLE
K-

estimator @& can be obtained explicitly. f and @ estimators are given below:

-1
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MLE estimators of 11, & and B have same asymptotic properties as LS estimators

of M, @ and B. So, asymptotic properties are identical for both estimation techniques.

4.3 Simulation Study for Estimation Under the Unit Root

In this section, finite sample properties of both estimators are considered through

Monte Carlo simulation. Cointegrated bivariate model X, = AX, , +u, is simulated

S

and variance covariance matrix of iid error process

with following coefficient matrix,

o
0= [0 1
Simulation is performed for different o and « values in A matrix. Characteristic
roots have only one root, either if p=1and o<1 or o =1andp<1l. We assume

cointegrated process with one unit root.

The aim of the simulation study is to examine the asymptotic properties of
E(p) —p and E(Q@) —a. Asymptotic properties of these quantities is examined
under constant p and varying o, then constant o and varying p conditions. The
important point is that one of these quantities (either a or o) should not be greater
than one, because we consider one unit root and one stationary root in the bivariate
system. In both conditions, 6 is the same because its value doesn’t affect the
stationarity of the system. Then E(p) — p and E(a@) — a are performed for different
replications T=50, 100, 250 through Monte Carlo simulation.
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When histograms which are illustrated in Figure 4.1 are examined- a =1 and p
=0.1, 0.5, 0.9- distributions of E(p) — p have smaller variances as T increases for
any case in p. Also, distributions of E(p) — p have smaller kurtosis and narrower
confidence intervals, and less biasness for all p. Unlike the distributions of E(p) — p,

distributions of E(@) — a have not changed for all p under the same conditions.

As shown in Figure 4.2, for p=1, « =0.1, 0.5, 0.9, 6 = 0.4, variances of
distribution of E(p) — p are increasing considerably in contrast to variances of
distribution E(@) — a for sample size of 50. Especially distributions of E(@) — a

have smaller variances for all sample size.

Table 4.2 Mean Square Error of Parameters when a = 1

a =1
p 0.1 0.5 0.9

MSE @« 0.0011 0.0013 0.0025
T=50

MSE p 0.000474 0.1358 0.6238

MSE @« 0.000277 0.00032 0.00060
T=100

MSE p 0.000125 0.1478 0.6344

MSE @« 0.000045 | 0.000052 | 0.000092
T=250

MSE p 0.000021 0.1551 0.6338

As it is shown in Table 4.2; for all cases, as time series length increases, mean
square errors (MSE) of @and p parameters decreases. When p approaches to one,

~

MSE of parameter p increases remarkably comparing to a.Reversely, when o
approaches to 1, this increasing rate of MSE of @ and p parameters is slower than

p approaches to 1 as shown in Table 4.3.
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Table 4.3 Mean Square Error of Parameters when p =1

p=1
o 0.1 0.5 0.9

MSE @& 0.000642 0.001938 0.002818
T=50

MSE p 0.000830 0.000545 0.000047

MSE @ 0.000167 0.000492 0.000683
T=100

MSE p 0.000215 0.000127 0.000004

MSE @& 0.000030 0.000081 0.000102
T=250

MSE p 0.000035 0.000019 0.000000

When p has unit root, the MSE of parameters has better results. In existence of
exogenous variables in the bivariate system, the asymptotic properties’ of parameters

(o« and p) have better under p=1. The properties are almost unbiased and consistent.
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CHAPTER FIVE

LIKELIHOOD RATIO TESTS FOR COINTEGRATION RANK AND THE
LOCAL POWER OF THESE TESTS

This chapter will discuss the hypothesis tests developed for testing the
cointegration rank and the power functions of these tests will be evaluated using
local power analysis. Local power analysis is the investigation of the behaviors of
power function of the hypothesis tests with neighboring null hypothesis (Macnamus,
1991). As the sample size increases the local alternative hypothesis becomes closer

to the null hypothesis and all possible situations are evaluated.

As it was mentioned in the previous chapters, the number of the independent
linear cointegration relations of the multivariate time series X, was being expressed

with the rank (r) of the IT matrix in the model below:
AXt == HXt—l + at

The number of the relations in question can be tested with the hypothesis tests.
These hypothesis tests are called as the Trace test by Johansen (1988) and the
Maximum EigenValue Test (1995). These two alternative tests differ from each other
in terms of the hypotheses formed. The hypothesis for Trace test, varible number

being n, is as below:

Hy(ro): k(1) =1,
H (ry):rk(I) = n

On the other hand the alternative hypothesis in the Maximum EigenValue test is
formed as below:
Hy(ro):Tk(I1) =1,
Hi(rg+ 1):rk(Il) =15+ 1

If hypothesis H, is true, then I matrix is written as af’ and hypothesis
Hy(ry): Tl = aB’ Here a and B are (nxry) dimensional and r, ranked matrices. On

the other hand, if rank(IT) > r, then IT matrix is expressed as below:
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M= lwia] [fy] = a8’ + aipy
1
The following local alternative hypothesis is formed for local power analysis:
Hy(r): Tl = of’ + T a,

By generating simulation data under the assumption that the local hypothesis is

true, the asymptotic distribution is obtained for T — co.

5.1 Johansen Trace Test and Its Power Under Local Alternative Hypothesis

The model used here does not contain a linear trend without constant terms. This
model is as below:

Yt - HXt—l + Et (51)

Here the variable matrix X, is I(1) first order cointegrated and the IT coefficient
matrix of the model has a reduced rank feature. In other words, IT matrix is expressed

as a product of B’ . In this test the aim is to test the hypotheses below:
Ho: r = TO
Hi:r=n

Since the local power of the Johansen Trace test is at issue here, the local
alternative hypothesis is as below:

Hr(ro):Ml = af’ + T tayp;

When the model

Yt :AB,Xt‘l'at t = 1,...,T (5.2)

is considered, Y; and a; are (nx1) dimensional, m>n, X, is (mx1) dimensional, A and

B matrices are (nxry) and (mxry) dimensional respectively. If the error term is
formed as a form of a,

a, =T 1A BiX; + &
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the local hypothesis can be tested. A; and B; matrices are (nx(r-ry)) and (mx(r-r,))

dimensional respectively, r-r,>0 and &, is the error term. The reduced rank
estimators of A and B matrices are found as follows. [; > .- >1[, being the

eigenvalues, the by, ..., b,, eigenvectors obtained by the solution of the equation

below
det(Myy Myy Myy — IMyx) = 0
T T T
Myy = T! thé yMyy = M{/X = T_lthYt,r Myy = T_lz Yth’
t=1 t=1 t=1

N

corresponds to the [,..,[, eigenvalues. Such that these eigenvalues and

eigenvectors provide the equation below:
(MXYM;YIMYX - ZjMXX)Bj =0

In addition the eigenvectors are normalized as follows to reduce the change and to

convert the size of the eigenvectors into units:

1, i=j

biMyxb; = {0, i #j

Later, if the reduced regression estimators of the coefficients B = [by, ..., b,| and
Y, are regressed on B'X, using the least square method A matrix will be obtained.

Let the reduced rank equity in the Equation 5.2 to be defined as such that the error
term a; be equal to, &; and the local alternative hypothesis can be tested. For this

purpose Equaiton 5.3 is obtained by multiplying Equation 5.2 by A’, .
A\,J_Yt = Q)U\t + Rl?t + Nt (5.3)
ﬁt == B,Xt, ‘71- == Bj_Xt, o = A\,J_A ve Nt == A\,J_AXt _A\,J_A(B - B),Xt

In Equation 5.3 the real value of the coefficient R is zero and the following test
statistics is used for testing the alternative hypothesis:
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LR(ry) = T[logdet(Exy) — logdet(Zyy)] (5.4)

In Equation 5.4, let

T
Sy =T ) (A,Y, - 80, - RV,) (A, - BT, - R,y (5.5)
t=1
T
Sin=T") A Y, -30)AY, - 30) (5.6)

t=1

and £yy and X%, are the estimators of the variance-covariance matrix belonging to
the error term in Equation 5.4, respectively R=0 being restricted and R # 0 being
unrestricted. @ and R are the least squares estimators of the parameters in Equation

5.3. @, is the estimator under R=0 restriction.

Theorem 5.1. The LR(r,) statistics in Equation 5.4 is equal to testing the
Hy:rank(Y) = ry null hypothesis against H;:rank(Y) = n alternative hypothesis
for the Y; = Y'X; + & model. (satkkonen &lutkepohl 1999)

Proof: (saikkonen & lutkepohl 1999)

If the least squares method is used for the estimation of the parameters in the

model in 5.2;
Y, =YX, +& t=1,..,T (5.7)

will be obtained. The likelihood ratio statistics for the Hy:rank(Y) = r, null

hypothesis is expressed as below:
n
LR(rp) = -T Z log(1 + 4;) (5.8)
Jj=ro+1

Here 1, > - > 1, eigenvalueas are obtained by the solution of the equation
det(Y MyyY' — 15,.) = 0. Dy, ..., D, normalized eigenvectors correspond to the,

A, = -+ > A, eigenvalues. Thus the following equation is obtained:
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Let the Gaussian maximum likelihood estimator of B = [by, ..., b,] matrix be

B = [by, ..., b,], the equation below is obtained:

~

b] = 21_1/2?,9] ] = 1, e, n

Let D = [Dy, ..., D] » D = [Dry1s o, D] @and B, = [byyy, ..., by, if we multiply
Equation 5.7 by [7: 7,]" under the assumption that r= r, null hypothesis is true, we

obtain the following equation:
91Yt == Al/ZBIXt + ﬁ,gt

oY, = AY*BIX, + .8, (5.9)

Here let A = diag[A,, ..., A,], A, = [1,41, ..., A,], the likelihood ratio statistics in

Equation 5.8 is obtained using AY? in Equation 5.9. This indicates that when the
model in Equation 5.7 is multiplied by an appropriate matrix the likelihood ratio
statistics can be obtained. If we are to explain this situation in a more comprehensible

way, we can write the following equation using Equation 5.9 with the expression

[h:7.] = [0:0.]7

= AB'X, + A.BX, + & (5.10)

- 1 - = .
Here the expressions A = Az and A, = 1j,A? are written. In other words, the
solution of the model in 5.10 with reduced regression method is equal to the model

below:
Yt:AB,Xt‘l'ut t:1,...,T
u, = T 1A B1 X, + &

Thus we can conclude that, testing the models below
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YtzABIXt-I'at t=1,...,T
at = T_lAlB{Xt + gt

using the following alternative local hypothesis

Hy(rp): M= af’ + T ay By
is equal to testing the alternative hypothesis
Hi:r=n
In the following model:
Y, =YX, + ¢

In order to obtain the asymptotic properties of the Johansen Trace test statistics
under local alternative hypothesis the process should be first order integrated, i.e.
I + B'a vector’s eigenvalues should be limited between the values +1 (Johansen,

1995). This can be mathematically written follows:

leig(I + B'a)| <1

Theorem 5.2 (Johansen 1995)

Let XT = af'X, + a,B1X; + & it has the distribution below:
_1
T72a' X = K(W)

LetX[TTu] be the stepwise function for ue[0,1], K(u) is defined as Ornstein-

Uhlenbeck process in the literature. Ornstein-Uhlenbeck process is expressed as

follows:

K(t)=a ftexp(al *B1x € (t—u))dW ()
0
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W represents the Brownian motion with p dimensional Q matrix. Also C =

B (a' B1) ta . K(u) process provides the stochastic integral equation below:

K@) = &, W) + &, arBiB, (@, B,)" f K(s)ds
0

Theorem 5.3 (Johansen 1995)

When the Hy(ry): 11 = aB’'null hypothesis is examined under the H;(rp): 11 =
af’ + T a,;p; local alternative hypothesis, if |eig(I + a’B)| <1 then the
asymptotic distribution of Johansen Trace test is as follows

-1
tr

f l(dK*)K*’ [ f KK du f lK*(dK*)’} (5.11)
0 0 0

Here K™ is the p-r dimensional Ornstein-Uhlenbeck process, and it provides the

equation below:
t
—ab’f K* (uw)du+ K*(t) = B(t) te[0,1] (5.12)
0

In Equation 5.12, B(u)is a p-r dimensional Brownian process. Also a and b

coefficients are as follows:

a=(a'Qa)) Y a; , b= (a\Ra)) VB a)'B B

By calculating the differential of both sides of equation 5.12, the following
equation is obtained:

d K*(t) = ab’ K*(t)dt + dB(¢) (5.13)

Especially, equation 5.13 will be used in data generation in the simulation section.
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5.2 Johansen Maximum EigenValue Test and its Power Under Local Alternative
Hypothesis

The procedure pertaining to the reduced rank regression used for obtaining the
asymptotic properties of Johansen Trace test is used to obtain the asymptotic
properties of Johansen Maximum EigenValue test in this section. More detailed
information can be found in Liithkepohl, Saikkone & Trenkler (2000). When the

reduced regression model

Y, =AB'X,+a, t=1,..,T (5.14)

is considered, here Y; and a; are (nx1) dimensional, m>n, X, is (mx1) dimensional,
and A and B matrices are (nxry) and (mxr,) dimensional respectively. If the form of

the error term a, is constituted as below
a, =T 'ABiX, + &
The local alternative hypothesis can be tested.
Hr(rg):l = af’ + T a,p;
Under the local hypothesis the test statistics is
LRpax(10) = —=Tlog(1 — [y, 41)
and [, > --- > [,, eigenvalues are obtained with the solution of the equation below:

det(Myy Myy Myy — IT " 'Myx) = 0

Myy = T-1 thé yMyy = M{/X =T"!

T
t=1 t

T T
XY{, Myy = T_lz Y. Y/

1 t=1

The asymptotic distribution of the LR,,,, (1) statistics under the local alternative

hypothesis is as follows:

-1

LRmax(rO)izmax{ f (dKK" [ f K*K*’dul f K*(dK*)' (5.15)
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Here K* is a p-r dimensional Ornstein-Uhlenbeck process and this process

provides the following equation:
t
—ab’ f K* (Wdu+K*(6) = B(t) te[0,1] (5.16)
0

In Equation 5.15 B(w) is a p-r dimensional Brownian process. Also the a and b

coefficients are as follows:

a=(a'Qa) Y a; , b= (a\0a)) VB a) B B

By calculating the differential for boths sides of Equation 5.16 the following

equation is obtained:
d K*(t) = ab’ K*(t)dt + dB(t) (5.17)

This equation will be used in the simulation section.

5.3 Simulation: Comparison of the Power Functions of Johansen Trace Test and
Maximum Eigenvalue Tests Under Local Alternative Hypothesis

Due to the non-standard distributions of the local power function in Equation
5.11, the relative efficiency of the test is not clear. The discrete version of the
Ornstein-Uhlenbeck process K(s) is generated by the simulation and the local power

is calculated.
Theorem 5.3 (Johansen 1995)

Under Ty = af’ + T taypB; local alternative the asymptotic power only
depends on the f = f;Ca; <0 and g = (a{aL(a'rQaL)_lalal) (BiCRC'By) —

(B1Ca,)? parameters. Here = B (a' B1) ta .

Using Equation 5.13, the data are generated in the simulation from the process

below:

1
AKt = Talﬁ:{Kt_l + et et~i. i. d N(O, ITI,)
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1, n=1
(1,0),n=2

b= (1,0,0),n = 3
(1,0,0,0),n = 4
1, n=1
, (f,0),n=2
17 (f,9.0),n=3
(f,9,00),n=4

From these data the following hypotheses are tested using the Johansen Trace test
and the Maximum EigenValue tests, and the local powers of the tests obtained for
t=30 and 400:

Ho(ro):n == aﬁ,
Hy(ro):Ml = af’ + T ay

2000 trial are made for n=1,2,3 and 4. Using the K, process for both tests, let

Ki-1AK',

T
=1

T
A = T_Zz K 1K't 1 , Be=T7!
t=1 t
the limit distributions of the trace and maximum eigenvalue test statistics are

calculated as below:
tr(B’tAt_lBt) ) lmax(B’tAt_lBt)

Using the critical values obtained by G. MacKinon, A.Haug, L.Michelis (1998)
for the calculated test statistics in each trial the rejection frequency, i.e. local power
is calculated. These calculations are repeated for different time spans and variable
numbers, and it is tried to determine which test has better power value for different

situations. The results are presented in tables 5.1, 5.2 and figures 5.1 and 5.2.
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Figure 5.2 Local Power Values calculated for T=400 for Johansen Trace and Maximum Eigen-Value
Tests
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With regard to the results obtained in the simulations, the power value decreases
for both tests as the number of variables increases. Also, for smaller time span
(T=30), the maximum eigenvalue test gives better results than trace test, as the
number of the variables increases. On the other hand, for greater time span, both tests

have the same power values.
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CHAPTER SIX
CONCLUSION

The results obtained from this study are listed below:

~

The asymptotic distributions of thell, & and B maximum likelihood
estimators for the AX; = IX;_; + a, = af'X,_1 +a;, t=1,2,.. model is
the same as the asymptotic distributions of and they present properties
pertaining to normal distribution. In addition to this, knowing the
cointegration matrix B does not affect the asymptotic properties of the

estimators of I matrix.

0
A:{'g } being the coefficients matrix, unit root for the cointegrated
a

X; = AX,_1 + a, model is obtained in two different cases. These cases are

obtained by selecting either p=1and a<1 or a=1andp<1l. For p=1

and a <1 case, the mean square error value of the (a, p) parameters yields
better results.

The local powers for the a = 0.05 confidence level were found for the
Johansen Trace and Maximum Eigenvalue tests, used for determining the
presence of cointegration. For the comparison of these local powers the
increasing time intervals and the number of variables in the model are
critically selected. In case the time intervals are wide, the local power values
for both test methods are equal. When narrower time intervals are selected,
presence of one or two variables in the system yields equal local power
values; however, when there are three or more variables in the system
maximum eigenvalue test gives better results than trace test.

In this study, there is not any constant, variable and/or linear trend in the
system. All analyses conducted can be repeated considering this situation.
Besides, only the long term relations of the economic variables are handled in
the system (simple model). In addition to the long term relations, a model
should be constructed including short term relations and the results should be

re-evaluated.
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APPENDIX 1
MATLAB CODES

clear
max=0;
tra=0;

for i=1:2000
i

Spec=vgxset('AR',{[0.9475,0,0,0;0.03,1,0,0;0,0,1,0;0,0,0,1]},'Q",[1,0,0,0;0,1,0,0;0,0,
1,0;0,0,0,1]);
Y = vgxsim(Spec,400);
farky=diff(Y);
lagy1=Y(1:399,1);
lagy2=Y(1:399,2);
lagy3=Y(1:399,3);
lagy4=Y(1:399,4);
lagy=[lagy1,lagy2,lagy3,lagy4];
sonucat=(lagy*lagy)/400"2;
sonucbt=(lagy*farky)/400;
tr=trace(sonucbt™(sonucat”-1)*sonuchbt);
[V,D] = eig(sonucbt™(sonucat"-1)*sonuchbt);
x=sort([D(1,1),D(2,2),D(3,3),D(4,4)));
sontr(i,1)=tr;
sonmax(i,1)=x(1,4);

if x(1,4)>24,16
max=max+1;
end

if tr>40.17
tra=tra+1;
end
end
powmax=max/2000
powtra=tra/2000
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