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ABSTRACT

In this study ,Dehn [7] and Wirlinger [1] presentation were used to express knot group
ielalors moany clessing paint. After the jefalors weie Yanstomed inlo a i homogenous
cyliation .Solilien of the eguatlon system was Inwesligated for Ve Z according to moda (), Where
£ 5 Ilegers and M) Alexande potynomial of knol. it 1s lound oul thist the squalion system has
2ur6 sollion for 1=1 and infinde soltion for 11
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Bu galismada, herhangibir gecit noktasinda dilgim grubunun bagintitanini ifade elmek igin
Dehn [7) veWrlinger [1] temsilleri kullanildi. Daha sonra bu badinUlar bir lineer homogen
denkleme donislirildi} . Lineer homogen denklem sisteminin VicZ  igin moda {t) ye gire
cdzamleri arazholdi. Burada Z tamsagilar 24t)- diigiimin Alexander polinomudur. =1 igin sifir
rozim t-) on sonsuz gozumlere sahip olduklan saptand:

LINTROGUCTION”

If Kis any knot in R< such that its projection on 1o the plane z=0 is regulaf and p is any
paint in R3-K (base point) Then, The fundamental group 11 {R3-K,p) is called the kno! group and
15 show wilh

G=1 (RIFLPIZX | X geeens Xy iF 1 L gemeedl )

Wheie 5.%5.....%,, are the gurieralois of G and rqFo....f,,, ars the ralatlons of it. There are two
lundamental methods 1o find the generators and relalions of knol group.
1) Wilinger prusuntation
ii) Dehn presentation

Now ,we detine lhese two knot presentalions.

P

Definition 1.1 (Wirtinger Presentation): If we consider a knot K with the directed the n
double points of the regular projection.in this diagram Jhere are n numbered pisces of curve
counlerparting the overpasses. '

The homalopy clases of closed curves starting al peR--K point and ending at p and encirling
ihe overpasses simply are the generators of lhe group K .These generators are illustrated by the
lte arrows pul on the preces of curve We fix @ relation al evary ¢, doubla point In the following

Wiy | y

Representative curves of X, XXy, generators belonging 1o the overpass at c, are directed so as
1o form 1he left hand systam according to the direction of the knot Around ¢, we choise a reading -
diechion staiung with the one of X, |+¥x genarators, it the direclion of each generalor is the same

a5 Ile chosen direction we lake generalors ilsell \if il is the inverse of it ,we take the inverse of it
and equate this mulliply with one .
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As is seen in the figure 1,the relation 8t ¢; double point is illustraled in ihe following way

lil]l|'1 ‘k-1.1

I,

&

Figure 1.

Definition 1.2 (Dehn Presentation) : Lel be e knot in regular projectionin R and let the
regions of the regular diagram be bg,by b,,....by.

The homolupy classus of the eurves startlng at peR>-IC a basa point Just above the regular
projection plane, passing from by, n=1,2,3,....n district region to the back region of the regular
projection plane and return to p through by,ere teken as the generators of knol group,

While moving in the direclion of the knot, If underpasses crossing is formed,two spols are
placed on the two lefl regions,as one spot on each of them the diagram formed in this way is also
called "pointed diagram”,

As 1s seen In the figure 2 lst pointed feglons be by by, fat the othar two raglons ba by b,
Then, il the gerwralors correeponding to thase reglons are respactively ¥, 1Ryy g 2y the ralation

attached ta thal crossing point are writlen as ll'1lh =

Figure 2

The relations at crossing poinis nalgboring to by raglon Involve only threa elemants.
Because an closud curve,going lo by distilet and relun lo p again through by, represents tha

ulwmant 1.
Dofindtion 1.3 {Free Derivation): A mapping D:ZG -+ ZG s s3id to ba a derivative If and enly If

(1) D(f+g}=D{f)+D(q)
(2) D{f.g)=Diz(g}+1D(g) for f,0eG

where ¢ is lhe augmentalion homomorphism for all f and g in ZG as given in following
2@ - 2
L{Xnggi=yng
t:G -y Z, efgl=i-

Note that if g belongs to G, then (2) reads
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ﬁ},ﬂj'—;ﬁlﬂ D(g)
It Is chtalned the following stataments which are the result of (1),(2) and (3) statements.
1)Din0 nez '
2) D{Eny g FInD{gy)
3) Dig = ")0(g)
4)D(gN)=(1+g+g?+,...+g"1)D(g)
S)D(g =g N 1+gHg%,...+"T)D(gl=-{0™)Dig")

Definition 1.4 (Jacobien matrix): If (x,,%;,%5,..3,7,3,05,..T;) is any presentation of G the
matrix

[ ‘ b
A6 Ar dry
dr. dna dx..
d{ryMpely) ¢
B ETIRTITLEY T WA ArEd R RN FRANRTAR RN
d(‘fv‘:s-"ln, ‘ ¢ ‘
ar, ar, dar,
d.l1 dlz dln

that we call the Jacabien of presentation.Actually it is not quite unique becauae the rows

and/or the columns could agrear in any arder, The entries in the Jacoblen malrix are elements of
the integral group ring ZG of G.

The cancnical homomorphism ¢ of F onlo G extends in an obvious way to a homomrphlsm of ZF
onto £G which we perversely confinue to denote by ¢ .

Defindtion1.5 {(Alexander matrix) : If H is any group upon which G can be mapped by a

homomarphism ¢ ,we can simitary extend « to 8 homomorphism ¢ of ZG upon ZH and thus define
the matrix

r e
4y A Ay
dx4 dx, dr,
d{ryroearg) 94 )
{ ) | s, .
diE;,Xp,...5p)
_:u.—m 1 m o m
d r-l dlz dl“

that we call Alexander matrix at ¢ .
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where é ¢
F 5 6 5 H

$ P
ZF - 2G 5 ZH
The cholce of @ ranges from @ belng Identity mapping of G onta Hself to g belng tha map of

into the trivial group 1.We are going to be most interested in choosing H o be the commudator
quation group GIG' and ¢ the abelianizer /2.3/.

Exainple 1.1 : According to Wirtinger presentation the relation, attachad to any crossing
point of a K knot is known as r=xxx; 1, -1
According to the definition.1.4

dr, = 1"i'ill'1 L drj=xg dr, __Ill‘li-‘rxk-i from‘herc

dll dl] d'lk
(9 )* oy (9o y*da . (96 )* ey
du dux dx

Thatis,pand p 1y -3 l,ll =+ b,x, — t isantranformation taken tot.

THE GEFINITION OF THE KNOT RELATIONS THROUGH LINEAR
HOMOGENQUS EQATIONS

Al this stage of our study,We will Iransform the knol group relations obtained through Dehn
and Wirlinger presentalions through a special transformation lo according to mod A (1) a linear
homogenous equatlon .

Then .will survey accarding 1o 4 {t) the solilions of the aquation system formed In this way.For
that let us prove the folloving lemmas,

Letnuna 2.1: A relation ) =xyxx,*'x, -1t any ¢, passing point cbtalned through Wirtingar
presaniation, oan be define through linear homogenous equalion as u|(1—l}#u]l—u*- 0 by meens
of a special transformalion.

Prool: As is seen the figure 1, the relation aitached to ¢; passing point was r| =l.|ljx{1lk‘1
t,,cr, ¢tk are respectively the unknown ones representing overpass and underpass and
$:ZGHZixr], X -t k-4, 1, =1 are transformations belonging to the same subject. In this
tase, It rmay be delined thraugh @ linoar hemoganuus squation as o {14) +ajt -ah =0,

Thuce aqualions are callad the diagram aquatlan. Hera, the statemente 11, ¢, -1 ara tha valua
of relation r, found in exemple 1.1, This trensformation is one to one, The equation
@ (14) + a; L-a,=0 [s wrilten In the fallowing way o *at- ot ay =0 . Here, If oy , g, o
representing overpass and underpass ls subsituted for generators, If 1=1 and + Is subeltuded for.,
(multiplication), again the relation xxpx T, -1=1is obtained. Then the diagrams equations of a

knot, when ds relations is given, can be written and if the diagrams equations of a knot is given, its
talatlons can be whlten.

Lemma 2.2, The diagram equations of a knot, invalving n numbered crossing polnts,

obiained by Wirtinger presentation while | €Z and A (t) are Alexander palinomial of the knot form
2 homogenous equalion, invalving n equations with n unknows.
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Proof: For & K knot involving n numbered crossing peints, n numbered linear
homogenous equations may be written in relurn for involving n equations and these form a
equalion system

cifi'ili'lii;i';‘;;;'é'i""md AQ) Vie Z

The coeficlant matrlx of thls system givﬁn in the definition 1.5. |s the Alexander
matiix, Continualy.os a, =01/, There are infinile solitions of the above system. Specially, for t =1

Af)=1, /4 for that reasan, the solition of tha system according to mod 1 s zaro solftlon.

Lemwna 2.3: The relatlon r=xxTx, 2 al any crossing polnt obtalned Dehn

. presentation, through a speclal transformatlon |, can be defined a linsar homegenous equation
shown as

a-,t—uj!+ g -q=0

Prool: As is seen the figure 2, the relation entagled in ¢, crossing point was r,lx;uﬂxk xlin
casw a; ay,ay,u dre the unknows anes symbollzing the diagram reg!qns and ¢ 5x; ~» t, K -,
1, -+ 1,% -1 the transformation taking to, we may define through linear homogenous equation.
Agein, this transformation is one to one. If g 01}, 2y, symbolizing diagram regions, is
substituted for X)Xy, X generalors carresponding to the regions, _l =1 is laken and instead of
+, . Is usud, x; %7, %, 1= 115 obtalned as a relallon of the group knot.

Lemma 2.4: The diagram equalions of & knot involving n croasing point, obtained
according o Dehn presentation , in case teZ and Af{t) is the Alexander polinomial of the knot,
according 1o mod A{t) form a system of lingar homogenous equation involving n equations with
{n+2} urknows, -

Froof: In the diagram of a knot involving n crossing point, according lo Euler theorem
there are (n+2) reglons, In this case, for each equation |, Involving (n+2) unknows n linsar
hemogenous equations can be wrilten as follows, The equations formed in this way, according to
mod A1) form a system of equaticn.

q toltoy-qy =0 modAft), Vie Z

Again , the rank of the system of equation formed above is n-2 . Consequently , for t=1, there is
zero solition, for t1 there are infinile solition.
Now, we must survey the salition of the equation system lo which we give some examples.

Example 2.1: The relalions of the trefoil knot,of which diagram and diagram regions are
given,according to Wirlinger and Dehn presentation ,are

r=3RyR1z7, razxzly 1, rppyzy It (Wirtinger presentation )
and  rExlzy ! rp=ylzt! rgstlzee! (Dehn presentation )
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.

fipre 3
Here .according 1o Wintinger presantation the gensrators belonging overpass and underpass are
xy.z, aecording to Dehn presentetion the generators,correspondin lo by,by,ba,byb, regions,are

shown through 1 xy2l.
Firstiy,let us write the diagram according fo the Wiringer presentetion .The Alexander

polinomial of the trefoil knot A{t)=12-4+1, for t2,A{2)=3, Let uq,uy,ay be the unknows symbolizing
overpass and underpass, the equations, corresponding lo rqrary relations, according to mod 3
Jform a system of equation as.follows

ay(1-tHa,t-ay=0
utauayt{1-4poy=0 mod 3
=1 tay{14itast=0

the coeffecient matrix given the Alexander malrix of the knot 3,=0 , We must see lo the rank of the
sysiem. Let us write

=2, .
1 2 4 4 2 4
2 4 4 ~- 0 0 0
11 2 6 o o0

In this ease,n-r=3-1=2, |l has a sclition depandent one parameter.
y=2ap-ay , aysay; , z=ay

For example , az=1, a3=0are chosen , the sel of solition {2,1,0} become a salution of

the system above. .
Now sl us wrlle diagram equatlon according to mod 3 Wa are may form a system of

equalion as follows
ugl-uyitay-u,30
ugl-al+taz-a,=0 mod 3
ﬂul-ﬂ:‘+u3-ﬂ4=ﬂ

Agaln, We musl see to the rank of the system, let us write t=2

2 2 14 1 0 2 2 1 1 0 2 2 2 1 0
2 1 6 1 2 ~ 0 1 1 0 -2 ~10 1 1 1 -2
2 0 a4 0 -2 6 2 <4 0 4 ¢c 0 0 0 0

Inthls case , n-r =5-2=3 lt has a solition depandent ree parametars.
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ug=aytlayday , ay=-aztluy, a=ay, uz=az, ag=ay,
For example, fof ay=1, a3 =1, a,=0

the set of solition of system Is {-1,-1,1,1,0} .

Example 2.2: As is seen the figure 4 for S, knot We make the some operation .

—

figre 4

the Alexander polinomial of 5, knat s A{)=212.3062 for t=-1, A(-1)e7
"According to Wirlinger presentation the relations of 55 knot group are xum-t-1=4 ,
yiy 12121, zxzturt=q iyt etz uaurty 121,

Let ayuugay,ug,ug be the generators x,y,2.4,u symbolizing .According o mod 7 ,we may form
@ system of equation as follow

ay(1-tpogt-o,=0
Op(1-tHa t-cym0
ag{idpra t-ag=0 mod7
uy{14Hrat-a,=0 ‘
ag(1-tHoyt-ay=0

For I=-1 , the coeffecient matrix

2 0 0 14 41 0 -2 0 3 -1 0 0 00 0
02 141 0 0 211 0 0 ¢ o0 0 0
A0 204 |o1224] " lo12a.q
449 020 44020 . |44020
04 40 2 0440 2] 0012 1

n-r=5-3=2 It has a solition depandent two paremeters.it is oblained ug=day-3ag ,
u1=—2u4+3u5 ,u 2=2£!4-(15 v L‘l‘=(!4 ' ﬂ5=ﬂﬁ
If tha ganaratars corresponding to bu,h1,h2,ha,h4,bu,b° regions ara 1,3y,z,t,u,v, according
to Dehn piesentation the relalions of 57 knot are ylzx=4, zy*lrl=q, 20-Tx1=4, tluv=d,
uz-izy-i=1,
Let Ugrieqrag, g, g, g, g be tha unknowns symbolizing bu,b1,bz,b3,b4,b5,bﬂ regions.Then,
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agt-asttag-a,=0
ast-asltag-ag=0
tat-mylvag-u=0 mod 7
ugl-uyltag-ag=0
apl-ugltuy - =0

For 1=1 the coeffecient matrix of this syslem is ,

1411000 441100 0
10140 0 - 04 200 0 -
1404100 ~|00o0000a 0
4000114 |00 149112
00 0 114 4 00 0 1144

The rank of system is n-r=7-4=3. Il has a solition depandent three paramelers .The set of solution
is (g=-ytagtuay , q)=-4da, 50, a=-2a,43ug , ag=-atagtag , a0y, agSag . agEag.

Resull: Can all knols b classlfed in sollition space as above 7
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ON RACKS IN FUZZY ALGEBRAC TOPOLOGY

Arif DANE

C.U. Department of Mathematics, Sivas, TURKEY.

ABSTRACT

In this study, given a path and homotopy concepts in a topological space are
investigated for fuzzy topological spaces. We defined fuzzy sets in 1,¥ and also fuzzy
paths families in X' .. We formed a rack struckture on I ¥ and X', Then, some theorems
and results about these concepts are proved.

Keywords: Path, Homotpy, Fuzzy set, Fuzzycontinuous ,Rack.

OZET
Bu ¢aligmada, bir topolojik uzayda verilen yol ve homotopi kavramlan fuzzy

topolojik uzaylarda incelendi. Sonra bu kavramlarla ilgili bazi teoremler ve sonuglar
ispatlands. 1, de fuzzy kilmeleri ve X' da da fuzzy yol ailelerini tanimladik X ve X!
iizerinde bir rack yapisi olugturduk.Sonra bu kavramlarla ilgili ba teoremler ve
sonuglari ispatladik.

Anahtar Kelimeler: Yol, Homotopi, Fuzzy kiime, Fuzzy stireklilik, Rack.

INTRODUCTION

In this section, we have defined relation on R"W{0} such that if a,beRU{0}
then, for ael, bel, there is a unique xel, such that
a=x+(n-1) k,
b= x+(m-1)k,
where kj,k;eN, . :
After than we hawe provea that ;= mod (n-1). Here we have defined a
modulo operation on R*U{0} using the above relation.
First, wnh the following theorem, we will show that there is an equivalent
relation on R"W{0} with above relation.
Theorem 1: Above relation is an equivalent relation on R'U{0},
Proof: (i). a=a ifa e I, then thare is a unique x € I such thata = x+ (n-1) k
thus a =a is obvious,
(i) asb=>b=a;ifasb, then there is a unique x € I, such that
a=x+(n-1)k,
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b=x+ (m-1) k;
k;,k,e Nand ae I, b €l Itisclear thatb a.
(iii) aebandbmc=am=mc;

ifa=b, thena=x+(n-1)k,

b= c, then b= x+ (m-1)k;

¢ =x+ (p-l) k]

k;kyk;eNandae I, belyandc e [ thusa=c.
For xe I,=[ 0,1 ], [x] will be show an equwalem class, All the equivalent classes of
R'U{0}is];=[0,1].

Now, we want to show that I;= 1, ¥ n eN. To see this first we define a modulo
relation on R*'U{0} with using the equivalent relation . Let a el;=[ n-1,n ] and b €|,
then a sb mod (n-1) «> a= b+ (n-1}k, k eN. :

Theorem 2: For every n €N, I= [;mod (n-1).

Proof: To prove this theorem we shall use the induction principle.

(1). Forn=1, I;= I;mod (0). It is obvious.

(2). For n=k , we suppose that the theorem is true.

(3). For n=k+1, let L= kk+1] and kk+le L4,

k= Omodk > k=0+k.n, neN, if we take n=1, it is true.
k+! =1 modk & k+1=1+k.n, neN, if we take n=1, it is true.

Let xe(k,k+1), suppose that y=x-k, then yel, and x= ymodk, that is x=y+n.k
for n=1. Thus for k+1 the theorem is true. Finally for all neN, the theorem is true.

Definition 1: Let X be a non-empty set. A fuzzy set in X is an element in 11
i.e.,a function from X into 1,/ 1 /.

We will denote fuzzy sets with a,f,y....and o(x) the image of x with a fuzzy
set a in X. Where, 0(x)=0, 1(x)=1 for all x in X.fontain,Unions and Intersections of
fuzzy set are denoted by <,V and A respectively.

Let @ and P be two fuzzy sets in X we have

asP e a(x)sp(x) forall x in X.

o=p & a(x)=p(x) for all xin X

p=aVp <rp(=max{a(x), f(x )} forall xinX
u=aAp & p(x)=min {a(x), (x )} forall x in X

Definition 2: The complement of a denoted by o’ is defined by the formula
=]- a(x) , for all x in X.

Definition 3: A fuzzy set in X is called a fuzzy point iff it takes the value 0 for
all yeX except one,say xeX. If it is value at x is a (0<ax<1), we denote this fuzzy
point by x,, where the point x is called its support. we can write the fuzzy point xg,
with.

x. ()= 'g y;tx
and we can denote the support of x_, with suppx,=x.
' Definition 4: A fuzzy topology is a familly 1 of fuzzy sets in X which
satisfies the following conditions.
T.1) 0,1 et
T.2) if a,fet then aAfet
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T.3) if HieT, for each iel, then Vipjet

T is called a fuzzy topology for X , and thepair (X, ©) is a fuzzy topological space.
Every member of Tt is called an open fuzzy set. A fuzzy set is closed fuzzy set iff its
complement is open /2 /.

Definition 5: Let X and Y be fuzzy topological space and let f be in Y. Then,
the inverse of B, written as'{ (B) B(f(x)) forallxin X /1/.

Definitien 6: A rack is a non-empty set X with a binary operation the
following two axioms.

Axiom 1. Given a,beX there is a unique ceX such that a=c”.

Axiom 2, Given a,b,ceX the formula

Ae aCb holds. Wherec operates like ¢'be, i.e,c® =¢'be.

Now, we want to define a rack on I,*. For this purpose we must define an
operation on 1,* that must satisfy the rack axioms /3 /.

We consider ﬁl.zz§ sets in I, w1th g binary operation which we shall write
exponentialy. For afel"=(@B)—a —ﬁ cz[l
Here, for Be Il i

1
aea ) B B0
o B((x);o

and (a?)(x)= B x) a(x) ﬁ§x). We will suppose that if B"(x) €l, , then since
L=limod (n-1) "Yx)e 1, :

Theor+:» - With above binary operation on I,x. 1¥is arack.
Proof: (i}. For all a,fie le,there is a unique ye le such that a=y°.

~ Indeed; awa= [3"75 :Y:ﬁaB" »YE l,x.

(ii). For all a,B,ye I,x,lhe formula
Y
OLB [— L holds. Indeed;
ypY -1
P o 1T By Py (aﬁj'
Example 1: Let X={a,b}. We have a rack structure on I,*.

@) Let aBe 1,¥, where afa)= a(b)= %and B(a)= B(b)= % ¥ weschiose

ve X with 'y(a)='y(b)=-;- then, a=y. Ihdeed;
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g
2

M[a—-
ul»—-

a(@)=(B"yB)(a)= P"'(=). 7(a). B(a)=3.

B | e

. - 11
a(b)= (ByP)b)= B (6)4(). B3, o 2=
(ii). If we choose ye I,* with y(a)=y(b}= % , then

@)= ()" @). u(a)-(ﬁf)(akﬁ—(;-)!{——(-a—)- a(a). Pa) Y(a)= afa)= %

and
(0")@)= ) @) " Yo)
= ()7 @BE}YE) @)=
5 @ eEpE)6)=a()= 2
Similar way

((1']’r Ib)= [a@r )(b)= u(b)z -

Now, if we choose binary operation on le with for a,pe le
(a+p)(x)= a(x)+ B(x) and a"(x)=l-a(x)= a‘(x). Then we have a rack structure on
I,;* with this operation.

Theorem 5: If we consrder fuzzy sets in I, with a binary operanon which we
shall write exponentially for Il » (oL, = of= B +c¢+ﬂ then I, is a rack with this
operation.

Proof: (i). For all a,Be L X if we choose y=a, then a-‘yp Indeed;
a:y”:ﬁ ++f = Pro+P=14a
we know that I,=I,mod (1). Thus (l+a)(x)~l+a(x)—u(x)mod(l)
Hence we can take a instead of 1+ot.

(ii). For all o,B,ye I, ,lhe formula
Y
P =o' polds.

Y e
Indeed;a“ﬂ =t Y =al+D+v since, 1+B+y=(B+y}(mod 2),

Y
al*F = o
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Example 2: Let X={a,b } and let a,pe I, where a(a)= a(b)= — and

= B(b)=1
B@)=Blb)=z.

®.1f we choose y=a mod2 then a=y" =B']+7+B and

u(a)=— aM@=p" (a)+y(a)+t3(a)-1+?(a)—a(a)—— ;

(ii), If we choose y=a mod2 then
(a”*" Ia): (a“m)(a)= 2 +afa)=ofa)mod2 = (aB” lb)
(a”ﬁ )(a) 2+afa)=af@)moed2=—= ( ”BY)(b)

In this section we have defined a rack on the familky all paths in X.
Definition 7: A path in a topological space X is a continuous mapping
p:1— (X,1), where I= [0 "a"] The points p(0) and p( ||a||) are called the initial point

and the end point of the path p respectively / 4 /.

A topological space X is said to be pathwise connected if and only if for every
" pair of pgints x, and Xa| of X there exists a path p in X such that,

P(xg)=xo and p([la} ) = x,.

Let py and p, be two paths in a topological space X, which the same initial
point and have the same end point. It say that p, is homotopic to p if and only if there
exists a continuous mappmg

H:IxI=» X
such that
H(s,0)=py(s), H(s,1) =p,(s) forallsinl
and H(s,t)=py(0)= p,(0) forallsinl

H(la] y=pola] = pr(fla]) forallsinT.

Po Po
ol®) Pollel)  puo) 7o (el)
1]
Po~Py Po~P1
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Instead of p, is homotopic to p; one also says that py can be continuously
deformed into p, and writes py ~ p;-

Suppoze that p, and p; are two paths in a topological space X such that
po(la)=p1(0). Then, the product p,.p, is defined to be

Jor 0ss< ‘I,'

(P1~P0X5)= {p?gszlﬂl ) Jor 5 s ol

Pi

7,(d)

po(0) - pd)=,,0

Definition 8: A path in a topological space X whose end point and initial
point coincide is called a loop in X . The loop-. is said to be based at }(0)=/( llal]>-

Definition 9: Suppose that ¢ is the trivial loop in a topological space X at x,,
that is e(x)=x, for all x in X. Then, e.l~ /.

Lemma 1: Suppose that [ is a loop in 5 topological space X at xg and [ lis the
loop in X at x, defined by I l(s)=|f(]]a[[ -s) forall x in I Then, I lI~e.

Proof: / /.
Now, we will show with X' the familly of allpaths in X.

X'= {p| p: I > X continuous }
Using the production of two paths in X, we arrive that a rack structure on X
Indeed; (i). Forall p,q € X', if we take =q.p.q" € X' then p=q =q"fq=q"qpq'lq=p .
(ii). For all p,q ,re X', the formula,

prd = p™ ar p%" holds.
The following theorem gives a semi-group structure on X! with the operatxon
. For eX, pagq= {g p=q
A P.q pPAq prg
Theorem 6: (X A)isa sem1 group.
Proof: G.l:For pqe x' -

p/\q={g f:wg . Hence p/\qexl
G.2: For pgre X', pA( gan) =pA @ g:ﬁ =
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pPAq  gmr_ {g p=q andgsr
pAE  g=re P andg=r

- p=q __ AT p=q _ (b pxq andp=r
(pf\q)/\r-g P=4Ar— ok P P4 andp=r

Thus, pA(@AT)=(pAq)AT
G.3: For pe X, since pae=e and eAp=e there is not an unit
element. ' '

' o -l
G.4:For pe X, since pa p"' = {E P p—l = p there is not an inverse
p=p

element of p. ‘

G.5: For p,qe X/, since p A q#qAp (X,A) is not abelian.

Theorem 7: For p.q € X' if we define pvg=pgq, then (X, v) is a group
except for abelian,

Proof: It is clear from the definition pVq.

£, Tt

Corollary 1 : We have the following proporties with “A “ and *v “ operations.
(D). (Pva) A= (pAQ) V(gar) |
(ii). (pAq) v r= (pvq) A (gvr)

. Proof:; Itis obvious,

Definition10: A fuzzy path in a fuzzy topological space X is a fuzzy
continuous mapping p: I - (X,1), where I= [0,“3"] The points p(0) and p([a] ) are
called the initial point and the end point of the path p respectively.

A fuzzy topological space X is said to be pathwise connected if and only if for
every pair of p,ints xpand x of X there exists a path p in X such that ;

P(xe)=xo and p(Ja] ) = x,.

Let py and p, be two fuzzy paths in a fuzzy topological space X, which the
same initial point and have the same end point. It say that p, is homotopic to p, if and
only if there exists a fuzzy continuous mapping.

H:Ixl5 X
such that
H(s,0)=py(s), H(s,1)=p,(s) forallsinl
and ’
H(0,0)=py(0), H(1,t)=py(1)=p,(1) forall tinl

Instead of py is fuzzy homotopic to p, one also says that p, can be fuzzy
continuously deformed into p, and writes py ~ p;.
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Suppoze that pyand p, are two fuzzy paths in a fuzzy topological space X such
that py(|lal| )=p;(0). Then, the product p,.p, is as adapted in definition 7.

Now, we will show with X' the familly of all fuzzy paths in X.
X! ={p| p:1 = X fuzzy continuous }.

Using the production of two fuzzy paths in X, we arrive that a rack a structure on x.
Indeed;

(i). For all ple 1fwetaker=qpq EX then
prgq= q 1.4=q qpq -Q=p.

(ii). For every p,gre X! , the formula

p =pd = 'ar pods.

Then, X' is a rack.
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