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Abstract: Queue forms when the demand exceeds the suppéydgstem. It is
faced with the customers who leave without waitargwho wait a little bit
because of longevity of the queue. The systemtékais into account this type
of customers is called "Multiserver Queueing Systeror Impatient
Customers".

In this paper, it is investigated multiserver guegesystems with impatient
customers by the two queue models M/M/c+M and MMYon supermarket.
The first aim of the study is to identifiy the rétaship between different
patience times and cost functions of the two modEle second aim is to
investigate effects of patience time’s distributian cost function and optimal
number of servers. This study is the preliminarytbe queueing systems’s
investigations in literature of Turkey. Consequgnit was developed the
significance of the patience times in order to fpetformance measures of the
multiserver queueing systems with impatient custsmé@&he results were
confirmed with an application by using MATHEMATICB0 for observed real
data.

Keywords: Cost function, impatient customers, multiserveeuping systems,
optimal number of servers, patience times.

Sabirsiz Misteriler icin Cok Servis Birimli Kuyruk Sistemlerind e Maliyet
Fonksiyonu Tahmini ve Supermarket Uzerine Uygulama

Oz: Bir servis icin sinirli arzin, fazla talebin sozksn olmasi kuyruklara
neden olur. Kuyruk uzun olgu zaman, hi¢ beklemeden veya bir sire bekleyip
servisin yavgigindan sikilarak kuyruktan ayrilan gtérilerle kasilasilir. Bu

tir misterileri dikkate alan sisteme “Sabirsiz §riler icin Cok Servis Birimli
Kuyruk Sistemi” ad\ verilir.

Bu makalede, sabirsiz gtérili cok servis birimli kuyruk sistemleri M/M/c+M
ve M/M/c+D modelleri ile bir sipermarket Gzerindeélenmgtir. Bu calsma
boyunca, bu iki modelin sahip olgw farkli sabirhilik streleri ile maliyet
fonksiyonu arasindaki gkinin belirlenmesi amaclangtir. Daha sonraki der
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bir amac ise sabirlilik siresi glhmlarinin maliyet fonksiyonu ve en uygun
servis birimi sayisi Uzerindeki etkisini incelemiektBu calsma Turkiye
literatirinde kuyruk sistemleri tizerine yapilansaraalar iginde bir ilki temsil
etmektedir.

Sonug olarak, Sabirsiz gtérili gok kanalli kuyruk modellerinin performans
Olculerini bulmak icin sabirlilik stresinin 6nemitaya cikarilmgtir. G6zlenen
gercek veriler icin MATHEMATICA 5.0 yazilimi kullalarak yapilan bir
uygulama ile buldgumuz sonuclar desteklengtir

Anahtar stzciklerMaliyet fonksiyonu, sabirsiz ngigriler, cok servis birimli
kuyruk sistemleri, en uygun servis birimi sayisiishlik streleri.

1. Introduction

Queue is an often case in our daily life. It is tedifor a service such as
paying the bills, buying a movie ticket, passingnira motorway... etc. The
queues form, when the demand for a service exdesesispply.

Queue affects adversely the important parametersasfkind such as cost
and time. Theoretically, enough servers could lowiged to handle all arriving
customers without delaying. However, in realitythaligh top management of
the business may sympathize with the desire todmgpiservice quality, it is
clear that the increase in the service capacityires extra financial resources.
On the other hand, a reduction in the service dgpagsults in a significant
increase in the cost associated with waiting (M&swde 1985). In addition,
whether the customer is patient or not is veryrdateative on cost. Impatience
of the customers causes a loss and a cost foryitens. Several studies have
been done in order to minimize the number of lasstamers and the cost by
guidance of the analytic framework.

In literature, the first queueing model with impgati telephone switchboard
customers is investigated by Palm (1937). Barr@57) studied multiserver
gueue with impatience. Baccelli and Hebuterne ()198Vestigated some
special cases involving impatience with a geneiatridution function of
practical interest for modelling telecommunicatgystem.

In this paper, it is aimed to explain the cost ifomtof the multiserver
queueing systems with impatient customers by ussiagorobabilistic concepts.
The real queues data taken frdemir Pehlivanglu Market in Sirinyer are
examined whether the results deduced theoretiaedyonfirmed in reality.
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2. Impatient Customers

In many service systems, customers wait for serfidca limited time, then
they leave the system if service has not procesBed. type of customer is
known as impatient customer in the litterature.

In literature, the first queueing model with impgati telephone switchboard
customers is investigated by Palm (1937). Barr@57) studies multiserver
queue with impatience customers and he determimedass probability in
M/M/c+D queue. Boxma and Waal (1993) obtain thes Igsobability for
impatient customers in queue models by considdhiaghumber of servers that
minimizes a certain cost function. Boots and Tij@999) develop another
simple and insightful formula for the loss probapiin multiserver queueing
system with impatient customers. Zohar, Mandelbaamd Shimkin (2002)
characterize an equilibrium point for the custoriseradaptation of their
patience to their service expectations and then ein@dlaptive customer
behaviour in multiserver queueing model for impattieustomers.

3. Erlang Loss Probability

“In a delay system each customer finding no fregeseupon arrival waits
until a server becomes available, whereas in a system each customer
finding no free server upon arrival are lost andehao influence on the
system.”(Tijms, 2003, p.194).

The probability p, gives the probability of number of occupied servers.

since p, =(A/u)' p,/i! fori=1,...,c, the following result can be obtained
as follows:

__ )i

p, =——~~""—— wherei =0,1,... C (1)

S (/) o

k=0
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The loss probability is generally denoted Bwand is given by

= probability that all ¢ serversare busy
total probability that an arriving customerfind free server

or it can be written as follows:

=) el -
> (A/u) ki
k=0

Equation (2) is called the Erlang loss formulahe litterature.

4. Loss Probability For Impatient Customers

1-p)PWS™ >1
The loss probabilityP, ., is formulated that a& = (1=p) {V\(/Z) }
1- pP{\Nq > T}

by Tijms and Boots (1999) where the notations aspectively expressed as
following; each arriving customer enters the quegeiystem, but after a fixed
time, 7 >0, leave the system if the service has not begue. grhbability of

customers whose waiting time in queue does noteektet >0 as denoted as

W™ (). W (1) s distributed as the stationary waiting time aftestomer
in the standart M/G/c queue can be WrittenPc{Wq(”) st}=Wq‘°°)(t) where
t=0.

Suppose that customers arrive at a service fadifity multiserver queueing
system according to a Poisson process with rdte Service requests of
successive customers are independent, identicabyribdited (i.i.d) with

exponential distribution with meap™ at each of thec servers. The service
discipline is first-come-first-served.

Waiting customers may abandon the queue at any limhgre admitted to
service. Potential abandonments times of individusgtomers are assumed
independent and identically distributed, according probability distribution
G(I) over the nonnegative real lin& referred to the patienadistribution

function with meany . Suppose thaG =1-G denote the survival function;
thus G is the probability that a waiting customer willtredbandon withint
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time units. The arrival, service and patience pssee are independent
stochastic processes.

M/M/c queue with general patience time distributiaiil be denoted as
M/M/c+G in queueing systems for impatient customers

The time that a nonabandoning customer would hawesait until admitted
to service is called virtual offeramaiting time, or offered wait, and denoted as
V. V will be also the unfinished work of the serverdait will only be
modified by successful customers. Let the distidsubf V is the same for all
customers. (Zohar et al, 2002)

The M/M/c+G queue model is given below was invedgd by Baccelli and
Hebuterne (1981).

N(t)=n, for the number of customers at time equals n and
O<ns<c-1.

N(t) =L, for the number of customers at titnequalsc or exceeds.

V is strictly positive whenN(t)=L, and it equals zero elsewhere. The
density ofV is denoted ay(x).

pj:!imP{N(t):j,V:O} where j =0,...,c-1 3)
Hence
v(x)=lim lim P{N(t) = Lx<V < x+dx}/ dx 4)

From the Chapman-Kolmogorov equatidds and v(0)are expressed that

o/
P, :TPO where ] =0,...,c—-1 ()

v(0) = AP, (6)

Under the stability conditiorci > AG (), v(x) is given as in equation
(23) by Bacelli&Hebuterne (1981).

v(x)=v(0)exp(J(t)) wheret >0 (7)
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where the expression &{t) in the equation (7) is expressed that:

J(1))=~[ (cu~AG (s))ds ®)

0

As it is mentioned beforeP, denote the stationary probability for exagtly
occupied servers. Therefore the normalization dammbecomes as follows:

c-1 o
P +jv( x)dx =1 (9)
i=0 0
where
A1
Pj :(_j ._PO (10)
u) !

Then the distribution function of(x) is expressed as follows:

V(x) = expI(t)) (11)
/; +£exp(J(s))ds
where
& (c-1)! (Ajj‘m
K = = 12
’ Jzo it \u 42

(Zohar et al, 2002)

The loss probabilityn is

= TG( X V( x)dx (23)
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7T=(1—£j(1—§|3] j +P_, (24)
P j=0

4.1. Loss Probability For M/M/c+D and M/M/c+M Model

Throughout the previous formula of the loss proligbi(14), the loss
probability, # and the probability of all free servers for M/MI2+s defined as
follows:

_[&p" p° (A-cu)y _ B
P = Ll 15
i {% @ (o-ck e C}} -
m =P, ﬁ—,exp[(/‘ —cu)y] (16)

and also the probability of all free servers aralltdss probability for M/M/c+M
is defined as follows:

[, oo(,, e, (o |
PO—LZ:;W F(l 1o W a)ie2a) ﬂ (17)

=P, ﬁl:1+ (o/c- 1){1'01‘;7 + (1+(a'0)/(i 2] +ﬂ (18)

5. Cost Model Of The Queueing System

The study of queues determines the measures afrpenfice of queueing
systems, including the average waiting time andatlerage queue length. This
information is then used by managers to decide oragpropriate level of
service for the facility. It must be identified opal service levels to reach the
minimum cost (Taha, 1995).

Cost models help to balance two conflicting cosét are:
1. Cost of offering the service
2. Cost of delay in offering the service (customertimgitime)

The two costs conflict because an increase in @uses reduction in the
other and vice versa as one can see from the Figure
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Cost Tuotal cost Cost of operating the service
\/ facility per unit time
Optimum level

Cost of waiting
custotmners per unit

Lewvel of service

Figure 1. The costs versus level of service

Let x=c represents the service level, the cost model eaxpressed as

E(C; (x)) = E(Co(x))+ E(Cw (X)) (19)
where

E(CT (x)) = Expected total cost per unit time
E(CO (x)) = Expected cost of operating the facility per uimte
E(CW (x)) = Expected cost of waiting per unit time

At the same framework of this section, the cost ef®dan be generated in
different queueing systems. (Taha, 1995)

5.1. Cost Model of the Queueing System with Impati¢ Customers

Queues eventually causes to the costs (Mandel€&5)1The basic task of
the service management is to offer the best quabtyice to the customers
under the minimum cost. Then, in litterature, thare studies in order to find
optimal number of servers in taking into accouhtparameters that affect the
cost. One of these parameters can be patiencestufistibution for the systems
with impatient customers. Its cost models now helpalance two conflicting
costs that are

1. Cost of offering the service
2. Cost of loss customers because of their impatience.

Thus the equation (19) for the queueing systemis imipatient customer is
rewritten as follows:

E(C; (x))=E(Co (x)) + E(C. (x) (20)
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where E(CL (x)) is the expected cost of loss customers.

If we consider M/M/c+M model, in the paper of Boxraad Waal (1993),
the following cost equation is defined. Accordimgthis paper, the operational

costs for a server in the queue aeper unit time. For any impatient customer
that abandons the queue, an external server ig, ioeonly the service of that
customer. The cost per unit time for such serveeimted agl, . If the internal

queue has servers, the average cagfc) is given by

g(c)=d,c+AB d,m(c) (21)

where 3 is the mean service time of the external servef¢) is the loss
probability as a function af.

The importance of the patience time’s distributfon the cost function is
stressed on the following section with the realdatken from Pehlivargu
Market.

6. Application
6.1. Data

Since it is available to observe queue dynamic,li®etoglu Market is
chosen for the application.

Pehlivanglu Market inSirinyer was opened on 7th March 1990. Its service
time is between 08:30 and 21:00. Application waplied in this market in
November 2004. There were two activated servetBignmarket. According to
our observation, the number of customers thatedrto system was 25 persons
and it was 12 customers who were served in halifoam.

Mean patience time of customers which have to Vegireceiving service
from system was classified in increase order devist 1, 5, 15, 30 minutes.

After interviewing with executive manager $ifinyer Pehlivanglu, the cost
for each server was defined as 168 € for month hwhvas just about the
cashier’'s minimal salary. On the other hand, indh®e that to open extra server
for only impatient customers for not losing theastomers, extra server will be
able to serve just for 4 customers in half an hdte cost of this new server
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can be more than those of two servers, becaussathey of the substitude
cashier is 195 € for month.

The cost function value is found versus the nunatbservers under different
patience times for the two queue models M/M/c+D 8itW/c+M. And both
M/M/c+M and M/M/c+M queue models are compared vagth other.

6.2. Cost Values of the M/M/c+D Queue Model

According to the results of the application basadrese given data, when
the M/M/c+D queue model is applied for the impatiemstomers in the system,
the Figure 2 indicates that if there patient cugtignin system who are willing
to wait half an hour, the number of loss customseinverse proportional with
the number of servers and as a result, the protyaluf loss customers
converges to zero. In this case, the cost value@ases related to increased
number of servers. On the other hand, when the sewer opens for the
impatient customers in the system, in other woitie, number of servers
becomes 3 it is noticed that the cost decreasegsamalue is just about 660 €.

The optimal number of servers should be speci#ie®. If the number of
servers is not increased to 3, in this case, gimedoss is too much, the cost is
almost 730 €. One can see from that from the Figure

[ . 1520

L] = Efan

15520

-

a0 E0

Figure 2. Cost values for different patience times in M/MIxgueue model

The decreasing 70ifi the cost is a positive progress for the busin€ssn
it is recommended managers to increase the nunfiserers up to 3.
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6.3. Cost Values of the M/M/c+M Queue Model

When these data is applied to the other queue nmdddic+M, it can be
seen from the Figure 3 that the mean patience tdnasot have any effects in
identifying the optimal number of servers and tbstosalue increases with the
increase of the number of servers.

The cost of impatient customer that brings on tealiPan@lu Market is
more than the patient customers’s cost. It cangoeea with the Figure 3 that
the cost of a customer who is willing to wait foetservice for 1 minute is 740
€. On the other hand, the cost of a customer whwili;xg to wait for 30
minutes in queue to receive service is about 500N the number of servers
in system is less than 6, the cost correspondireptt of mean patience times
varies. However, when the number of servers is éxoeeds 6, the number of
loss customer decreases. Therefore, the probabflityss customers converges
to zero. And also it is considered that the diffiee of the patience times of the
customers is important on the cost value. The readothis case can be
theoritically explained as follows: In the M/M/c+Mueue model, the loss

probability n(c) is a decreasing function afand this goes to O i goes to
infinity. Thus, it may be concluded that the timereeage costs are
asymptotically equal tal,c asc goes to infinity. In this application, after the
point 6, there is no effect of loss probability thie cost function. Accordingly,
the cost function becomeg(c)=d,cC.

* ® 1i20

<l 520

15730

20730

z 4 E 8 10 12 14

Figure 3. Cost values for different patience times in M/M¥E queue model
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6.4. Cost Values of the M/M/c+D and M/M/c+M Queue Mdels

In interview with customers, it is determined thia¢y are willing to wait
only 15 minutes. In this way, the other side of shaly, when the patience time
is about 15 minutes, it is investigated the codties of both M/M/c+D and
M/M/c+M queue models in the period of the half auih

As a result, when the number of servers stays dneesas 2, the cost of
M/M/c+M queue model is about 549 €, the cost of MIMD queue model is
about 449 €. It can be observed that if the nundbeserver is increased, the
cost value increases for the both queue models.nVithe number of servers
increases up to 3, the cost value also increaggtdfisantly compared to its
previous value and its cost is 650 € in the M/M/céiveue model.

gl
1z00 [ -
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Figure 4. Cost values for both M/M/c+D and M/M/c+M queue retxd
7. Conclusion

The aim of this paper is to prove the importancthefpatience times and its
distribution function in order to identify the cogalue corresponding to the
optimal number of servers.

The probabilistic model of the cost function is kg with the real data
taken in Pehlivanglu Market by using MATHEMATICA 5.0.

The exponentially distributed patience times hagffect on identifying the
optimal number of servers inasmuch as the costevahgrease with the
increased number of servers as in Figure 3. Howiéwbe distribution of the
patience times is deterministic, the optimal numiifeservers corresponding to
the minimum cost value can be identified for the@atient customers. Thus, the
cost can be shown in Figure 2.

As in Figure 2 and 3, the general result for titesemodels is that impatient
customers cause more cost than the patient customer
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As in Figure 4, the cost value of M/M/c+D queue mlodis less than
M/M/c+M queue model where the loss probabilityhe distinctive parameters
between the two models. In addition, after a definumber of servers, there is
no effect of loss probability on the cost functifor both queue models
M/M/c+D and M/M/c+M.

Clearly, there is no need to open a new servedtiept customers take place
in the system. However, according to our applicatiesults, the advantageous
decision for the Pehlivaggtu Market is to open a new server for the impatient
customers. The cost is minimum when the numbeenfess is 3; thereby this
value 3 is optimal number of servers. However, dkecutive managers of the
Pehlivanglu Market will make the last decision.
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