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PROBLEMS FOR HYPERBOLIC EQUATION SYSTEMS

ABSTRACT

Initial value problems for two systems of partial differential equations of
hyperbolic type are main object of this thesis. New methods for solving these
problems are suggested and justified in the thesis. In addition, theorems about
existence and uniqueness of these problems are proved. The considered systems
of partial differential equations describe electric and magnetic wave propagations
in electrically an magnetically anisotropic media (crystals, dielectrics etc) and in
media with an anisotropic conductivity (biological tissue and earth materials).
The results, obtained in the thesis, can find their applications in the theory of

electromagnetic waves.

Keywords: Partial differential equations, hyperbolic systems, Initial value
problem, Maxwell’s system, Telegraph equation, Anisotropic media, Green’s

function, Fourier transform.
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HIiPERBOLIK DENKLEM SIiSTEMLERI ICIN PROBLEMLER

(0Y//

Tezin ana konusu hiperbolik tiirdeki iki kismi diferansiyel denklemler sistemleri
icin baslangic deger problemleridir. Tezde bu problemlerin ¢6ziimii i¢in yeni
yotemler oOnerildi ve dogrulandi. Ek olarak, bu problemlerin varlik ve teklik
teoremleri ispatlandi. Ele alinan kismi diferansiyel denklemler sistemleri
elektiriksel ve manyetiksel izotrop olmayan ortamda (kristaller, dielektirikler,
v.b.) veiletkenligi izotrop olmayan ortamda (biyolojik doku, yeryiizii malzemeleri)
elektirik ve manyetik dalga dagilimlarini tanimlar. Tezde elede edilen sonuglarin
uygulamalar:

elektromanyetik dalgalar teorisinde bulunabilir.

Anahtar Sozciikler: Kismi diferansiyel denklemler, Hiperbolik sistemler,
Baslangi¢ deger problemleri, Maxwell sistemi, Telgraf denklemi, Izotrop olmayan

ortam, Green’s fonksiyonu, Fourier doniigiimii.
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CHAPTER ONE
INTRODUCTION

1.1 Problems Set-up

In this thesis we consider two partial differential operators P and £ defined

by

O0’E .
PE = Swjtcurlx(/\/l curl,E), (1.1.1)
cu = LU 2A w202 (1.1.2)
IR T -

where x = (z1,22,73) € R3, t € R; u(x,t) = <u1(m‘,t),w(m,t),m(m,t)),
E(z,t) = (El(x,t),Eg(x,t), Eg(:r,t)> are vector functions,

81‘2 B 8:1/‘37 3$3 81‘1’ 81‘1 3%2

curl,E — (8E3 OF; 0B, OE3; 0E; 8E1>’

& = (z—:ij(x))?)x?), M = (mij(x))3x3, Q = (qij(x))gxg are matrices of 3 x 3
order, a is a given positive constant.

In the Section 1.2.1 we show that operators P and L are hyperbolic if the matrices
& and M~ are symmetric positive definite. The main problems of this thesis are
the following initial value problems.

Problem 1. Let P be the hyperbolic operator defined by (1.1.1), f(x,t) =
(fl(:c,t), fa(x,t), f3($,t>) be a given vector function for x = (1,79, 73) € R3,
t > 0. Find vector function E(z,t) = <E1 (z,t), Ea(x,t), E3(z, t)) satisfying

PE =1, (1.1.3)

OE
El;—0 =0, —|i=
’t—O ) ot ‘t—

o =0. (1.1.4)

Problem 2. Let £ be the hyperbolic operator defined by (1.1.2), f(x,t) = (f1 (x,t),
. t), fiw,t)), @) = (eu@1), a1 gale.1)), v(@) = (¥a(a), va(a),

1



2

1/13(3:)) be given vector functions for x = (1, z2,73) € R, ¢t > 0. Find vector

function u(zx,t) = (ul(x,t),uQ(a:,t),u;;(x,t)) satisfying

Lu=Tf, (1.1.5)
ou
=0 = (), Frl=o = P(@). (1.1.6)

Nowadays in the view of growing interest to development of new anisotropic
materials the analysis of the electromagnetic waves is an important issue and
the study of different problems for (1.1.3) becomes actual. Many problems for
(1.1.3) in homogeneous isotropic and anisotropic media have been studied and
their applications have been made, see, for example, (Kong (1990), Ramo et al.
(1994), Monk (2003), Cohen (2002), Lindell (1990), Haba (2004), Wijinands &
Pendry (1997), Li et al. (2001), Gottis & Konddylis (1995), Ortner & Wagner
(2004), Yakhno (2005), Zienkiewicz & Taylor (2000), Cohen et al. (2003), Yakhno
et al. (2006) ). In particular, decomposition method for the case of homogeneous
isotropic materials (M = uZ, & = €Z, u, € are positive constants; Z is the identity
matrix) has been studied in (Lindell (1990)). Analytic methods of Green’s
function constructions have been studied for the case of homogeneous isotropic
materials in (Haba (2004), Wijinands & Pendry (1997)); for homogeneous uniaxial
anisotropic media (M = uZ, £ = diag(e11,£11,¢33)) in (Li et al. (2001), Gottis
& Konddylis (1995)); for homogeneous biaxial anisotropic crystals (M = uZ,
E = diag(e11,€922,€33)) in (Ortner & Wagner (2004), Burridge & Qian (2006));
for arbitrary non-dispersive homogeneous anisotropic dielectrics (M = uZ, € =
(€ij)3x3 is a symmetric positive definite matrix) in (Yakhno (2005)). Most of
the studies and modeling electromagnetic waves had been made by numerical
methods, in particular finite element method (Monk (2003), Cohen (2002),

Zienkiewicz & Taylor (2000), Cohen et al. (2003)). The initial value problem
for the system (1.1.3) has been studied in (Courant & Hilbert (1989), page 603-
612) for the case £ = diag(e11,€22,€33), M = pZ, where €;5, j = 1,2,3; p are
constants. This problem was reduced (see Courant & Hilbert (1989), page 603-

612) to initial value problem for a fourth order partial differential equation and
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an explicit formula for the solution of the last problem was obtained. Using
the plane wave approach IVP for (1.1.3) was investigated in (Ortner & Wagner
(2004), Burridge & Qian (2006)) when £ = diag(e11,€22,€33), M = pZ, where
€jj, J = 1,2,3; p are positive constants. In (Burridge & Qian (2006)) paper
the presentation of a solution of IVP was given in an integral form. The paper
contains also an analysis of the structure of the domain of the integration and the
numerical calculation of an approximate solution. On the other hand nowadays
computers can perform very complicated symbolic computations (in addition
to numerical calculations) and this opens new possibilities in modeling and the
simulation of the wave propagation phenomena. Symbolic computations can
be considered as a useful tool for analytical methods which can provide exact
solutions of IVP for (1.1.3). In (Yakhno (2005), Yakhno et al. (2006)) a new
analytical method for constructing explicit formula of IVP for (1.1.3) inside
different anisotropic non-dispersive homogeneous materials was obtained. In
general case of dielectrics (€ = (¢;5)3x3 is a symmetric positive definite, M = u7)
an explicit formula is very cumbersome and it has been computed using symbolic
computation in MATLAB. Applying this explicit formula the simulation of the
electric waves was obtained in (Yakhno et al. (2006)). Unfortunately the exact
solution can not be found for all complex equations and systems. So, for example,
there is no explicit formula for (1.1.3) in the case where £ and M depend on one
or all space variables.

One of the goals of this thesis is to find a method of solving Problem 1 for
t € [0,7] in the case when T is a given positive number, £ and M are given
diagonal matrices with positive elements depending on x3.

The Chapter 2 of the thesis is devoted to the study of Problem 1 in which the

matrices £ and M have the form

& =diag(e11,€11,€33), M =diag(pi, pi1, 133),

and their elements are twice continuously differentiable functions depending on

x3 only and such that €;; > 0, p;; > 0 for z3 € R, j = 1,3. We suppose in
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the Chapter 2 that the Fourier transform of the vector function f with respect
to variables x1, z9 has components which are continuous relative to all variables
simultaneously. We note that such type of £, M correspond to uniaxial anisotropic
media (see Subsection 1.3.2).

In Chapter 3 of the thesis Problem 1 is studied for the case when

& = diag(e11,€22,€33), M = diag(p11, pa2, 1133),

and the following assumptions are used. Let «, G, T be given positive numbers,

a < B, ¢c=+/B/a, A be the triangle given by
A={(x3,t): 0<t<T, —c(T—t)<az3<c(T—1t)}

We suppose that components of the Fourier transform of the vector function f with
respect to variables x1, 22 are such that fj(u, r3,t) EC(R?*x A), j=1,2,3; v =
(v1,12) € R?. We assume also that elements of diagonal positive definite matrices
E, M are twice continuously differentiable functions depending on x5 variable

< B,
155 (3)
j = 1,2,3. We note that such type of £, M corresponds to biaxial anisotropic

only over [—cT, cT'] and such that 0 < a < gj(z3) < 3,0 < a <

vertical inhomogeneous media (see Section 1.3.2).

The main results of the Chapter 2 and Chapter 3 are methods of solving Problem
1 under above mentioned assumptions. These methods consist of the following.
First of all Problem 1 is written in terms of the Fourier transform with respect
to the space lateral variables . After that the obtained problem is transformed
into an equivalent second kind vector integral equation of the Volterra type.
Applying the successive approximations method to this integral equation we have
constructed its solution. At last using the equivalence of this vector integral
equation to IVP obtained after the Fourier transformation and the real Paley-
Wiener theorem we found a solution of Problem 1. At the same time theorems
about the existence and uniqueness of the solution were proved in the Chapter 2
and Chapter 3.

The problem 2 is studied in the Chapter 4. We note that the matrix Q = (gi;)3x3,
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appearing in (1.1.2), corresponds to an anisotropy of electrical conductivity (see
Section 1.3.3). The effect of the anisotropy of electrical conductivity is well
known. So, for example, the fact that most biological tissues and earth materials
have anisotropic conductivity values is well known (Seo et al. (2004), Weiss
& Newmann (2003), and Wolters et al. (2005)). The mathematical models of
these media are described by the Maxwell’s system with anisotropic (matrix)
conductivity (Seo et al. (2004), Weiss & Newmann (2003), and Wolters et al.
(2005)). In the Section 1.3 and Chapter 4 we consider the Maxwell’s system with
a matrix conductivity and a constant dielectric

permittivity and a constant magnetic permeability. We rewrite this system in
terms of the scalar and vector potentials and as a result of it we obtain the
operator £ defined by (1.1.2).

The second goal of the thesis is to construct a solution of Problem 2. In Chapter 4
the Green’s function method is used for solving Problem 2. This method consists
in constructing the Green’s matrix of IVP for £ (see Section 4.1) and then finding
an explicit formula for a solution of Problem 2 using this Green’s matrix (see
Section 4.2). As an application of an explicit formula for a Green’s matrix of
IVP for Maxwell’s operator with constant dielectric permittivity and magnetic
permeability, and a matrix conductivity has been constructed (see Subsection

4.3.1) and generalized initial value problem has been solved (see Subsection 4.3.2).

1.2 Hyperbolicity of P and L

In this section we give a definition of the hyperbolicity for the second order
partial differential operators from (Ikawa (1999)). Using this definition we will

show that the vector operators P and L are hyperbolic.



1.2.1  Definition of the Hyperbolicty for a Second Order System of

the Partial Differential Operators

Consider the following 3 x 3 matrices,

Ajl(ta'r)a jvl = 172737 Hj(tam)7 ] = 07 17273>

Aj(t,z), j=0,1,2,3,

where € R3, t € R.
Further, suppose that u;(t,z), j = 1, 2,3 are unknown functions, and set u(¢, z) =
(uq(t, x), u2(t, ), us(t,x)). Finally, let us consider the partial differential operator

P that acts on u in the following form
Pu S
Pu = +;Z;ZZ; J18$8x5+; ]833-

9%u ou
+ 22[@6 8t+H08 + Apu. (1.2.1)

For a second order partial differential operator P, we will say that the principal
part of P is
I A 2
P 3*;; 9 Oy 0m1 a ﬁ JZ Ja ot

For A € C and £ = (£1,62,&3) € R3, let

3 3
po(t, ., \, €) _det</\213+2ZH LA+ > Ap(t,x) gjgl)
7j=11=1

po(t,z, A, §) is called the characteristic polynomial of the partial differential

operator P. If we consider (t,2,)\) € (R x R3> x R) to be a parameter and pg
to be a polynomial in A, then the degree of characteristic polynomial is 6. We
denote the roots of po(t, z, A\, §)=0 by \i(t,z,€), (k =1,2,...,6); we call these

roots the characteristic roots of the partial differential operators P.

Definition 1.2.1. (Ikawa (1999)) The second order partial differential operator

P given in (1.2.1) is said to be of hyperbolic type (or simply just hyperbolic) in
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the t direction if for an arbitrary parameter (¢, x, &) the characteristic roots of P,

Me(t,z, &), k=1,2,...,6 are all real. Further, if

an ’)\k(t,$,£)—)\](t,$,£)| >07 k#]?

then P is said to be regularly hyperbolic. In the above, we assume that the

infimum is taken over (¢,z) € (R x R®) and |¢] = 1.

1.2.2 Hyperbolicty of P

Lemma 1.2.2. Let £ = (g;j(2))sxs and M~ = (m;j(x))3x3 be symmetric

positive definite matrices. Then the operator P defined in (1.1.1) is hyperbolic.

Proof. The operator curl, that acts on E can be written in matrix form as follows

curlL,E = §(D,)E, (1.2.2)
0 .
where D, = (Dxlanzan3)7 (D:L“J = ?7 J = 17273)
Zj
0 Dy, Dy,
S<D$) = D.’Eg 0 _D.’El

—Dg, Dy 0
The operator curl,(M™!lcurl,) = S(D,)M~1S(D,) may be written in matrix

form including second order derivatives only as follows

curl,(M™tcurl,) = (aﬂ(Dm)>3X3 (1.2.3)



where

2 2
= 2ma3Dyy Dy —ms3 Dy — maa Do,

2
= _m13Dx2Dx3 + m33Dm1Da}2 + mqug - mQSlengy

2 2
= _mlleg +2mi3Dg, Dy, — mgng%,

(Dz)
(D)

a13(Dz) = az1(D;) = m13Dig —ma3Dyy Dyy — m12Dyy Doy + mogDyy Dy,
(Dz)
(Dz) = m11DygyDyy —miaDyy Dyy — mi3Dyy Dy, + m23D§§,
(Dz)

2 2
= 2m12Dlex2 - m22D$2 - mlleQ.
1 2

The principal part of the operator P may be written in another form as follows

P e 52
_eZ A , 1.2.4
Po ot? + Jz; lz; (@) Oz ;0x ( )
where
0 0 0 0 mss —ma3
Aii=| 0 —mg3 ma3 , 2419 =249 = mas 0  —mis |
0 mo3 —mao —mg23 —mi3 2m2
—m33 0 mi3 0 —Mm23 M2
A22 = 0 0 0 5 2Al3 = 2A31 = —Mma3 2m13 —mi9 )
miz 0 —mn moa  —M12 0
—mo2  mi2 0 2ma3  —miz —Mmi2
A33 = mi9 —mi11 0 5 21423 = 2A32 = —m13 0 mi1
0 0 0 —T112 mii 0
Setting
0 0 H?

7<_>A7 Dzj :%nga ijDxl = Hﬁjfl .7:172737 k:17273a
J

ot 81‘j(1§l

AEC, €= (&,6,8) € R? in the equation (1.2.4) we obtain the characteristic

polynomial as follow

det(\?€ — A(z, £)), (1.2.5)



where

3 3
N3 Aj@)gig = —SEOMTIS(E).

j=11=1

We note that A(z, &) is symmetric. According to the definition 1.2.1 we need to
show that all roots of (1.2.5) are real. For this we use the following theorem from
(Goldberg (1992), page 383):

If € is symmetric positive definite and A is symmetric and positive semi-definite,

then there exists a nonsingular matriz T such that
T'eT =1, T'AT =D,

where T and D are identity and diagonal matrices respectively. (T is the
transpose of the matriz T ).

By the theorem 8.7.1 from (Goldberg (1992), page 382) there exists £'/2 such
that (£/2)1/2 = £. Moreover since £Y/2 is positive definite, £~'/2 exists and
symmetric, so that (§-1/2)T = £-1/2. The symmetric matrix £~ /2A4E£-1/2 is
unitarily similar to a diagonal matrix of its eigenvalues; that is, there exists an

orthogonal matrix Q such that QT(E_l/QAE_l/Q)Q =1D. Set 7 = £ 1/2Q. Then
TTgT — (5_1/QQ)T5(8_1/2Q) — QT(g—l/Qgg—l/Q)Q — QTIQ — QTQ — I,

and
TT.AT _ (5_1/2Q)TA(5_1/2Q) _ QT(E—l/QAE—l/Q)Q —D.
The relations, written below show that the matrices A(z, &) = —S(&)M™1S(€)

and £7Y/2A£1/2 are positive semi definite:

( - (S(ﬁ)M—ls(g))n,n> -

(S OASINE ) = (=SS0 7)
— (— A(S(g)g—l/%), —(3(5)5_1/277)> > 0.
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Here we used ST (¢) = —S(&), (S(€) is skew-symmetric). Positive semi-definiteness
of the matrix £~1/2.4£-1/2 implies that the eigenvalues of D are nonnegative by

theorem 8.4.2 from (Goldberg (1992), page 366). We have
TTNE — AT = N*TTET —TT AT = N°T - D.
It follows from the above equality that
det(T7T(\2€ — A)T) = det(\*T — D).

Further, since 7 is nonsingular we can get

det(\2Z — D)
det(77T)det(T)

det(\?€ — A)) =

The last equality implies that roots of det(A\2€ —.A) are equal to roots of det(\2Z —
D). As a result characteristic roots of (1.2.5) are all real. This shows that the

operator P defined by (1.1.1) is hyperbolic according to the definition 1.2.1. [

1.2.3 Hyperbolicty of L

Lemma 1.2.3. Let a be given positive number, Q = (g;j(x))sx3 be a matriz, L

be the operator defined by (1.1.2). Then the operator L is hyperbolic.

Proof. We find that the principal part of the operator £ may be defined in another

form as follows

82

77
Lo=153

— aIA,. (1.2.6)

Further ZA, can be written in the form

2

3 3
:Jz_:; J@x]é?xl

where

L j=1
Aji = 0551, 51-]‘:{ J1=1,2,3.

0 j#l
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Setting

2
gH)‘v 0 Hf]? 0

= & =123 k=123
ot 8.’E] nggl J y Ly 9y 5 Ly 9y

al'jl'l
N€EC, €= (£,6,8) € R? in the equation (1.2.6) we obtain the characteristic

polynomial as follows

det(\*Z — a2 A(€)), (1.2.7)
where
3 3
A(§) = Z Z Aj&i&.
j=11=1

Roots of the characteristic polynomial are A\; = al{]; Ay = —alé], j=1,2,3.
Since the roots of (1.2.6) are all real we conclude that the operator £ defined in

(1.1.2) is hyperbolic according to the definition 1.2.1. O

1.3 Application to Electrodynamics

1.3.1 FEquation (1.1.3) as an Equation of the Electric Field in Anisotropic

Materials

Time dependent Maxwell equations in three dimensional (3D case) can be
written as follows (see for example Cohen (2002), Ramo et al. (1994))
oD

LH = —+1J, 1.3.1

cur ot + ( )
0B

LE = —— 1.3.2

cur 5 ( )

div,B = 0, (1.3.3)

divg,D = p, (1.3.4)

where = (x1,72,23) is a space variable from R3; ¢ is a time variable from

R, E = (Ey,Ey, E3) and H = (Hy, Hy, H3) are electric and magnetic fields,
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Ey = Ex(z,t), H, = Hi(z,t), k =1,2,3; D = (D1, Dy, D3) and B = (By, Bs, Bs)
are electric an magnetic inductions, Dy = Dg(z,t), By = Bi(x,t), k = 1,2,3;
J = (J1, Jo, J3) is the density of the electric current J = Ji(z,t), k = 1,2,3; p
is the density of electric charges. The values p and J satisfy the relation

0 .
a—f + divg,J = 0, (1.3.5)
and hence the equations (1.3.1) and (1.3.2) are related to each other. The relation
(1.3.5) expresses the law of the conservation of the electric charge.

In general there are constitutive relations that express D, B and J in terms of E

and H. These equations are
D=¢E B=MH, J=0¢E+]j, (1.3.6)

where &£ is the dielectric permittivity M is the magnetic permeability, ¢ is the
conductivity and j is the density of the currents arising from the action of the

external electromagnetic forces. Moreover we suppose that
E=0, H=0, p=0, j=0 fort<O. (1.3.7)
This means that there is no electric charges and currents at the time ¢ < 0;

electric and magnetic fields vanish ¢ < 0.

Remark 1.3.1. We note that equation (1.3.3) follows immediately from (1.3.5),
(1.3.6), and equation (1.3.4) can be obtained from (1.3.1), (1.3.5), (1.3.6). So
equalities (1.3.1), (1.3.2), (1.3.6) with conditions (1.3.5) imply (1.3.3), (1.3.4).

Remark 1.3.2. We note that p can be defined as a solution of the initial value
problem for the ordinary differential equation (1.3.5) with respect to ¢, subject

to pli<o = 0. Here div,J is given.
Let us consider the equations (1.3.1)-(1.3.4) for the case:

& =E(x) = (gij(x))3x3, M=M(x)=(nij(x))sxz o=0. (1.3.8)

We shall use (1.3.1), (1.3.2) and (1.3.6) to eliminate D and B from Maxwell’s

equations. Hence we shall generally deal with equations involving E and H. By
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combining (1.3.1)-(1.3.4), we obtain the second form the Maxwell’s equations:

PE = f,

03
ot

where P is the vector operator defined by (1.1.1), f = ——, and

RH = f*,

where f* = curl,(£71J), and R is the vector operator defined by
2

RH = Maatgl + curl, (£ 'curl, H).

We note that the vector operator R is defined similarly to the operator P (see

formula (1.1.1)). To define R we can replace the matrices £ and M.

1.3.2 Different Types of Anisotropic Materials

We note that if the characteristics of the material do not depend on position,
the material is said to be homogeneous, otherwise inhomogeneous. (For instance
the atmosphere is inhomogeneous). If the characteristics of the material are
independent from the direction of the vectors, the material is isotropic, otherwise
anisotropic. (For instance some important crystals are anisotropic). The matrices
& and M describe electric and magnetic properties (characteristics) of a material.
Materials can be classified according to electric and magnetic properties of the
media. ( see, Kong (1990), Herbert & Neff (1987))

Isotropic Homogeneous Media

E=¢e, M= uI,

where 7 is the identity matrix of order 3 x 3, €, u are positive constants.

Electrically Anisotropic Inhomogeneous Media

E = (eij())3x3, M =,
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where 7 is the identity matrix of order 3 x 3, p is positive constant.

Magnetically Anisotropic Inhomogeneous Media

E=¢Z, M = (u(z))3x3,

where 7 is the identity matrix of order 3 x 3, € is a positive constant.

Electrically and Magnetically Anisotropic Inhomogeneous Media

€ = (cij(x))3x3, M = (1ij(x))3x3-

Crystals are described in general by symmetric permittivity tensors. There always
exists a coordinate transformation that transforms a symmetric matrix into a
diagonal matrix. For cubic crystals &€ = diag(e11,€22,€33), €11 = €22 = €33,
and they are isotropic. In tetragonal, hexagonal crystals, two out of three
parameters are equal (for instance, €11 = €99 # £33). Such crystals are uniaxial.
In orthorhombic, monoclinic, and triclinic crystals, 11 # €92 # €33, and the

medium is biaxial.

1.3.3 Equation (1.1.5) as an Equation for the Electric Vector Potential

in Media with Electric Conductivity

Let us consider now equations (1.3.1)-(1.3.8) for the case:
E=¢I, M=pI, o=/(0ij)3x3,

where ¢, p and o0;; are constants, 7 is the identity matrix. Using the reasoning

of Section 1.3.1, remark 1.3.1 and remark 1.3.2 we find that equations

E
curl,H — 8(;5 ) L 0B 1, (1.3.9)

(1.3.10)
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are basic equations under conditions (1.3.7). Let us consider the following

presentation for H and E

1

H = —curl,A, (1.3.11)
7
0A

where A is the vector function ¢ is the scalar function which are called the
vector and scalar potentials respectively. Substituting (1.3.11), (1.3.12) into the
equation (1.3.9) using the property curl,(curl,A) = V,div, A — A, A, we find
the following equality

2

1
~V, div, A —
,uv w ot? ot

where ¢ = V. Let us choose the vector function A from

LA =1 (1.3.14)
1 1 9 .
Let £ be the operator defined by (1.1.2), a = ——, 2Q = —0o, f = a®yj. Then
VIHE €
we find from (1.3.13), (1.3.14) that has to satisfy
‘?f +209¢ = a*V, div, A. (1.3.15)

For holding (1.3.7) the conditions ¢|t<o = 0, Al;<p = 0 are sufficient.

If the vector potential A is found then the scalar potential can be defined by

o(x,t) = a2/_ / O(t — 1) exp(—20t)Vdivg Az, T)dT. (1.3.16)



CHAPTER TWO
INITIAL VALUE PROBLEM FOR THE VECTOR EQUATION OF
ELECTRIC FIELD IN UNIAXTAL MATERIALS

The time dependent electric field E in electrically and magnetically anisotropic

media is governed by the following vector equation (see Section 1.3)
O’E _

EW + curly( M teurl,E) = f, (2.0.1)
where x = (1, 79, 73) € R? is the space variable, t € R is the time variable, E =
(E4, B9, E3) is the vector function with components Fy, = Ei(x,t), k =1,2,3;f=
—0j(z,t)/0t, j(x,t) = (ji(x,t), j2(z, 1), j3(z,t)) is the density of electric current;
M~ is the inverse matrix of the positive definite matrix M of the magnetic
permeability; £ is the positive definite matrix of electric permittivity. The main

object of the this Chapter is Problem 1 which consists of finding the vector

function E(x,t) satisfying (2.0.1) and conditions
OE
El(—0=0, —|=0=0. 2.0.2
lt=0=0, - le=o (2.0.2)

We suppose that the Fourier transform of the vector function f with respect to
variables x1,x2 has components which are continuous relative to all variables
simultaneously. We assume also that & and M™! are diagonal matrices of the
form

& = diag(e11,11,33), M~ = diag(m11, m11, m33)

and the elements of these matrices are twice continuously differentiable functions
depending on z3 variable only and such that ¢j;(z3) > 0, m;;(z3) > 0 for z3 €
R, j = 1,3. We note that such type of & and M™! corresponds to uniaxial
anisotropic vertical inhomogeneous media. The main result of this Chapter is
a new method for solving the stated IVP. This method has several steps. On
the first step the original initial value problem is written in terms of the Fourier
transform with respect to lateral variables x1, zo. After that the obtained problem

is transformed into an equivalent second kind vector integral equation of the

16
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Volterra type. A solution of this integral equation is constructed by successive
approximations. At last, using the real Paley-Wiener theorem, a solution of the
original IVP is found. In addition, theorem about existence and uniqueness of

the IVP (2.0.1), (2.0.2) is proved.

2.1 FIVP and Its Reduction to a Vector Integral Equation

In this section IVP (2.0.1), (2.0.2) is written in terms of the Fourier images
with respect to the space variables x1, x2. We show that FIVP is equivalent to
a second kind vector integral equation of Volterra type. Properties of this vector

integral equation are described.

This Section is organized as follows. In Subsection 2.1.1 FIVP is stated.
This FIVP consists of a system of three partial differential equations with two
independent variables x3, t. The two-dimensional Fourier transform parameter
v = (v1,10) € R? is appeared in the obtained system. The principal part of
this system contains function-coefficients depending on x3. In Subsection 2.1.2
the obtained system is simplified to a 'canonical’ form. The important part of
this simplification consists in the following. The principal part of the first two
equations of the simplified system has the form of the simplest one-dimensional
wave equation and the last third equation is an ordinary differential equation.
Using D’Alambert formula for the wave equation and an explicit formula for a
linear ordinary differential equation in Subsection 2.1.3 we have transformed the
obtained simplified IVP to a second kind vector integral equation of the Volterra
type. Essential properties of this vector integral equation are described in the

Subsection 2.1.4.
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2.1.1 Statement of FIVP

Let components of vector functions E(v, 3,t) = (E1 (v, x3,t), B2 (v, x3, 1),

E3(v,x3,t)), and f(v, 23, t) = (f1(v, x3, 1), folv, x3,1), f3(, 23, 1)) be defined by

Ej(yv $3,t) = fx1$2[Ej](V, $3at)> fj(yv .Ilg,t) = fxlwg[fj](yﬂ ZE3,t),
.j = 172737 v= (Vlal/?) € R27

where F,, 4, is the Fourier transform with respect to x, 2, i.e.
o (o] .
Fryzy |E](v, 3, 1) :/ / E(x,t)ez(””ﬁ”m)dxldxg, i =—1,
—00 —00

v = (v1,v2) € R? is the Fourier transform parameter.

Applying the operator F,,,, to (2.0.1), (2.0.2) and using the properties of the
Fourier transform we can write the problem (2.0.1), (2.0.2) in terms of the Fourier
image E(v, z3,t) as follows

OE;

O*E; 0 . .
811(963)?2] " o, <m11($3)87$;) = —vimas(w3)Ej + vjupmas(zs) By,
) N
+(wj)873’(m11(x3)E3) + fj (2.1.0)
O*F - _0F
833(373)?23 + (] + v)mu(x3) B3 = mn(azg)[(m)aT;
. OFE .
+ () 1+ (21.2)
_ OE
Bl =0, S l0=0, (2.1.3)

where j = 1, 2; k is different from j and runs values 1, 2.

2.1.2 FIVP (2.1.1) - (2.1.3) in terms of ’Canonical’ Variables

Let us consider the following transformation

y = 7(x3), T(x3) = /0 c(eyde, ) = 1) (2.1.4)
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We note that the function y = 7(z3) has the inverse function which we denote as
r3 =7 !(y). Let us denote

Wi(v,y,t) = Ef(v,23,8)|lsy—r—1(y), | =1,2,3, (2.1.5)

then the following relations hold

OE,, 1y W
013 (V, x3at)‘:r;3:7'—1(y) = C(T (y)) ay (Vvyvt)a m=1,2,3. (216)

Equations (2.1.1), (2.1.2) may be written in terms of y and W;(v, y,t), [ = 1,2, 3,

as follows
*W,  O*W oW, mas(t W) T 9 <
— - K J _ 2907y
R U e T i
(iv5) 1o =1 ' -1 —1 OWs
F My (T Ws 4+ myi (7 c(T —
iy T W m T W)l )T
fir, 77 w), 1)
g T (917
(i) o D
where
d 1
K(y) = —(InA(y) ), Aly) = |2s=r-1(y)> (2.1.8)
dy( ) \/m11(963)611($3) ° 2
J=L2%k#G k=12
PWs (v} + v3)mai(ws) = mai(xs)e(xs) oW,
ot? + £33(x3) leg=r10) W3 = W|x3:7_l(y) WlTy
. 8Vi/2 f~3(lj’ l‘g,t)
1 () 2.1.
vz dy + e33(x3) les=r-10) (2.1.9)
We seek a solution of (2.1.7), (2.1.9) in the following form
Wi(v,y,t) = S(y)\Vi(v,y,1), 1 =1,2,3, (2.1.10)

where the function S(y) is defined by

Sy) = exply /0 " K()de). (2.1.11)
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Substituting (2.1.10) into (2.1.7) and (2.1.9) we find

20 92V 5 N
SE -0 = ) - AL+ mnLs)T
. - Vs . .
T [Lz(y)Vg +L1(y)(Ty + Fi(ry,t), j=12k#j k=12 (21.12)
21/ ~
S+ G DL)Va = (o) [ (FL2V + G0+
+z’y2<K§y)Vg + %‘;2)} + Fy(v, . 1). (2.1.13)
Here the following notations were used
aly) = FK'() -~ K*(),
_ Mi(y)C(y) Mi(y)C(y) | Mi(y)C(y)K(y)
B = TNG o PV TNG T )
f v, 71
Ly(y) = %f((;’)) Fi(v,y,t) = ]g(’y NI(E/;)’ D19 (2.1.14)
M (y) M (y)C(y)
Ly(y) Na)’ Ls(y) No(y)
F3(V7 y7t) - S(y)Ng(y) 5 (2115)

where K (y), S(y) are defined by (2.1.8), (2.1.11) and C(y), Nn(y), My (y), I = 1,3

are defined by

C(y) = C(m3)|m3=7_l(y)? Nn(y) :€nn($3)|13:7-—1(y)7
Mn(y) = mnn(x3)|x3=771(y)’ n=13. (2‘1.16)

Initial data (2.1.3) in terms of Vj(v,y,t) are written as
A%

S l=0=0, 1=123 (2.1.17)

‘7[|t=0 = 07

We note that the problem (2.1.12), (2.1.13), (2.1.17) is FIVP in terms of variables
y, t, and unknown functions f/l(l/,y,t), [ = 1,2,3 depending on y, t and the

parameter v € R2.
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2.1.3 Reduction of IVP (2.1.12), (2.1.13), (2.1.17) to a Vector Integral

Equation

Using D’Alambert formula (Vladimirov (1971), see also Appendix A) we can
show that equation (2.1.12) with zero initial data (2.1.17) is equivalent to the

following integral equation

Bt =3 [ e -] s

—(t—7)
+VijL3(£)‘~/k’(y7£a T) + ZV] |:L2(£)‘?3(Va£77_) + Ll(é) 88‘23 (V 57 ):|

+Fj(u,§,7)}d§d7, j=1,2 k#j, k=1,2. (2.1.18)

Using the formula

1122 08) = 2 ()P :1)) — Fo) Va0,

equation (2.1.18) may be written as follows

v =3 [ [ [0 - L) Ty

L () Vv, €, 7) + v [ La(€) — LY (€) | Va(w, €, 7) dgdr
+% /0 |:L1(y +(t—T))Va(v,y+ (t—7),7)

—Li(y— (t— 7'))173(1/, y—(t—7),7)|dr

1 [t y+(t—7) . .
+2/ /y_(t_T) Fj(v,§,7)dédr, j=1,2;k=1,2;j # k. (2.1.19)

After changing a variable in the second integral, the equation (2.1.19) has the
form

B = 3 [ [0 w0 - dnae] e
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L () V(v €, 7) + v [ La(€) — LY (€) | Va(w, €, 7) pdgdr

i y+t
2 [T By - wn

<

Y .
-i/ ldWﬂ%@#h—y+t+MMH}
y—t

1 t y+(t—7)
+/ / Fj(V,f,T)d{dT, i=12k=1,2; j #k. (2.1.20)
2 Jo Jy—t-7)

Differentiating (2.1.20) with respect to y we get equations the left hand sides of

oV;
which contain a—j, j =1,2. These are the following equations
Y

(?Zj(u,y,t) = ;/Ot{[Q(f)VlgLS(g)}Vj(V?&T)

g La(§) V(v 6.7) + vy [ La(€) — L1 ()] Va(w..7)

Vs E=y+(t-7) 8
L e, ) dr — iv; Ly (y)Va(v, y, t
i L(©) G e T dr — i T 0) Vs, )
1/t E=y+(t-7)
= [ {Frwer ‘ dr, 2.1.21
s [ {Boen} (21.21)
j=1,2k#j, k=12
) E=y+(t—1) ) . C .
The notation {} ’g ) means the difference of the expression which is inside
=y—(t—7

brackets for { =y + (t —7) and { =y — (¢t — 7).

Integrating the equation (2.1.13) twice with respect to ¢ and using zero initial

data (2.1.17) we find

Vg(u,y,t) = /Ot {L5(y) [z’ul <Kéy)‘71(l/,y, T) + 88‘;1(1/,@/,7'))

+ivy (Kéy) Va(v,y,7) + %‘f(v, v, T))}
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sin (d(l/, y)(t — 7'))

700 dr, (2.1.22)

+F3(l/,y,7')}

where

d(v,y) =/ (V2 +v2)La(y). (2.1.23)

V-
Differentiating (2.1.22) with respect to ¢ we find a relation containing 87753 in the
left-hand side:

%?(u,y,t) — /Ot {L5(y) [im (Kéy) {71(1/, Y, T) + %Zl(y’ v, 7-)>

Vs
VQ(Va Y, 7—) + aiy(yv Y, T)>:|

K
+ivy ( (y

+F3(v, vy, 7')} cos (d(v,y)(t — 7))dr. (2.1.24)

Substituting V3 (v, y,t) in the equation (2.1.21) we find

Piwwt) = 3 [{[o0 - ra@]vimen)

L€ Vi, &, 7) 5 [La(€) — LU Va(w £.7)

' V- E=y+(t—7)
+iviLi(§) 87753 (v,€, T)} ‘5:y_(t—r)d7—

—iv; Ly (y)Ls(y) /Ot [iul (

s B,
e, (2.1.25)

where

E=y—(t-7)
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sin (d(v,y)(t — 7))
d(v,y)

t
i La(y) / Fy(v.y,7) dr,
0

j=1,2 k#j, k=12

Equations (2.1.18), (2.1.21), (2.1.24), (2.1.25) represent the closed system of

-0V - OV
integral equations with respect to unknown Vj, a—J, 7 = 1,2; Vs, a—tg This
Y
system can be written in the form
t
V(v,y,t) = G(v,y,t) —l—/ (KV) (v,y,t,7)dr, (2.1.26)
0

where V = (V1, Vo, V3, Vy, V5, Vi) is unknown vector-function whose components
are

oV, IV IV

6—;,% =2 V= 2 (2.1.27)

Vi=Vi,Vo=Vo, Va="Vs, V4=
1 1, V2 2, V3 3y V4 6y 8t7

G = (G1,G2,Gs,Gy, G5, Gg) is the given vector-function whose components are

defined by

1 t y+(t77-)
Gt =5 [ [ L, Bl ndedr =12 (2.1.28)
y—(t—7

sin (d(l/, y)(t — T))
d(v,y)

t
Gs(v,y,t) = / Fs(v,y,7) dr, (2.1.29)
0

1/t E=y+(t—7)
G3+j(V,y,t) = 2[) {Fj(V7§7 T)}L:y—(t—T)dT

—iv;Ly(y) /0 T (d(;(’f);i ) PR (2.1.30)
Ge(v,y,t) = /0 Fs(v,y,7) cos (d(v,y)(t — 7))dr, (2.1.31)

where Fj(v,y,t), j = 1,2,3 and Ly, (y), m = 1,2,...,5 are defined in (2.1.14),
(2.1.15).
The components of the vector-operator K = (Ky, Ka, K3, K4, K5, K¢) are defined
by

1

(Ve =5 | _?(__)) {[a©) ~ L5 Vi 67)
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i La(€)Vew, & 7) + v [ L2(6) = LA©)| Vo, &, 7)

iVj E=y+(t—7) - . . -
HPnEvwmen} | T i=1nkAi k=12, (2132
K(y)

(KsV) (v, y,t,7) :L5(y){iyl[ 5 Vl(l/,y,T)—FV4(V,y,T)}

sin (d(v,y)(t — 7))
d(v,y) ’

4y [Kéy) Va(v,y,7) + Vs(v, v, 7')] } (2.1.33)

(KsV) o, t,7) = 5{ [a@) =2 Ls(©)] Vi€, 7)

Uk La(§Vi(0, &, ) + +iv | La(€) — L4()| Va(w, €, 7)

E=y+(t-7)

e

Vi(v,y,7) + Va(v,y, T)) 4 i (K(y)

—iv;L1(y)Ls(y) [M (K(y) 5

2

Va(v,y,7)

sin (d(l/, y)(t — 7'))
d(v,y)

+V5(1/,y,7))] J=12k#j, k=1,2, (2.1.34)

(ICGV) (v,y,t,7) = L5(y){iul [K(y)

S2Vi(,y,7) + Valv,y, 7))

+ivy [Kéy) Vo(v,y,7) + Vs(v, y, 7'):| } cos (d(v,y)(t —7)); (2.1.35)

t t t
KV)(v,y,t,7)dr = / K1V (l/,y,t,T)dT,...,/ K¢V ) (v,y,t,7)dT).

[ (=) () (v NCURES

As a result we conclude that the initial value problem (2.1.1)—(2.1.3) is equivalent

to the operator integral equation (2.1.26).



26

2.1.4 Properties of the Vector Integral Equation (2.1.26)

In this Subsection we study the properties of inhomogeneous term and kernel
of (2.1.26) in the forms convenient to prove the existence and uniqueness theorems

for (2.1.26). We state these problems by the following propositions.

Proposition 1. Let T be a fixed positive number,
A(T) = {(y, )| 0 <t <T —[yl}, (2.1.36)

components of G = (G1,Ga,...,Gg) be defined by (2.1.28)-(2.1.31). Then under
above assumptions Gj(v,y,t), j = 1,2,...,6 are continuous functions for v €

R% (y,t) € A(T).

Proof. Let the functions e;;(x3), mj;(x3) satisfy assumptions at the beginning of
the chapter 2; the function 7 defined in (2.1.4) is monotonic increasing function
and has a monotonic inverse function 77! satisfies the properties; 7(0) = 0,
7(x3) € C3(R), 7~ '(y) € C3(R). We also assumed that the Fourier transform of
the vector function f with respect to variables x1, o has components which are
continuous relative to all variables simultaneously. Using the formulas (2.1.8),
(2.1.11), (2.1.14) we find that the functions A, S, C, N;, M; ; ¢ = 1,3 are
twice continuously differentiable on R; the function K is one times continuously
differentiable. Using these result we conclude that the functions Fj(v,y,t), j =
1,2,3 are continuous the functions with respect to (y,t) € A(T), v € R?; Li(y)
is is twice continuously differentiable with respect to ¥y € R. The function

d(v,y) defined by (2.1.23) is twice continuously differentiable with respect to
sin (d(v,y)(t - 7)

d(v,y)
differentiable with respect to (y,t) € A for any v € R?, o < 7 < t. Consequently

y € R for any v € R? and is bounded and twice continuously

using properties of 7 we find that G;(v,y,t), 7 = 1,2,...,6 are continuous

function for (y,t) € A(T) and v € R2. O
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Proposition 2. Let T be a fized positive number and components of the
vector operator K = (K1, Ka, ..., Ks) be defined by (2.1.32)-(2.1.35). Then under
above assumptions the expression fot (ICj V) (v,y,t,7)dT is a continuous function
for v € R%,(y,t) € A(T) and for any j = 1,2,...,6 and any vector function

V(v,y,t) with continuous components for v € R%, (y,t) € A(T).

Proof. Using the reasoning made in the proof of Proposition 1 and formulae

(2.1.32)-(2.1.35) we find that

t
/ (K:jV)(I/,yﬂf,T)d'r,j:1727.“’6
0

are continuous functions with respect to (y,t) € A(T) for any v € R? and any
vector function V = (Vi, Vs, ..., V) with continuous components V;(v,y,t) for

(y,t) € A(T) and v € R2. O

Proposition 3. Let T be a fixed, 2 be an arbitrary positive numbers and K
be the operator defined by (2.1.32)-(2.1.35). Then under above assumptions the

following inequalities are satisfied

t t
|/ </CjV)(V,y,t,T)dT| < M/ V(v 7)dr, j=1,2,..6;  (2.1.37)
0 0
where (y,t) € A(T), |v| < Q,v M is a positive number depending on 7', Q; and

IVII(r,7) = max

Vi(v,&,7)]. 2.1.38
j=1,2...6 56[_(TH_1§)}7<(T_T)]’ (v, &, 7)) ( )

Proof. Let T be a given positive number, A(T") be the triangle defined by (2.1.36),
(y,t) be arbitrary point from A(T); q(y), L;(y), j = 1,2,3 be functions defined
in (2.1.14),

Qly.t)=  max max {la(©), 1L;(©)]. ILy(©)]}-

y—(t—7)<E<y+(t—7) J=123

We can obtain the following inequality from the equation (2.1.32)

y+(t—7)
A Ty A U LA

—(t—71)
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HePQ(y, 1) Vi (v, €,7)| + \V\Q(y,t)l%(vafﬁ)\}di + [VQy, )[VI[(v, 7)

< M](T’ Q)HVH(Va T)a j = 1)2a
where

i = max 2 .
MT,0) = max {T(QUy, 01 +210P +190) +Q(,1)I9 }

Using the equation (2.1.33) we find the following inequality
(C3V) (v, ,,7)| < My (T, D) V]| (7).
where

My(T,0) =3TWIP(T),  P(T) = max {[Ls()] L) K )]}

Similarly using the equations (2.1.34), (2.1.35) we can define M;(T,2), j =4,5,6
such that the following inequalities are satisfied

(KiV)(v,y,t,7)| < M(T, Q)[|V|(v,7), j=4,5,6.
Proof of the Proposition 3 is completed by choosing M as

M= max M;(T,Q).
§=1,2,....6

2.2 Uniqueness and Existence Theorems for the Vector Integral

Equation (2.1.26)

Uniqueness and existence theorems of the operator integral equation (2.1.26)

are proved in this section.
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2.2.1 Uniqueness Theorem

Theorem 2.2.1. Let T be a fized positive number; G = (G1,Ge,...,Gg) be a
vector function such that G; = Gj(v,y,t) € C(R* x A(T)),j = 1,2,...,6; K =
(K1,Ka,...,Kg) be the vector operator defined by (2.1.32)-(2.1.35). Then there

can exist only one solution V = (V1,Va, ..., Vi) of the operator integral equation

(2.1.26) such that V; € C(R? x A(T)), j =1,2,...,6.

Proof. Let Q be an arbitrary positive number, V(v,y,t) and V*(v,y,t) be two
solution of (2.1.26) with continuous components for (y,t) € A(T), |v| < Q.
Letting V (v, y,t) = V(v,y,t) — V¥(1,y,t) we find from (2.1.26)

t
V(v,y,t) = / (KV> (v, y,t,7)dr. (2.2.1)
0
Using Proposition 3 we find from (2.2.1)
t
Vil 1) < M /0 IV]l(v, 7)dr, (2.29)

where |v| < Q, t € [0,T]; ||.|[(v,t) and M are defined in Proposition 3.
Applying Grownwall’s lemma (see Nagle et al. (2004)) to (2.2.2) we find

IVIi(v,t) =0, tel0,T], v <Q. (2.2.3)

Using the continuity of V(v,y,t) we conclude that

A~

V(v,y,t) =0, (y,t) € A(T), [v] < Q.

Since 2 is an arbitrary positive number we find that V(v,y,t) = V*(v,y,t) for
(y,t) € A(T), v € R%. Theorem is proved. O

2.2.2 Existence Theorem and Method of Solving

Applying successive approximations we prove the existence theorem in this
Subsection. We note that the proof of this theorem contains a method of solving

(2.1.26)
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Theorem 2.2.2. Let T be a fized positive number; K = (K1, Ke,...,K¢) be the
vector operator defined by (2.1.32)-(2.1.35). Then for any G = (G1,Ga, ..., Gs)
such that Gj = Gj(v,y,t) € C(R* x A(T)),j = 1,2,...,6 there exists a solution
V = (Vi,Va,...,Vs) of the operator integral equation (2.1.26) such that V; €
C(R*x A(T)), j=1,2,...,6.

Proof. Let 2 be an arbitrary positive number. Let us consider the integral
equation (2.1.26) for (y,t) € A(T), |v| < . For finding a solution of this equation

we apply the following successive approximations

VOu,yt) = Guyt),

t
V(")(V,y,t) = / (KV("fl))(l/,y,t,T)dT, n=12.... (2.2.4)
0

o0
Our goal is to show that for (y,t) € A(T), |v| < Q the series ZV(")(V,y,t) =
n=0

(o ¢] o0
< Z Vl(n) (v,y,t),..., Z Vi n) (v, v, t)> is uniformly convergent to a vector function
n=1 n=1

V(v,xs3,t) = <V1(V,y,t), Va(v, xs,t), ..., Vs(v, y,t)) with continuous components
and this vector function is a solution of (2.1.26).

Indeed, we find from (2.2.4) and Propositions 1, 2 of Section 2.1.4 that for
(y,t) € A(T), |v] < Q the vector function V™ (v,y,t), n = 0,1,2... have

continuous components and
t
VO] <M [V rr (2:25)
0

where ||.||(v,7) and M are defined in Proposition 3.

It follows from (2.2.5) that

(MT)"
n!

j=1,2,....6,n=0,1,2... .

VI (v, y,0)] <

Gl(v,T 2.2.6
ﬁ%HHW,% (2.2.6)

oo
The uniform convergence of Z %(n)(u, y,t) to a continuous function Vj(v,y,t)

n=0

follows from inequality (2.2.6) and the first Weierstrass theorem (Apostol (1967),
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page 425). Let us show that the vector function V (v, y,t) is a solution of (2.1.26).

Summing the equation (2.2.4) with respect to n from 1 to N we have

N N—-1 t
S VOt = 3 [Vt 7 (2.2.7)
n=1 n=0 0
where
N N N
S VO = (Vi we. ), Y v wb).
n=1 n=1 n=1
Adding both sides of (2.2.7) the vector function G(v,y,t) we find
N i N-1
ZV(”)(y,y,t) =G(v,y,t)+ / Z (KV™) (v, y,t,7)dr. (2.2.8)
n=0 0 n=0

Approaching N the infinity and using the second Weierstrass theorem (Apostol
(1967), page 426) we find that the vector function V(v,y,t) satisfies (2.1.26) for
(y,t) € A(T), |v| < Q. Since 2 is an arbitrary positive number we find that the
vector function V(v,y,t) with continuous components is a solution of (2.1.26) for

(y,t) € A(T), v € R~ O

2.3  Initial Value Problem (2.0.1), (2.0.2) Solving

The existence and uniqueness theorem of the initial value problem (2.0.1),
(2.0.2) is the main result of this section. We show also that if the solution
V(v,y,t) of the operator integral equation (2.1.26) is constructed then a solution
E(z,t) = (E1(z,t), Ea(z,t), E3(z,t)) of (2.0.1), (2.0.2) and derivatives (;;Esj(:c,t),
OE3

ot

In this section we will use the following notions and notations. For the exponent

(z,t), 7 = 1,2 may be found by explicit formulae.

a = (a1, a2) with o € {0,1,2,...} and |a| = a1 + g, the partial derivatives of
higher order

|al |al

Z_f 1), —V 1), 7=1,2k=1,231=1.2.....6
8VJ fk(y7y7 )? ayj l(V7y7 )7 j b ) ) ) ) ) ) ) )

will be denoted by
Dgfk(yayat)v DSW(”?Z/’t)
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For vector functions V = (V1, Vs, ..., Vg), f= (fl,fg,fg) and each a we define
D%V and Dof by

DOV = (DSV4, DSV, ..., DOVi), DO = (DS fi, DS fa, DS f3).

We denote by C(R?) the class consisting of all continuous functions that are
defined on R2, then for m = 0,1, 2, ... we define C"™(R?) by C°(R?) = C(R?) and

otherwise by
C™(R?) = {p(v) € C(R?) : DYp(v) € C(R?) forall |a| < m},

C*(R?) = ﬁ C™(R?).
m=1

Further, C,(R?) is the class of all functions from C(R?) with compact supports;
L2(R?) is the class of all square integrable functions over R?; |||z is defined for
each ¢(v) € L2(R?) by
ol = | lew)Par,
R2

The Paley-Wiener space PW (R?) is a space consisting of all functions
o(x1,12) € C™(R?) satisfying (Andersen (2004), see also Appendix B):

(@) (14 /22 +23)™A"p(21,22) € L2(R?) for all m,n € {0,1,2... },

(b) RS = lim [|A"p(ar,a2)]ly*" < oo,

where A = 88—;2 + (%22 is the Laplace operator on R?. Let T be a fixed positive
1 2

number; A(T) be defined by (2.1.36); y = 7(x3) defined by (2.1.4) for x5 € R;
D(T) be a set of R? defined by

D(T) = {(x3,t) : 0<t <T —|r(x3)|};

C(D(T); C.(R?)) is a class of all continuous mappings of (z3,t) € D(T) into the
class C(R?) of functions v = (v1,10) € R?; C(D(T); PW(R?)) is a class of all
continuous mappings of D(T) into PW (R?).

The main result of this section is the following theorem.
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Theorem 2.3.1. Let T be a fized positive number; f= (f1, fa, f3) be the Fourier
transform with respect to x1, xo of the inhomogeneous term fin (2.0.1) and such

that for each
Dg fi € C(R* x D(T)) N C(D(T); Ce(R?)), k =1,2,3.

Then under assumptions for £, M~ mentioned at beginning of the Chapter 2,
there exists a unique generalized solution E(x,t) = (Ei(x,t), Ea(x,t), Es(x,t)) of
(2.0.1), (2.0.2) such that

0

s Eya), 9 By(et) € C(R2 x D(T)) A C(D(T); PW(R2)),

El(x’t)a ot

1=1,2,3; j=1,2.

Proof. We note that under hypothesis of theorem 2.3.1 the functions G (v, y, t),
k =1,2,3 defined by (2.1.28), (2.1.29) for any « satisfy the following conditions

D2Gy(v,y,t) € C(R? x A(T)) N C(A(T); C.(R?)), (2.3.1)

a=(a1,a2), aj € {0,1,2,... }, v=(v1,1n) € R%, (y,t) € A(T).

Applying D¢ to the vector integral equation (2.1.26) we obtain

t
DpV(v,y,t) = Dy G(v, y7t)+/ <KD3V)(V,y,t,T)dT, (2.3.2)
0

v e R? (y,t) € A(T).

Equation (2.3.2) has the same form as (2.1.26). Theorems 2.2.1 and 2.2.2 are hold
for (2.3.2) with an arbitrary a. Therefore the solution V(v,y,t) of (2.1.26), which
is found by the method of successive approximations described in Subsection

2.2.2, satisfies for any « the property:
DV (v,y,t) € C(R? x A(T)).
Using (2.3.2) and (2.1.37) for any a we obtain the following inequality

t
IDSV|(v.t) < | DEG (1. t) + M / IVl (v, 7)dr, (2.3.3)
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where M, || - ||(v,t) are defined in the Proposition 3 ( see formula (2.1.38)).
Applying the Grownwall’s lemma Nagle et al. (2004) for the inequality (2.3.3) we
find

IDEVII(v,1) < |DEG] ()M, v e B2, t € [0,T). (2.3.4)

From (2.3.1), (2.3.4) we have that the solution V(v,y,t) of (2.1.26) satisfies for

any « the following property
DEV (v, y,t) € C(A(T): Co( R2)). (2.3.5)

Using proposition 1, theorem 2.2.1, theorem 2.2.2 and formulae (2.1.5), (2.1.6),
(2.1.10), (2.1.27) we find that there exists a unique generalized solution
E(v,x3,t) = (E1(v, z3,1), Ea(v, 23, 1), E3(v, x3,1)) of (2.1.1) - (2.1.3) such that for

any o
DB, 2 Dok, J Dy, € C(R? x D(T) N O(D(D): ClR), j=1.2
x3
and
El(u, x3,t) = S(7(x3))Vi(v, 7(x3),t), 1=1,2,3; (2.3.6)
gfg(y’ z3,t) = c(x3)|S'(1(x3))V;(v, 7(23), )
+ S(r(23))Vigs(v, 7(x3), 1) |, 7=1,2; (2.3.7)
(()aEtg(Va z3,t) = S(7(x3)) Ve (v, T(23), 1), (2.3.8)

where 7(x3), c(x3), S(y) are defined by (2.1.4), (2.1.11); V;(v,y,t), j =1,2,...,6
are components of the solution V(v,y,t) of (2.1.26).

Therefore the generalized solution E(v, z3,t) = (E1(v, x3,t), E2(v, 3y, 1),
Es3(v,x3,t)) of (2.1.1), (2.1.2) satisfies the following condition:

By, s, 1), 9 By, z3.1) € C(R? x D(T)) N C(D(T); C=(B2)),

0 -~
Ej(ya 1:3575)7 ot

dx3
1=1,2,3; j=1,2.
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Applying the inverse Fourier transform with respect to v1,vs variables to the
equation (2.1.1) - (2.1.3) using the real version of the Paley-Wiener theorem
Andersen (2004) (see also Appendix B) we find that E(z,t) = F, [E] is a unique
O Fy(a,t), 2 Byt

Oz3 ot
belong to the class C(R? x D(T)) N C(D(T); PW(R?)), 1 =1,2,3; j=1,2. O

generalized solution of (2.0.1), (2.0.2) such that Ej(x,t),

Remark 2.3.2. We note that if the solution V(v,y,t) of (2.1.26) is found for
v € R% (y,t) € A(T) then the solution E(z,t) of the initial value problem

3}
(2.0.1), (2.0.2) and the derivatives aEg(x,t) Ej(z,t), j = 1,2 are given by

9
’ (9%'3
formulae (2.3.6) - (2.3.8) for (z,t) € R? x D(T).

2.4 IVP of Vector Equation for Electric Field in Electrically Anisotropic
Media (Crystals)

Let us consider the Problem 1 in which permittivity and permeability matrices
of the form

£ =diag(en,e11,€33), M =T,

where p is a positive constant, Z is the identity matrix of the order 3 x 3. The
system (2.0.1) for these £, M related to crystal optics (see, for example Cohen
(2002), Lindell (1990), Yakhno (2005). The different methods for solving this
problem when elements of the matrix £ and p are positive constants may be
found in Cohen (2002), Lindell (1990), Yakhno (2005). In this section we show
that the method, described in Sections 2.1-2.3, can be successfully applied for
solving Problem 1 in the case when elements of the matrix M are functions of
depending on x3. We suppose that the Fourier transform the vector function f
with respect to variables xj, x2 has components which are continuous relative
to all variables simultaneously. We assume also that elements of the matrix
& = diag(e11,€11,€33) are twice continuously differentiable functions depending
on x3 variable only and such that pejj(z3) = ajz(xg) >0 forxzz3 € R, j =1,3.

The main problem is the Initial Value Problem (IVP) for finding electric field
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E satisfying (2.0.1), (2.0.2) if the vector function f(z,t) = —udj/ot, and the
matrix £ are given. We note that such type of £, M corresponds to electrically

anisotropic vertical inhomogeneous media (see Subsection 1.3.2).

2.5 Reduction to Vector Integral Equation

Problem 1 under assumptions of Section (2.4) can be transformed into an
equivalent second kind vector integral equation of the Volterra type. For this aim
we use the following steps. On the first step Problem 1 is written in terms of
the Fourier transform with respect to lateral variables x1, x9. Then the obtained
equations are written in terms of the new functions f]l(l/, y,t) using the following

transformation
x3
y = (x3), 7(3) = / a(€)de
0

and the equalities

UZ<V7yat) = El(Vv x37t)‘x3=7'—1(y)a 1=1,2,3,

1y OUn
8 3 (l/7 .’I]3,t)’$3:7—71(y) = 0/1(7' 1(y)> ay (1/7 y7t)7 m = 17273'

After that equations involving these functions are written in terms of m(y, y, ),

where

Ui(v,y,t) = S(y)Wi(v,y,t), 1 =1,2,3,

1 (Y a’(x3)
S(y) =ex —/ A(&)dE), A(E) = = .
) = can(— [ A©d), a@ =]
As a result the obtained integral equalities represent system of integral equations
= O0W; = OW.
with respect to unknowns Wj, a—J,j = 1,2; Ws, 87753 This system can be
Yy

written in the form (see explanation in detail in (Yakhno & Sevimlican (2007))).

V(v,y,t) = G(v,y,t) —{—/0 (KV)(v,y,t,7)dr, (2.5.1)

where V = (V1, Vi, V3, Vi, Vs, Vi) is unknown vector-function whose components

are

OWs
7‘/6 - Wa

oWy . oW

Vi=Wi, Vo =W, Vi =Ws Vy= Vs
0y 0y

(2.5.2)
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G = (G1,G2,Gs,Gy, G5, Gg) is the given vector-function whose components are

defined by

| L ), _
Gj(v,y,t) = 2/0 /y_(t_T) a%(Tfl(f))S(ﬁ) dédr, 7 =1,2, (2.5.3)

Q

sin (d(v,y)(t — 7))

P TORN) dr, (2.5.4)

GS(prat) = S((;Z)/O ]ES(V’Til(y)vT)

;/Ot {fj(y, 1), T) }’£:y+(t—7)d

G3+j(V7y7t) = 5 W E=y—(t—7) T

sin (d(v,y)(t — 7))
d(v,y)

& ‘' v, ! T e
+a§(71(y))/0 f3(w, 77 (y), 7) dr,j=1,2  (25.5)

Ge(v,y,t) = g,((;/))/o fg(y, 77 1(y), T) cos (d(l/, y)(t — T))dT. (2.5.6)

The components of the vector-operator K = (K1, Ko, K3, K4, K5, Kg) are defined
by

V)t = [ :()) {[at©) - B2 Vi)

g BHE V(€ 7) + SB[ - A€ + B'€)]Va(w, & 7) e

wj E=yt(t-r) _—
HgBeVsmen)| " T i=12k#g k=12 (@250)

) _ —A
(’C3V)<V7y7t77) = (1%(7'_1(y)){2y1a1(7— 1(y))|:2(y)v1(1/7y’7-)

—Ay)
2

Vi, )] + ivaan (77 () | =5 V(v . 7)

sin (d(l/, y)(t — T))

a0, ) , (2.5.8)

+Vs (v, 9, T)] }

(IC3+]‘V)(V,y,t,T) = %{ [Q(g) - I/]%BQ(f)}V;'(V,g,T)
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B} - s e )

—A(y)
2

Vi, y,7) 4+ Vil y,7) ) + ivaar (77 () (=5 2 Vel y, )

sin (d(u, y)(t — 7'))
d(v,y)

+Va(,9,7))] G=L2kAG k=12, (259)

1 , - —A(y)
(KeV) vy, t.7) = s {iman () [ 75 2 Vi, 7)

a7 + v (77 ) [ 5V 7)
+Vs(v, vy, 7‘)} } cos (d(u, y)(t — 7‘)) (2.5.10)

Reasonings of Subsections 2.1.1 and 2.1.2 are used to prove the existence and
uniqueness theorems for (2.5.1). Fourier images of the electric field components
El(y, x3,t) | = 1,2,3; and their derivatives (;:Ei(u, x3,t), j = 1,2; %(y, x3,t)
are found by the formulas (2.3.6)—(2.3.8) . Applying the inverse Fourier transform
F, 1 with respect to for 11, vy variables to the obtained solution of the integral
equation (2.5.1) we find electric field components Ej(v, x3,t), l = 1,2,3 and their

(v, z3,t) for (x1,2) € R, (x3,t) € A(T).

oFE
derivatives —* (v, z3,t), 7 = 1,2;

Oxs

0FE3

ot

Here
D(T) = {(z3,0)| 0 <t <T — [7(x3)l[},

FUE (2, t) = (2;)2

v

o oo '
/ / Ei(v, 1.3’t)e*l(v1x1+l/2:f2)dy1dy2 i = —1.
—00 J—o00

For proving theorem about the existence of a unique solution of the stated IVP

the reasonings made in the proof of theorem are used.



CHAPTER THREE
INITIAL VALUE PROBLEM FOR THE VECTOR EQUATION OF
ELECTRIC FIELD IN BIAXIAL MATERIALS

This chapter is focused on the biaxial anisotropic medium, where permittivity

and permeability are positive definite diagonal matrices of the form

& = diag(e11,€22,€33), M = diag(p1, po2, 433),

respectively. The electric field E in these media satisfies the vector partial

differential equation (see Section 1.3)

0’E ,1
Ew + curly( M curl,E) = f, (3.0.1)
where © = (1,22,73) € R? is a space variable, ¢ € R is the time variable,

E = (E4, E9, E3) is a vector function with components Ey = Ey(z,t), k= 1,2, 3;
f=—-0j/0t, j(x,t) = (j1(z,t),j2(x,t), j3(x,t)) is the density of electric current;
M1 = diag(mi1,ma2, ms3) is the inverse matrix of M, i.e. mj; = 1/pj;, j =
1,2,3.

The main object of this chapter is Problem 1 which consists of finding the vector

function E satisfying (3.0.1) and initial data
OE
Eli—g = — 4= = 0. .0.2
|t—0 O) at |t—0 0 (3 0 )

The following assumptions will be needed throughout the chapter. Let o, 8, T
be given positive numbers, o < 3, ¢ = \/(3/a, A be the triangle given by

A ={(x3,t): 0<t<T, —c(T—t)<zg <c(T-1)} (3.0.3)

We suppose that components of the Fourier transform of the vector function f
with respect to variables x1, xo such that fj(y, r3,t) € O(R?xA), j=1,2,3; v =
(v1,12) € R?. We assume also that elements of diagonal positive definite matrices
&, M~ are twice continuously differentiable functions depending on x3 variable

only over [—cT, T’ and such that 0 < a < gj;(x3) < B, 0 < a < mj;(x3) < B,

39
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j = 1,2,3. In the present paper we assume that (z1,22) € R? and (x3,t) € A,
i.e. IVP (3.0.1), (3.0.2) is studied here for (z1,79) € R? and (z3,t) € A. We note
that such type of £, M corresponds to biaxial anisotropic vertical inhomogeneous
media.

This chapter is organized as follows. IVP (3.0.1), (3.0.2) is written in terms of
the Fourier transform with respect to lateral variables x1, xo in Section 3.1. We
denote this problem as FTIVP. The reduction of FTIVP to an equivalent operator
integral equation is given in Section 3.2. The properties of the inhomogeneous
term and the kernel of the operator integral equation are described in Section
3.3. Using these properties the uniqueness and existence theorems of the operator
integral equation are proved in Section 3.4. A class of vector functions and the
existence of a unique solution of IVP (3.0.1), (3.0.2) in this class are described in
Section 3.5.

The main result of this Chapter is anew method for solving the stated IVP. This
method follows throughout the Sections 3.1-3.5. In addition, theorem about

existence and uniqueness of the IVP (3.0.1), (3.0.2) is proved.

3.1 Set-up of FTIVP

Let components of vector functions E(V, x3,t) = (El(y, x3,t), Eg(y, x3,t),

E3(V7 ‘T?)at)) and ?(Va 33'3,t) = (fl(y7 l’g,t),fg(l/, .I'3,t),f3(l/, x37t)) be defined by

Ej(yv €3, t) = ffmxz [Ej](y7 zs3, t)a fj(yv €3, t) = fx1$2 [fj](lj, z3, t)?
j = 172737 V= (Vl)VZ) S R27
where F,, », is the operator of the Fourier transform with respect to x1, 2, i.e.
[o.¢] o0 .
Frao[E](v, 23, 1) :/ / E(:L‘,t)ez(”w””?”)d:z:ld:xg, i =—1,
—0o0 —00

v = (v1,v2) € R? is the Fourier transform parameter.
Applying the operator F,,,, to (3.0.1), (3.0.2) and using the properties of the

Fourier transform we can write the problem (3.0.1), (3.0.2) in terms of the Fourier
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image E(v, z3,t) as follows
PE; 0 oL, -
€jj(x3)7at2j — 87:63<mkk(333)87$;> = —vimas(x3) i+ vivemss(x3) By
0
z3

+(iyj)87 (mkk({rg)Eg) + fj, (3.1.1)

82E3 aEl

ess(w3) 55 + (vimaa(x3) + vimai (x3)) s = (Z’Vl)m22(9€3)87x3

. OBy -
—|—(ZI/2)WL11(Q?3)87§ + f3, (3.1.2)

OE
S =0 =0, (3.1.3)

where j = 1, 2; k is different from j and runs values 1, 2.

E|t=0 = O)

3.2 Reduction of FTIVP to Operator Integral Equation

The main aim of this section is to show that FTIVP is equivalent to a second
kind operator integral equation of the Volterra type. This section organized
as follows. In Subsection 3.2.1 we obtain the equivalence of (3.1.1) under data
(3.1.3) to some integral equalities for Ej(v, x3,t), j = 1,2. The equivalence of
(3.1.2) under data (3.1.3) to an integral equality for Es3(v,x3,t) is described in

OF
the Subsection 3.2.2. Integral equality for a—t?’(y, x3,1) is written in subsection

3.2.2 also. Subsection 3.2.3 contains integral equalities for

](V7x3at)7j:172

8:}03
in the forms which are necessary to get a closed system of integral equations
- . OF3 OE;
for unknowns Ej;, Ej, a—tg, 8—], j = 1,2. This system of integral equations
3

is written in the from of a second kind of an operator integral equation of the

Volterra type in the subsection 3.2.4.

3.2.1 Equivalence of (3.1.1), (3.1.3) to Integral Equalities

Now we show that for each j = 1,2 the equation (3.1.1) is written in the

terms of new function Vj(v,y;,t) depending on v, t and a new variable y;. The
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obtained equation is a partial differential equation with constant coefficients in the
principal part. We find integral equality for V;(v,y;,t) by inverting the principal
part of the obtained differential equation. As a next step the integral equality is
written in the term of E;(v, 23, t).

Let us consider the following transformation

yj = Tj(aj‘g), Tj(aj‘g) = /Oac3 Cj(f) df, (3.2.1)

where

e11(§) 02( 2822(5)
maa (&)’ mi1(€)

Remark 3.2.1. We note that under assumptions mentioned at the beginning

(¢ =

of Chapter 3 the function 7;(x3), defined by (3.2.1) for each j = 1,2, has the
following properties:
(a) 7j(x3) is monotonic increasing function mapping [—cT, T into [Y{,Yj*],
where Y~ = 7;(—cT), Yj+ = 715(cT);
(b) 7j(z3) has a monotonic increasing inverse function Tj_l(yj) mapping
— Jr . .
[Y;", Y ] into [T, cT7;
(c) 7;(0) =0, 75(0) = 0;
(d) 7j(z3) € C3[—cT, T, Tj_l(yj) € C?’[Y}_,Yjﬂ.

Let
W](Va ijt) = E](Vu x37t)’x3—7-;1(yj)7 (322)
then we have
OF; B OW;
8.’17; (Vu 3, t)’x3:7';1(yj) = Cj(Tj l(yj)) ayj (V7 y]’ t) (323)

The equation (3.1.1) may be written in terms of y; and W;(v,y;,t) as follows

82 Wj 82 WJ’ oW, m33(x3)
_ = K. (uy: J .2 3 )
o2 oy? i(yj) dy; Vk ei;(x3) |:c3:rj Y Wi
m33(a:3)

—|-l/j Vi

. 1 0 ~
ANt V) _ E i — E
Ejj(xg) ‘I3=Tj 1(yj) k =+ (ZVJ) |:E A (mkk(xfi) 3(1/7 €3, t)):|f£3:7j_1(yj)
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fi(v, x3,t)

L L - 2.4
+ ejjlas) 'm=7 W) (3:24)
where

1

\/mkk IE3)5JJ (w3

Kj(yj):dzj(lnflj(yj))a Aj(y;) = )|x3:fjf1(yj), (3.2.5)

i=1,2k#4, k=12
Let us introduce the function Vj(v,y;,t) by the following equality

W;(v,y;,t) = S (y;)Vi(v, 5, 1), (3.2.6)

where the function S;(y;) is defined by

Siy;) = cap(E [ 15;(6)de). (3.2.7)

2Jo

Substituting (3.2.6) into (3.2.4) we find
v, 9,
ot? ayj?

= (g5 (y;) — v Msj (y;)N;j (y;)]V; + viviMs;(y;) Ly (y;)

_ NG
x By (v, 7; Yy), t) + (wj)?
j

(€ ) L (5) Mg (5 B (v, 777 (95, 1)

i) Mg (y7) 2

3 ,[Cj(yj)Lj(yj)}EN‘?»(VaT;l(yj),t)—l—Fj(V,yj,t), (3.2.8)
Yj

J=12 k%] k=12

Here the following notations were used:

1 1,
4lys) = §K§(yj) =1 KW Ci(ys) = ¢i(@3)l gy
1
Nj(yj) N J]( 3) ’13_ (y5)’ Mlj(yj) :mll(x3)‘x3—‘r (y;)° [=1,2,3;
Lj( = i) F; — f. —1¢,. L:(us 39.9
J y) - Sj(y)? ](V yj7 )—f](V,Tj (y])77') ](y]), ( 2. )

where Kj;(y;), S;j(y;) are defined by (3.2.5), (3.2.7). Using D’Alambert formula
(Vladimirov (1971), see also appendix A) we can show that equation (3.2.8) with
zero initial data is equivalent to the following integral equation
1 [t [yitt=n)
) = 5 [ )7 @ - ias@m @] e

—(t—7)
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My OL(O El 75 (€),7) — (i) Mis O 7 [CHOL)]

xBy(v,771(6),7) + Fy(v,€,7) bdedr

ivj [* ~ _ E=y;+(t-7)
4_127j£ {(%(f)[ﬁ(g)ﬂdkj(g)ﬁb(y7fj1(5)/7)}£:yf7@77)d77 (3:2.10)

G=12% kA4 k=12

§=y+(t—7)

The notation {} L Y , T) means the difference of the expression which is inside
=y—(t—7

bracket for € =y + (t — 7) and { = y — (¢t — 7). Using (3.2.2), (3.2.6) equation

(3.2.10) may be written as follows

Bty = 25 [ 7T [0 - o

x3)—(t—7)

B, N6, T 3
BT 0T | M€ L€ Bl (€),7)

~(005) My (€) 5 [CHOLO)| Batw 777 (€).7) + Fy(, 6, 7) s

. t —r
2% ~ _1 §=Tj(x3)+(t—7)
8, m) [ {COLE©M©Bw O]
j=1,2 k#j, k=12 (3.2.11)
o1,

3.2.2 Integral Equalities for Fs, e

Integrating the equation (3.1.2) with respect to ¢ with zero initial data, we
find the integral equality for E3(v,z3,t):

OEy

- 1 tr
533(1‘3)/0 [zylmgg(xg)a—zs(u, x3,7T)

Es(v,x3,t) =
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' OF, _ sin (d(l/, x3)(t — T))
+ivomyi(x3) o (v,x3,7) + f3(v, mg,T)] (v 73) dr, (3.2.12)
where
2 2
A, z5) = 1| Am2(T8) T vpm(rs) (3.2.13)
e33(23)

Differentiating (3.2.12) with respect to ¢ we find the integral equality for
OF3

W(V, mg,t):
8E’3 B 1 t . 6E1
W(V’ x3,t) = 533(3}3)/0 |:Zl/1m22(333) B2 (v,x3,7T)
. OF, ;
ivamiy (a3) 5 (v, 23,7) + o0 a:g,T)} cos (d(y, 23)(t — T))dT (3.2.14)
3

OE;
3.2.3 Integral Equalities for a—], j=12
T3

equalities for 6—362(1/, x3,t), 7 = 1,2 in the form containing functions E]-(y, x3,1),
OE; - OF
a—fng(u, x3,t), j = 1,2, Es(v,x3,t), a—t‘?(y, x3,t). A starting point here is the

equation (3.2.11) which can be written in the form

. (i t pri(es)+(t=7)
Ej(v,x3,t) = SJ(J;S))/O /'( {[Qj(f) — Vi Mz, (€)N; (€)

x3)—(t—7)

Ej(l/,T'_l(g)aT) 3 =
PG sty L Bl (O

58 [CHOL () B 771(6).7) + Fy(w. &, 7) fdecr
iv; 5 (x3)+t _ .
H 25w { [ LMy ) By, 7y (1)) + (¢~ ),

7j(x3) _
—/ Cj () Lj (1) My (1) E3(v, Tj_l(u),—Tj(l‘g)+(t+u))d,u}, (3.2.15)



J=12 k%] k=12

Differentiating (3.2.15) with respect to x3 we find

OF; —L (v, x3,1) i (75(23)) 5% (75 (23)) / /TJ(‘”3 H=m)
3 p—
Ox €3 7j(x3)—(t—T)

(v, N6, T 5
0 T M) L) Bl 7€) )+

~VE M (€N (6)]

Q

(i) Mig(€) 5.2 [CHOLIO)| Bs (v, 771(€),7) + Fy (v, €, 7) fdgr

(75 (T t E'l/,’]‘-_l T
# S0 [l 6 - i on 9] 2

My OLO Eln 75 (€),7) — (i) Mis(©) 7 [CHOL)]

. §=7j(w3)+(t—7) iVjCj (1'3)
; } dr+ =55

xFE v, —1 s + Fj v,q,
w7 () + B} 5

Tj(w3)+t
L eyt S s )+ -

75 (x3)
[ L0 ) S 0 ), ) + (¢ )

j(w3)—t

46

—(ivj)ej(w3)S;(7j(x3))C; (7 (w3)) Lj (i (3)) My (75 (23)) E(v, 3, 1) (3.2.16)

J=12 k%) k=12



Using (3.2.12) the equation (3.2.16) can be written as follows

8E (V s, t) _ C] Tj .733 T] LL‘3 / /Tj(w?’ +(t—)
Oz3 7j(z3)—(t—7)

Ej(V,T-_l(f) ) -

SRMs (O (€] =g 7 + v Mai (O Ly (O B 7€), 7)
9 > -1
(i03)Mig(€) 5 [ CHOL5(€) | Bo(w, 77 (€), ) + Fy(ws 6,7) e

+(il/j)/0 {Cj(Z)Lj(z)Mkj(z)Eg(y’7_;1(2)’T)}zzrj(;pg)Jr(t,T)dT

2=7;(w3)—(t—)

+{ G5 L (2) My ()52

_m& (7j(23))C; (75 (23)) Lj (75 (3)) Mi; (7 (3))

b OF OF,
X/o [Zl/lmgg(.%'g) ﬁx; (v, 3, 7) + ivamqi(x3) =— e (1/ x3,T)

sm(amx@u—fﬂ
d(v, x3)

+f3(v, 333,7'):|

dr, =12 k#j k=1,2.

47

(3.2.17)
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3.2.4 An Operator Integral Equation

Equations (3.2.11), (3.2.12), (3.2.14), (3.2.17) represent a system of integral
0E3 OE;
ot ’ 8{[}3’
of Subsections 3.2.1-3.2.3 show that this system is equivalent of (3.1.1), (3.1.2)

equations with respect to unknowns Ej, FEs, j = 1,2. Reasonings

under condition (3.1.3). The system (3.2.11)-(3.2.14), (3.2.17) can be written in

the form of the following operator integral equation.
t
V(v,z3,t) = G(v, z3,t) —i—/ (KV)(v,zs3,t,7)dr, (3.2.18)
0

where V = (Vq, Vo, V3, V4, V5, Vi) is unknown vector-function whose components
are
OE; OE, O

ot )V5 81‘3 )‘/6 81;'3 ) (3 9)

Vi=F,Vo=EyV3=E3V, =

G = (G1,G2,Gs,Gy, G5, Gg) is the given vector-function whose components are

defined by

i (x3)+(t—7)
Gj(v,z3,t) = / / (v,&,7)dédr, j=1,2,(3.2.20)

t sin (d(v, z3)(t — T)
Gs(v,z3,t) = 6331/ fa(v,zs,7) ( e :;3) )dT, (3.2.21)

Ga(v,z3,t) = /Ot f3(v, x3,7) cos (d(u, x3)(t — T))d’]’ (3.2.22)

e33(23)

cj(7j(23))S)(ri(x3)) [ 7j(@3)+(t=7)
G4+j(7/,1'3,t) AR 2 7 / / Fj(V,f,T)dg
0 7j(x3)—(t—7)

g=r;(a3)—(t—7) e33(x3)

+<M>{F,-<u,ff>}£:mm3)+(t_ﬂ}d7 ) S ) Ly 3 )

sin (d(y, x3)(t — 7'))
d(v,x3)

t ~
XMkj(Tj(ws))/Ofg(v,xg,T) dr, j=1,2; (3.2.23)
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The components of the vector-operator K = (Kq, Ka, K3, K4, K5, K¢) are defined
by

(i 7 (z3)+(t—7)
L o IR (PCRACEAE
(vt T
SWTENT) €LVl ). 7)

(1) Mis () 5 [ CHO L] Vaon 1 €),7) g

w; &=Tj(w3)+(t—7)

+7]Sj(7—j(x3)){Cj@)LJ(g)Mkj({)VZi(V:Tj_l(f)aT)}ézq_j(xs)i(tiﬂa (3.2.24)
j=1,2k#j, k=12
(ICgV) (l/, 1‘3,t, 7') = 8332.%’3) |:iV1m22(.CL‘3)V5(V, xr3, 7')
» sin (d(u, x3)(t — 7'))
Fivam (23)Ve(, xg,T)] T 50 , (3.2.25)
1 .
(IC4V) (v,x3,t,7) = 53 (73) |:ZV1m22(.’133)V5(V, x3,T)
Vivom (3) Ve (v, 23, T)} cos (d(u, w3)(t — 7)), (3.2.26)
_ci(r(as))Si(7(ws)) | prales)t =) o
(KisV) s, tr) = . Lo Ao

Vj v, 7€),
Rty ©N©) 1P T v (OL OVl (©).7)
(i) My (€) g [CHOLIO| Va7 ). 7) e
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M L OV 7, (€, 7) = (1) Mg ©) 52 [ GO L€

+{Cj(z)Lj(z)Mkj (z)W(V’ TJ'_I (2)7 T) }z=Tj (x3)—(t—7) }

_(ﬁ;;)?j;(sy;?))Sj(Tj(m:s))Cj(Tj(ws))Lj(Tj($3))M’fﬂ'(Tj(m3)) [iylmﬂ(mg)

sin (d(u, 23)(t — T))
d(v,z3) ’

x Vs (v, x3,T) + ivamy1 (z3) Vs (v, .%3,7')} (3.2.27)

=12 k#j k=12

3.3 Properties of the Operator Integral Equation (3.2.18)

In this section the properties of the inhomogeneous term and the kernel of
(3.2.18) are described in forms convenient to prove the existence and uniqueness
theorems for (3.2.18). We state these properties by the following propositions.
Proposition 1. Let components of G = (G1,Ga, . ..,Gg) be defined by (5.2.20)-
(8.2.23). Then under assumptions mentioned at the beginning of Chapter 3 these

components are continuous functions for (x3,t) € A, v € R%.
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Proposition 2. Let components of the vector operator K = (K1, Ko, ..., Kg)
be defined by (3.2.24)-(3.2.27). Then under assumptions mentioned in Section 1

(1) the expressions
t
/ (K:mV)(I/,Sﬂg,t,T)dT, m=1,2,...,6
0

are continuous functions for (x3,t) € A, v € R? and any vector function
V(v,z3,t) = (Vi(v,z3,t), Va(v, x3,t), ..., Vs(v, z3,t)) with continuous components
for (z3,t) € A, v € R%.

(7i) for any positive number § the following inequalities are satisfied

t t
\/ (ICmV)(V,:Eg,t,T)dT] < B/ IVI(v,7)dr, m=1,2,...,6; (3.3.1)
0 0
where (z3,t) € A, |v| < Q, B is a positive number depending on o, 3,T, §;

V|(v,7) = max max Vin(v, &, 7). 3.3.2
Vi) = max o omaxV(n67) (3.3.2)

Proof of Proposition 1. Let numbers «,3,T,c, the set A, and functions
€j;(x3), mj;(x3) satisfy assumptions of Section 1, numbers Y™, YjJr and functions
5, Tj_l satisfy the properties of Remark 3.2.1. Using the formula (3.2.5), (3.2.7),
(3.2.9) we find that the functions A;, S;, Cj, Nj, Lj, M;; are twice continuously
differentiable on [Y", Yj+]; the functions K; are one time continuously differentiable
on [V, Yj+], and g;, F)j are continuous on [Y;", YJ+] The function d(v, x3) defined

by (3.2.13) is twice continuously differentiable with respect to x3 € [T, T
sin (d(l/, x3)(t — 7'))

d(Va .1‘3)
differentiable with respect to (z3,t) € A for any v € R? o < 7 < t. Using

for any v € R? and is bounded and twice continuously
properties 7; described in Remark 3.2.1 we find that G, (v, z3,t), m =1,2,...,6
are continuous function for (z3,t) € A and v € R%. Proposition 1 is proved.

Proof of Proposition 2. Using the reasoning made in the proof of Proposition

1 and formulae (3.2.24)-(3.2.27) we find that
t
/ (lCmV)(V, x3,t,7)dr, m=1,2,...,6
0

are continuous functions with respect to (x3,t) € A for any v € R? and any

vector function V = (Vi,Va, ..., Vg) with continuous components V;(v, x3,t) for
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(x3,t) € A and v € R?. Hence the affirmation (i) of proposition 2 is proved. To

prove (i7) we need the following lemma.

Lemma 3.3.1. Let ¢, T be numbers and A be triangle defined in the introduction,
7j be the function defined in (3.2.1), Tj_l be inverse function to Tj; Y, Yj+ be
numbers defined in Remark 3.2.1. Then for any (xs3,t) € A and 7 € [0,1],
€ € [rj(z3) — (t—7),7j(x3) + (t — 7)] the following relations are satisfied 7';1(5) €
[—e(T = 7),e(T = 7)), € € [V, V1.

Proof of Lemma. Let y = 7j(x3). Using Remark 3.2.1 we find

jj(2)
Y —/ (3.3.3)
mjj(z
Differentiating both sides of (3.3.3) with respect to y we find
drt g5(r7!
7 (y) _ ]]( ]71(y)) (334)
dy my; (T j (y))
Integrating (3.3.4) from 0 to y and using Tj_l(O) = 0 we find
T (y) = (3.3.5)
Using (3.3.5) we find that
7 (m(zs) = (t—=7)) =
= (3.3.6)
We have from (3.3.6)
Tj_I(Tj(xg) —(t—7)) >x3—c(t —7). (3.3.7)

Using (x3,t) € A we find

x3—c(t—7)> —c(T—t)—c(t—7) = —c(T —1t)
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and therefore

ijl(rj(xg) —(t—71)) > —c(T —1). (3.3.8)

Similarly we find

7 (ry(as) + (E=7) olT = 7). (339)

Using monotonic increasing Tj_l(é) (see Remark 3.2.1) and (3.3.8), (3.3.9) we

obtain

—o(T —7) <718 < (T —7) (3.3.10)

for any & € [1j(z3) — (t — 1), 7j(x3) + (t — 7)]. It follows from (3.3.10) that
—cT <77 1(8) < T
and therefore, using monotonic increasing 7; we find

Y7 =7j(=cl) <& <7(cT) =Y;" (3.3.11)

for any & € [1j(z3) — (t — 7),7j(23) + (t — 7)]. Lemma is proved.
Let the number @ is defined by
Q =max max {|g;(y)],|L;(y)l;[N; ()], 1S5y, [C;(y)|

i=1,2 -
i=12yely; YT

0

3y GO W), max 1My w)] )

Using the lemma we find that for any (x3,t) € A and 7 € [0,t], £ € [7j(x3) — (t —

7), Tj(x3) + (t — 7)] the following inequalities are satisfied
14 ()] < @ |L; ()] < Q, [N;(§)] <@, [S;(§)] < Q. |C5(§)] < @

0
8*5(@'(5)%’(5))\ < @, max [My;(§)] < Q, [Vin(v, 7€), ) < V(v 7),

j=1,2,m=12,....6.

We find from above mentioned inequalities and the equation (3.2.24) the following

relation

7j(x3)+(t—7)
Q/ {(Q+ 12Q%)|V; (v, 777 1(€), 7)]

KVEatn|<g [
7j(x3)—(t—7
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HVPQAVi(v, 757 (€),7) | + W@ V(v 754 (€), 7) et

HQHUVIw ), G=12k=12k#
Let €2 be any positive number. Then we find from the last relation
(V) (w,3,1,7)| < By(T.QIIV | (v.7)
where (x3,t) € A, |v| < Q,
Bi(T,9) = maXA{QQT(l 12020 + QQ) +o0ON, j=1,2

(xg,t)e

We find from the equation (3.2.25)
(s V) (v, 3,1, 7)| < Bs(T,Q)IVI|(v, 7)

where (z3,t) € A, |v| < Q, B3(T, Q) = 2c2|QT.
Using the similar reasoning we can define constants B,, (T, §2) for m = 4,5, 6 such

that
(K V)(v,23,t,7)| < Bp(T, Q) ||V (v, 7),

where (z3,t) € A, |[v| < Q.
Choosing B as follows

B= max B,(T,Q)

m:1727“'7

we complete the proof of the Proposition 2.

3.4 Uniqueness and Existence Theorems for the Operator Integral

Equation (3.2.18)

Uniqueness and existence theorems of the operator integral equation (3.2.18)

are proved in this section.
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3.4.1 Uniqueness Theorem

Theorem 3.4.1. Under the assumptions stated at the beginning of Chapter 3
there can exist only one solution V = (V1,Va,..., V) of the operator integral

equation (3.2.18) such that V,, € C(R* x A), m =1,2,...,6.

Proof. Let Q be an arbitrary positive number, V (v, z3,t) and V*(v, x3,t) be two

solution of (3.2.18) with continuous components for (z3,t) € A, |v| < Q. Letting

A~

V(v,zs3,t) = V(v,x3,t) — V*(v,23,t) we find from (3.2.18)
A~ t A
V(v,z3,t) = / (KV) (v, x3,t,7)dT. (3.4.1)
0
Using Proposition 2 we find from (3.4.1)
t
IVII(v,t) < B/O IVI[(v, 7)dr, (3.4.2)

where |v| < Q, t € [0,T]; |.|[(v,t) and B are defined in the statement of
Proposition 2.

Applying Grownwall’s lemma (Nagle et al. (2004)) to (3.4.2) we find
IVIi(v,t) =0, tel0,T], v <. (34.3)
Using the continuity of V (v, z3,t) we conclude that

V(v,x3,t) =0, (x3,t) €A, |v| <Q.

Since €2 is an arbitrary positive number we find that V(v, x3,t) = V*(v, z3,t) for

(w3,t) € A, v € R% Theorem is proved. O

3.4.2 Existence Theorem and Method of Solving

Applying successive approximations we prove the existence theorem in this
Subsection. We note that the proof of this theorem contains a method of solving

(3.2.18)
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Theorem 3.4.2. Under the assumptions stated at the beginning of Chapter 3
there exists a solution V. = (V1,Va,...,Vs) of the operator integral equation

(3.2.18) such that Vi, € C(R? x A), m=1,2,...,6.

Proof. Let 2 be an arbitrary positive number. Let us consider the integral
equation (3.2.18) for (z3,t) € A, |v| < Q. For finding a solution of this equation

we apply the following successive approximations
V(O)(l/,:vg,t) = G(v,x3,t),

t
VO (v, 23,1) = /(Kv(n_l))(v,l'g,t,T)dT,n:1,2.... (3.4.4)
0

o0
Our goal is to show that for (z3,t) € A, |v| < Q the series ZV(")(V, x3,t) =
n=0

(o ¢]
(Z Vl(n)(y, x3,1),. Z V6 (v, x3,t ) is uniformly convergent to a vector

function V(v,zs,t) = (Vl(y, xs,t), Va(v,z3,t),..., Vs(v, xg,t)) with continuous
components and this vector function is a solution of (3.2.18).

Indeed, we find from (3.4.4) and Propositions 1, 2 of Section 3.3 that for (z3,t) €
A, Jv] < Q the vector function V(”)(V, x3,t), n = 0,1,2... have continuous

components and

t
VO (0,25, 1) < B / VO (v, 7)dr, (3.4.5)
0

where ||.||(v,7) and B are defined in Proposition 2.

It follows from (3.4.5) that

(BT)"
PR IG|(v,T), (3.4.6)

m=1,2,...,6,n=0,1,2... .

‘Vrgn)(% $37t)| <

The uniform convergence of Z V(") (1, 3, t) to a continuous function Vi, (v, z3,t)

=0
follows from inequality (3.46) and the first Weierstrass theorem (Apostol (1967),

page 425). Let us show that the vector function V (v, x3, ) is a solution of (3.2.18).

Summing the equation (3.4.4) with respect to n from 1 to N we have
N

ZV(”) v, x3,t Z/ (KV") (v, 25, t, 7)dr, (3.4.7)

n=1
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where

N N
ZV(”)(V,xg,t):(Zvl(n)(y,a:g, - Zvﬁ (v, 23,1t )
n=1 n=1

Adding both sides of (3.4.7) the vector function G(v, x3,t) we find

+ N—1

ZV (v, x3,t (v, x3,t / Z(KV("))(V, x3,t,T)dT. (3.4.8)

Approaching N the infinity and using the second Weierstrass theorem (Apostol
(1967), page 426) we find that the vector function V (v, x3,t) satisfies (3.2.18) for
(z3,t) € A, [v| < Q. Since Q is an arbitrary positive number we find that the
vector function V(v,z3,t) with continuous components is a solution of (3.2.18)

for (x3,t) € A, v € R2. O

3.5 Initial Value Problem (3.0.1), (3.0.2) Solving

In this Section we show that a generalized solutions of (3.0.1), (3.0.2) may be
found by the inverse Fourier transform of the first three components of V (v, x3,t),
where V (v, z3,t) is the generalized solution of (3.2.18) found in Section 3.4. We
describe a class of the vector functions where solution of (3.0.1), (3.0.2) is unique.
We will use the following notions and notations. For the exponent a = (aq, a2)

with o € {0,1,2,...} and |a| = a1 + ag, the partial derivatives of higher order,

glal olel
Wfk(l/ .fL'3,t), WW(V’ I’g,t), k = 1,2,3, l = 1,2, ...76,

will be denoted by
D4 fi(v, x3,t), DYVi(v,x3,t).

For vector functions V = (V1,Va, ..., Vi), £ = (f1, fo, f3) and each a we defined
D2V and D°f by

DAV = (D%Vi, D%Va, ..., D%Vg), DY = (D2 f1, D fo, D% f3).
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We denote by C(R?) the class consisting of all continuous functions that are
defined on R2, then for m = 0,1, 2, ... we define C"(R?) by C°(R?) = C(R?) and

otherwise by
C™(R?) = {p(v) € C(R?) : for all |a| <m D%p(v) € C(R?)},

C>(R?) = ﬁ C™(R?).
m=1

Further, C.(R?) is the class of all functions from C(R?) with compact supports;
L2(R?) is the class of all square integrable functions over R?; ||p||2 is defined for
each ¢o(v) € L2(R?) by

el = [ lewPar

The Paley-Wiener space PW (R?) is the space consisting of all functions o(x1,z2) €
C>(R?) satisfying (see Appendix B )

(a) (14 /22 +22)™A"p(21,22) € Lo(R?) for all m,n € {0,1,2... },
(b) RS = lim [[A"p(wr,a2)]y*" < oo,

where A" = (68722 + 8‘9—;2)" C(; Ce(R?)) is the class of all continuous mappings
1 2

of (z3,t) € A into the class C(R?) of functions v = (v1, 1) € R%; C(A; PW(R?))

is the class of all continuous mappings of A into PW (R?).

The main result of this section is the following theorem.

Theorem 3.5.1. Let assumptions at the beginning of Chapter 3 hold and } =
(fl, fg, fg) be the Fourier transform with respect to x1, xo of the inhomogeneous

term fin (3.0.1) such that for each «
D% fr € C(R? x A)NC(A; Co(R?)), k=1,2,3.

Then there exists a unique generalized solution E(x,t) = (Eyi(x,t), E2(x,t),
Es(z,t)) of (3.0.1), (5.0.2) such that
0 0
Ej, —E;, —E3 € C(R* x A)NC(A; PW(R?), 1=1,2,3; j=1,2.
8903 at
Proof. Let us consider the problem (3.1.1) - (3.1.3) (FTIVP). It was shown in

Section 3.3 that this problem is equivalent to the operator integral equation
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(3.2.18). It was proved the existence and uniqueness theorems for this operator
integral equation in Section 3.4. Using these theorems we find that there exists

a unique vector function E(V, x3,t) = (El(u, xg,t),Eg(V, xg,t),E3(y, x3,t)) such
0 ~ 0 =

—E;, —E3 € C(R* x A)NCO(A;Ce(RY), 1 =1,2,3; j = 1,2; and
B (9.1‘3 ot

E(v,z3,t) is a generalized solution of FTIVP. We are going to show now that it

that F,

is possible to apply the inverse Fourier transform with respect to vy, s to the
generalized solution E(v, x3,t) of (3.1.1) - (3.1.3).

Using the Proposition 1 and the hypothesis of theorem 3.5.1 we find that
Gm(v,x3,t), m = 1,2,...,6 defined by (3.2.20)-(3.2.23) for any « satisfy the

following conditions
DG (v, 23,t) € C(R* x A) N C(A; Ce(R?)), (3.5.1)

a=(a1,a2), aj €{0,1,2,... }, v=(v1,1n) € R%, (x3,t) € A.

Applying D¢ to (3.2.18) we obtain

t
DOV (v,x5,1) = D2G(v,a3,t) + / (Kpgv)(y,xg,t,T)dT, (3.5.2)
0

v e R? (x3,1) € A

Equation (3.5.2) has the same form as (3.2.18). According to theorem 3.4.1 and
theorem 3.4.2 the solution V (v, y,t) of (3.2.18), which is found by the method of
successive approximations described in Subsection 3.4.2, satisfies for any « the
following property:

DoV (v,x3,t) € C(R* x A).

Using (3.5.2) and (3.3.1) we obtain the following inequality for any positive
number  and any «

t
1Dy V(v 1) < |DyGll(v,t) +B/O IVIi(v,7)dr, (3.5.3)

where |v| < Q, t € [0,T]; B and |.||[(v,t) are defined in the statement of
Proposition 2 (see formula (3.3.2)).
Applying the Grownwall’s lemma (Nagle et al. (2004)) for the inequality (3.5.3)
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we find
IDEV(,) < |DEG (v, )BT, W] <90, t € [0,T]. (3.5.4)

It follows from (3.5.1), (3.5.4) that the solution of (3.2.18) satisfies the following
property DOV (v, 23,t) € C(A\; C.(R?)) for any a. Hence the components of the
generalized solution E(v, x3,t) = (Ey(v, x3,t), Ex(v, 23,1), E3(v, 23,1)) of (3.1.1)
- (3.1.3) satisfy the conditions

Ej, aigEj, ;Eg belong to C(R? x A)NC(A;C®(R?)), 1=1,2,3; j =1,2.

Applying the inverse Fourier transform with respect to vq, 15 to (3.1.1) - (3.1.3)
using the real version of the Paley-Wiener theorem (Andersen (2004)) (see also

Appendix B) we find that E(z,t) = F,'[E] is a unique generalized solution

o} d
of (3.0.1), (3.0.2) such that Ej(x,t), a—Ej(ac,t), aEg(x,t) belong to the class
3

C(R?x A)NC(A; PW(R?)), 1=1,2,3; j=1,2. O



CHAPTER FOUR
SOLVING INITIAL VALUE PROBLEM FOR VECTOR
TELEGRAPH EQUATION. GREEN’S FUNCTION METHOD

In this chapter we consider the vector operator

2 )

where x = (21, 72,23) € R3, t € R, a is a positive constant, Z is identity matrix
of the order 3 x 3, Q is a matrix of the order 3 x 3 with constant elements. The
main problem of the study is IVP related to this operator. The Green’s function
method is used for solving this problem. This method consists in constructing
the Green’s function of the IVP and finding an explicit formula for a solution of
IVP using the Green’s function. At the end of this Chapter an application of the
obtained formulae is given for constructing the Green’s function of IVP for the
Maxwell’s system of electrodynamics. This Chapter is started with elements of

generalized functions which are actively used.

4.1 Elements of Generalized Functions

In this chapter we use the notions and notations from (Vladimirov (1971)).
We denote by D(R"™) the class of test functions: all infinitely differentiable
functions in R™ with compact support. We shall define convergence in D(R"™) as
follows. The sequence of the functions @1, 2, ... from D(R™) converges to the
function ¢ € D(R") if
(7) there exists a number M > 0 such that supp ¢ C {x € R": |z| < M},

(#7) for each o = (a1, ..., a,) with nonnegative integer components «; the
following relation holds:

sup |D%pp(z) — D%pr(x)] — 0, k — oc.
TER™
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Here supp @y, is a closure of the set {x € R" : ¢x(x) # 0},
dlal

D =
- [?] a Qn ?
xS0 ...

lal =a1 +a2+ ...+ an.

Further, D'(R"™) is the space of generalized functions: each linear continuous
functional over the space D(R™) in Sobolev-Schwartz sense. The generalized
function f becomes zero in the region G if (f, ) = 0 for all ¢ € D(R™) such that
supp ¢ C G. In correspondence with this definition, the generalized functions f
and g are said to be equal in the region G if f — g = 0 for all z € G; in the case
we can write f = g for all p € G; (f,») = (g, ).

The simplest example of a generalized function is the functional generated by the

function f(z) locally integrable in R™:

(fr) = mf@M@M% p(z) € D(R"). (4.1.1)

Generalized functions which are definable in terms of functions locally integrable
in R™ according to formula (4.1.1) are said to be regular generalized functions.
Du Bois Reymond lemma. In order that the function f(x), locally integrable in
G, should become zero in the region G in the sense of generalized functions , it
is necessary and sufficient that f(x) =0 almost everywhere in G.

It follows from Du Bois Reymond’s lemma that each regular generalized function
is defined by a unique (with accuracy as far as the values on a set of measure
zero) function locally integrable in R™. Consequently there is a mutual one to
one correspondence between the functions locally integrable in R™ and regular
generalized functions.

The remaining generalized functions are said to be singular generalized functions.
The simplest example of singular generalized function is the Dirac delta (9)

function defined by the formula

(0(z), p(x)) = ¢(0), @(z) € D(R").

Evidently, 6(z) € D'(R™), 6(x) = 0 for x # 0, so that supp é(x) = {0}.

Let us now consider some important properties and operations over generalized
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functions by brief description only.
Operation 1. (Change of variables in generalized functions)
Let f(y) € D'(R"™), y = w(x) be an infinitely differentiable one-to-one

ow
transformation of R™ onto itself with nonzero determinant of the Jacobian —,

Ox
i.e. det(a—w Ou ’ # 0. 2 = w™(y) be the inverse transformation to y = w(z).

o) = o
Then for any ¢(x) € D(R™) the relation

(Fw).o@) = (Fu) et @) 22,

defines the generalized function f(w(zx)) for any f(y).

Using this definition we can show the following properties of the Dirac delta

function:
(6(z = 2%, 0(@)) = ¢(a”), ¢(x) € D(R™), (4.1.2)
_ Oz — ) 0y _
d(w(x)) = w0/ (@0)] w(z”) =0, (4.1.3)

Operation 2. (Multiplication of generalized functions)

Let f(z) € D'(R™), a(xz) € C*°(R"™). Then the relation for any ¢(z) € D(R")

(a@) /(@) (@) = (f@), al@)e()),

defines the product a(z) € C*°(R") for any f(z) € D'(R").
Using this definition we can show the following properties of the Dirac delta

function:

Operation 3. (Multiplication of generalized functions)
Let f(z) € D'(R™), @ = (a1,a9,...,a,) be a vector with nonnegative integer

components a;;

« 8|a‘f($) 0
D (@) = gy g D) = [@), ] =01+t o

Then the relation for any ¢(z) € D(R")

(Do‘f(ac), w(w)) = (—1)a(f($)aDa90(x)>a
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defines a generalized derivative D® f(x) for any f(z) € D'(R™).

From the definition of the generalized derivative the following properties hold:

If f(z) € D'(R™) then D*f(x) € D'(R"™) for any «

o If f(x) € CP(G), {D“f(x)} is the classical derivatives (where it exists)
then D f(x) = {D*f(z)}, z € G, |a| < p.

e Any generalized function is infinitely differentiable.

e The result of the differentiation does not depend on the order of differentiation.

e If f(x) € D'(R™) and a(x) € C*°(R") then the Leibnitz’s formula

differentiation of the product a(x)f(x) is valid.

e If the generalized function f(z) = 0 for z € G, then also D“f(x) = 0 for

x € G, so that supp D f(z) C supp f(x).

e If the function f(x) has isolated discontinues of the first kind at the points
{zk}, then

L+ S Ul — ),

k
where [f]|z, = f(zr +0) — f(zr —0).

Operation 4. (Convolution of generalized functions)

Let f(z) and g(x) be locally integrable functions in R™. The function
(f*xg)(x) = : fy)g(x —y)dy

- / () (= y)dy = (9% )(@)

is known as the convolution f * g of these functions. The function (f * g)(z)
is locally integrable functions in R™ and therefore defines a regular generalized

function, acting on the test functions ¢(z) € D(R™) according to the rule:

((F+ 9@, e@) = (F@9w).e+1))

= /R . f(@)g(y)e(z + y)dzdy.
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From the definition the convolution of the generalized functions the following

properties hold:

o If fx g exists then g * f exists, and fxg=gx* f.
e For any f(z) € D'(R™), fxd=0xf=f.
o If f x g exists, then If D®f x g and f * D“g exist, and moreover

D*(fxg) =D xg= fxD%.

We will also use well known generalized function called Heaviside step-function

and its properties throughout the chapter.

e Oy(t) = 0(t) is the Heaviside step-function, 0y(t) = 1 for ¢t > 0, 6y(t) = 0

for t <O0.

k

o 0/(t) = 5(t), O(t) = %90(75) for k= 0,1,2,..: 0_1(t) = 5(t).

4.2 Green’s Function of IVP for L

This section deals with constructing an explicit formula for the Green’s function
(fundamental solution) of the initial value problem for the vector operator £

defined in (4.0.1).

Definition 4.2.1. (Green’s function of IVP for £) A matrix

Gl(wt) Gizt) Giat)
G(x,t) = | Gi(x,t) G3(x,t) G3(xz,t)
Gi(z,t) G3(x,t) G3(z,t)

the jth column G7 = (Gj , G’ , Gg)T of which satisfies the following equalities
LG = e;d(z)d(t), (4.2.1)

gj\KO = 0, (4.2.2)
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is called the Green’s function (the Green’s matrix) of the initial value problem
for the vector operator £. Here e; = (1,0,0)7, e; = (0,1,0)7, e3 = (0,0,1)7.

The upper index 7" means the operation of the transposition.

In the following theorem an explicit formula for the Green’s function of the
initial value problem the vector operator L is given. The proof of the theorem
contains a construction of this function. The result of this section corresponds to

the paper (Yakhno & Sevimlican (2001)).

4.2.1 Constructing the Green’s Function of IVP for L: An Explicit

Formula

Theorem 4.2.2. Let a is a given positive number, Q = (¢mn)3x3 be a matric
with constant elements; x = (v1,x2,13) € R® be the space variable, t € R be time
variable, T = t* — |z|*/a?, |z|* = 2% + 23 + 23; exp(Qt), I1(Qt) are matrices

defined by

exp(Qt) = i (Qt)k, 7,(9t) = i ]EQt)%H (4.2.3)

Then the matriz G(x,t) defined by

g(x,t) = ﬁe(t)5(l—’)exp(_gt)
1
+ mf)(t—le/a)Qexp(—Qt)L(Q\/f/z), (4.2.4)

is the Green’s function of IVP for L.

Proof. We seek the jth column of the Green’s function of initial value problem

for the vector operator L in the following expansion

[e.9]

G = 0t) > af(x,t)0k(I), (4.2.5)

k=—1
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where o (z,t) are unknown vector functions which we have to determine.

For this aim we use the following properties of generalized functions:

D0 o(T) = (k = D)Op—1(T), 6,(T) = Or—1(T),
St)0,(T) =0, k> —1, —8(t)0_1(T) = 2ma’s(x, 1),

and the following expressions for Qg , Qgt, V.G, NG

85; = 5(t) Y b)) +0(t) > agg“ﬁk(l“)-%e(t) S o
k=-—1 k—— .
> Do ,
o0 5 [P Lo
82gj ) o0 ; P . )
oz = 00 k; o] 01 (T) + 25 (3() k; o (1))

2 >~
+ H(t)%( > afow(r))
k=-1

= 21’ ((0,0)8(x,t) + 0(t) 5: ek_l(r)[azgjg—l +2
ST )
V.G = 0(t) i Vae]_y + alVaT | 61 (T),
k=-1
AGT = 0() i |Aca]_y +2V,0]V,T
k=-—1
+ajan® Do m),
where o , =0, (21; =2t, V,[ = —iig, AT = —%.

Substituting into (4.2.5) into (4.2.1) we get

. i ; 804?% or
[27ra a_l(O’O) — ej} (S(l',t) + a(t) Z |:[/Oék,1 + 2@&

k=—1

—2a?V,al V,I + (.cr Ak - 1)%)] 0_1(T) = 0.

0
§9k(r)
(4.2.6)
or 8ai
ot ot
(4.2.7)
(4.2.8)
(4.2.9)
(4.2.10)
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Equating to zero the expressions by d(x,t) and 01 (") for £ > —1 in (4.2.10) we

obtain the following relations

o 1(0,0) = e, (4.2.11)
o o ; 1,
xa—; + ta—t’“ + ((k+1)Qt)ag, = =7 Lag_y. (4.2.12)

Considering (4.2.12) along the curve defined by

dex  x(7)
o= T t= b7,
dr T

where p is a constant, 7 is a parameter and multiplying (4.2.12) by 7%, k=-
1,0,1,. .., the relation (4.2.12) may be written as follows

d

o [T’““ai ((r),p7)| + Qpritiad = =T rad | L (4213)

4
Integrating (4.2.13) from 0 to 7(z) and using (4.2.11) we find

ail(:v,t) = exp(—Qt)a’ (0,0),

‘ 7(z)
Tk“ai(m(T),pT) = _% exp(—Qt)/ 7k exp(Qpr)
0
X Lad, (&, 2)|e=r(r), smprdT, k=0,1,.... (4.2.14)

Making the change of variable 7 = 7(x)s, the equation (4.2.14) may be written

as follows

1 [t :
o (x,t) = —4/0 s* exp(Qt(s — ) Lag (& 2)|e=sa, =5t ds, k=0,1,..(4.2.15)

We can show that

‘Cai—1(€az)’£:sx,z:st = —Q2exp(—Qst)Ozjfl(O,0),
odt) = (37 (1) (12.16)
. 4 .
L0362 Mecnn oo = — o exp(~Qst)ad ,(0,0),
. 1 L .
ajl(xvt) = _4/0 sexp(Qt(S_1))£a€)(£72)|fzsx,z:std5

= %(%)4a];1(x,t); (4.2.17)
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and so on continuing the reasoning, for arbitrary natural £ we have:

) 1
Lol (€ e oot = () exp(~Qst)a ,(0,0),
j 1ty j
offet) = =7 [ exn(QHs — 1) Lol (€D ers, ot d
_ 1 Q 2k+2
= G (2) ol | (x,1). (4.2.18)

Hence we found ai(m, t), k=—-1,0,1,..., by means of (4.2.15)—(4.2.18) therefore

the equation (4.2.5) may be written as follows

oo 22k+2
Gz, t) = O)0_ (D)’ (x,t)+0(t Z (2, 1)0;,(T).(4.2.19)
k:O
Using the following properties
Fk
0-1(T") = 8(t), O(I)O(I) =0(t — |zl/a), O4(I') = 76(L), k=0,1,2,...;

and the (4.2.11), the equation (4.2.19) maybe written as follows

1
Glat) = o01)i(t) exp(~QN)
b 00t~ Jal ) Qexp(—~QN)T1(QVT/2)
— |x|/a)Qexp(— ,
47a3\/T P !
where exp(—Qt) and Z;(Qt) are defined by (4.2.3), Z; is the modified Bessel
function defined by (4.2.3). O

4.2.2 IVP for the Vector Operator L: An FEzxplicit Formula for a

Solution

Let £ be the vector operator operator defined by (4.0.1), f(z,t) € C(R?® x
[0,0)), () € CYH(R3), ¥(z) € C(R?) are given functions. Let us consider the

following equation
Lu(z,t) = f(z,t), x=(x1,22,23) € R}t >0, (4.2.20)
subject to following initial data

i
uli— 0 = p(x), %ytao =(z), z=(x1,20,73) € RS (4.2.21)
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The problem is to construct u(z,t) satisfying (4.2.20), (4.2.21)

Lemma 4.2.3. Let u(z,t) € C?(R3 x (0,00)) () C*(R? x [0,00)) be a solution of
(4.2.20), (4.2.21) then V(x,t) = 0(t)u(x,t) is a solution of the following problem

LV (x,t) = F(x,t), (4.2.22)
V(z,t)|i<o =0, (4.2.23)

where

Fla,t) = 0(t) f(z,t) + 6(t) (w(x) + 2Q<,0($)) + ' (t)e(a). (4.2.24)

Proof. Let V(x,t) = 0(t)u(x,t). Differentiating with respect to ¢, using the
property (see Section 4.1 Operation 2), §(t)u(z,t) = §(t)u(x,0). We find the
2

expressions for % and w7 the following relations:
ov ou
= i(t)p(z)+ G(t)aa—;é, (4.2.25)
0%V , ou 0%u
= §(t)p(x) + )0 (x) + e(t)gt’;‘. (4.2.26)
Using formulas (4.2.25), (4.2.26) we find that
2
LV(at) = 8Wp() +00)(v() +2Q0(x) +0(0) (g;; A
ou
+ QQE
= 91 (@) +2Qp(x)) + 8 (Dp(x) + 6(t)f(,1)
= F(x,t).
It is clear that V(x,t)|t<0 = 0. O

Remark 4.2.4. Let F(z,t) € D'(R*), F(x,t)|t<0 = 0. Then the problem of finding
a generalized function V(z,t) € D'(R*) satisfying (4.2.22), (4.2.23) is called

generalized initial value problem for the vector operator L.
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Lemma 4.2.5. Let F(z,t) € D'(RY), F(z,t)|t<o = 0 and G(x,t) be Green’s
function for initial value problem for the vector operator L then V(x,t) = (G *

F)(z,t) is a solution of the initial value problem (4.2.22), (4.2.23).

Proof. We need to show that V(z,t) = (G * F)(x,t) satisfies (4.2.22), (4.2.23).

Indeed we have
LV (x,t) = L(G x F)(x,t) = LG * F(x,t) = §(x,t) *x F(x,t) = F(z,t).

The proof of the lemma 4.2.5 will be completed by checking that V(x,t) = 0 for
t<0. O

Theorem 4.2.6. Let G(z,t) be Green’s function of IVP for L defined by (4.2.4)
and F(x,t) be a function defined by (4.2.24) for any f(x,t) € C(R? x [0,00)),
o(z) € CYR?), ¥(x) € C(R3?). Then a solution of IVP (4.2.20), (4.2.21) is

given by

T —Q(t -
dma® /O //Ia:—ﬂﬁa(t—T) \/(t —7)2— |9'3;2§|2 Qexp(—Q(t 7))

le(QWt— — ) ple,mdedr

exfl)ﬂa‘lt //x el at “‘2990(5))615

Q ot) N |x;72£|2
ej‘ias ///las wW ( 2 )
X<w(§)+2g¢(£>>d§+ ot exf;m‘it //Ix lat ” Qeﬂ;gt)

_ g
X///|z,5|§at Wzl(g\/?)ﬂ@dg}, t>0,

(4.2.27)

where exp(Qt) and I1(Qt) are defined by (4.2.3).
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Proof. 1t follows from lemma 4.2.5 that a solution u(z,t) of (4.2.20), (4.2.21) may
be constructed by u(x,t) = (G * F')(z,t) for ¢ > 0. The convolution (G * F)(x,t)
may be found by the following formula (see Section 4.1 Operation 4)
G« F)at) = [ Glo—&1=) 016 +5(r) (40
+200(6)) +8'(n)p(6)] dédr. (4.2.28)

Using the following property (see Section 4.1 Operation 4)

(G 0)+8(1) = o (Gla1) * (1)

= a< G — &1 — 7)d(r)dgdr )

=at/g ~ £ 0)de).

the equation (4.2.28) may be written sum of three integrals as follows

(G * F)(x,t) = I'(z,t) + I*(z,t) + I3(x,t), (4.2.29)
where
I'x,t) = » Glx — &t — 7)0(7) f(&, T)dEdr, (4.2.30)
Plet) = [ Gl —60(0(©) +200(0))de, (4.2.31)
R3
Bx,t) = % / 3 (g(x - 5,t)¢(§)d§). (4.2.32)
Substituting (4.2.4) into (4.2.30) we find
T 2
Mat) = 2m3/ 0t — 7)5 _| af’ )
xexp(—=Q(t — 7))0(7) f(§, T)dEdr
+ 473a3/R40(t_7__|$;§|) 1

\/(t _ 7)2 I»T—EI2
(—=Q(t—1) Il(Q\/t_T

) (r) (. )dedr.
(4.2.33)

X  Qexp
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|z — &I

Using the change of variable of generalized function w(7) = (t — 7)% —

the following formula

o(w(r)) =

and the property (4.1.2) (see Section 4.1 Operation 1) in the first integral of

6(7-_7—*) 7= _T_’$—§|
e T

(4.2.33); then the equation (4.2.33) may be written as follows
!fﬂ —¢ |z —¢]

Pt = 477&2///|z ¢|<at Ifc—£| (-2 P

)f(E,t—

+ 47Ta3/ ///|z ¢|<a(t—7) \/ )2 xaQ*SQQeXP(_Q(t_T))

X (Q\/t_T i >f(f, T)dedr (4.2.34)
Substituting into we find
o(t t — &2
Py = SR [ - B nig
1 | — ¢ 1
+ 4mra3 /33 ot - a )WQexp(Qt)
Q1 — i
x T %)h(f)d&dr, (4.2.35)

where h(¢) = ((&) +2Q¢(€) ).
Using the property (4.1.2) in both integrals of the equation (4.2.35) and introducing

spherical coordinates in the first integral of the equation (4.2.35); r,0,¢ of £ as
follows:
E=x+rv, v= (v, V=1,
vy = sinfcosy, v =sinfsing, v3=cosb,
d§ = r2sin9drd0d4p; 0<0<m 0<p<2m, r>0;

then the equatlon (4.2.35) becomes
t 2m
I*(z,t) = t) exp(~Q1) / / / §(t? — =) h(x + rvé)r? sin Odrdfdye

 2ma®
0(t)Qexp(—Qt) sz—j
4ma’ ///|:p ¢|<at [+ _ |=—¢J? §|22 ( 2 )

x h(€)de. (4.2.36)
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2

Using the change of variable of generalized function w(r) = t? — —, the formula
a

d(w(r)) = M r* = at,

|w!(r*)]
and the property (4.1.2) (see Section 4.1 Operation 1) in the first integral of
(4.2.36) then equation (4.2.36) becomes

P = WO (w0 +200(0))
6(t)Q exp(—Ot) Q12 — 5k
- 471'53 ///x ¢|<at \/W ( 2 >
< (¥(6) +200(0)) de. (4.2.37)

Using (4.2.37) and (4.2.32) we find

3 B exp Qexp(—Qt)
Flat) = e(t)at dwalt //x ¢|= at 4ma?

|2
= zf”?‘ B
lz—€|<at , /42 _ |37;2§|2 2

X

)eledc}.

(4.2.38)

The equation (4.2.27) follows from substituting the formulas (4.2.34), (4.2.37)
and (4.2.38) into (4.2.29) for t > 0. O

Remark 4.2.7. Using the spherical coordinates for the integration in (4.2.27) we
find

ou
u’t:JrO - QO(.TJ), E’t:+0 - Tﬂ(l”)
4.3 Application to Electrodynamics

Let us consider Maxwell’s system (1.3.1)-(1.3.4) (see Section 1.3) for the case:

E=cI, M=uZ, o= (0ij)3x3
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where o;; are constants and e, p are positive constants. Let us assume that

conditions in (1.3.7) are satisfied. Using the reasoning of Subsections 1.3.1 and

1.3.3 we find
E
cur,L H = 88675 +oE+j, (4.3.1)
oH
LE —H— 4.3.2
cur Py (4.3.2)
Eljco = 0, Heo=0. (4.3.3)

Let us consider the following relations for H and E

H = lcurle, (4.3.4)
i
0A

E = —— +V.,0, 4.3.5
5 T Va¥ (4.3.5)

where A is the vector function, ¢ is the scalar function (vector and scalar electric

potentials). Substituting (4.3.4), (4.3.5) into (4.3.1) we find

—Vdivgy A — e— — +e— A A+o0— =], 4.3.
p V. div 5 op+e e o5 =1 (4.3.6)

where ¢ = V. We choose the vector function A from

LA =T (4.3.7)
. 1 1 9 .
where L is the operator defined by (4.0.1), a = —, 2Q = —o, f = a®uj. Then
VIE €
we find from (4.3.6), (4.3.7) that ¢ has to satisfy
aa(f +2Q¢ = a?V,div, A. (4.3.8)

For holding (4.3.3) the conditions Al|;<op = 0, ¢|i<o = 0, are sufficient.
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4.3.1 Green’s Function of IVP for Maxwell’s Operator

and Its Construction

This Subsection deals with constructing an explicit formula for the Green’s
function (fundamental solution) of the initial value problem for Maxwell’s operator.

The Maxwell’s operator M is defined by means of the following relations

0
curl, —Z— -0
M = ) ot , w=(x1,23,73) €ER®, tER,  (4.3.9)
,ufa curl,
OE
H cur, H—e¢— — oE
M = ot i
E curl, E+ p——
ot

Definition 4.3.1. (Green’s function of IVP for Maxwell’s operator)

Hi(z,t) Hi(z,t) H}(z,t)
Hi(z,t) H3(z,t) H3(z,t)
Hli(z,t) H2(z,t) H3(x,t H/
ey | M@ Hwn Heo | (W wa10)
Bl@.t) Hiat) Bia.0) B
]: <
Ei(z,t) E3(z,t) E3(z,t)
Byw.1) Ej(e.t) Hwo) ),
the jth column of which satisfies the following equalities
H/ e;6(z)o(t
M =1 (2)o) : (4.3.11)
E/ 0
E'li<o =0, H|<o=0, (4.3.12)

is called a Green’s function of the initial value problem for the operator M defined

in (4.3.9). Here e; = (1,0,0)7, ex = (0,1,0)T, e3 = (0,0, 1)7".

Thus by the reasoning which we used for obtaining (4.3.4)-(4.3.7) if we choose
j=e;0(x)d(t) we can get the following equalities

, 1 :
H’ = —curl,A/, (4.3.13)
i
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OAI

Jj - _ = j 3.14

E o T (4.3.14)

a;f +20¢ = a’V,div, A7, ¢’|i<o =0, (4.3.15)

52 ¢ AL AT + 0 =0 pe;d(x)d(t), All<o=0. (4.3.16)

Theorem 4.3.2. Let a be a positive number and Q be a matriz with constant
elements. Then a Green’s function of IVP for the Mazwell’s operator is given by

£ = (H/(z,t), B (x,1))",

||

H = H ' (t - )+ H 5t — |z|) + Ho(t - |z|); (4.3.17)
B =F - |"z’) +E (- ’z‘) + Bt — Z"); (4.3.18)

where x = (x1,x9,73) € R®, t € R,

B, = (0 exp(=00)Va(le]) x o]
B, = ' og¢ D {[v. (.
L= ORIV () x el
_ oy
= E () Wallel) x e},
. oy -
Hy = —Qep(-on{IV.Ti () x e}

By = BOL 0 exp(- ) + gl (Vallal)?

47 U|z|

_ 2
B, - G fge-on] L -5

EN 2
— ag(a,)V2(|z]) - 2aVag(@, HVa(le]) |,

B = ”ef‘{—lga[exp(_%(M

4 U a ~ Ot 2 )] —|—a2vg26g(a:,t)},
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f1(az) = Il(zaz)’ g(x,t) = ’i’ exp(—QQ(t — "z‘)) exp(_QT)
' _ Q2= 2
+/z eXP(—QQ(t—T))Qexp(—Qr)Il(\/j)dr (4.3.19)

1
Proof. Let —0 = 2Q. Using a Green’s function for IVP of the vector operator
€
L given by (4.2.4), the solution of (4.3.16) can be represented by the following
formula
Al(z,t) = d*uG(z,t)e;, j=1,2,3

1 2
= auf g0~ D500 exp(— 01

|[?
1 z Q t2 -
+ ot — u)Qexp(—Qt)Il <72 ej.
Ara3y/t2 — 12 “ 2
(4.3.20)
Using the following equalities
2 - Z1(az)
5t2_ﬁ:i5t_m T _ ZI\%<)
( a2 ) 2|CC‘ ( a0 )7 1((12) P
then equation (4.3.20) becomes
: 1 |z|
Al(z,t) = a® — )6(t —Ot
(0.0) = @ gogpble = )30 exp(~ Q)
|z[?
|| - QYT
+ 47m39(t - )Qexp(—Qt)L( 5 )}ej. (4.3.21)

We may find the solution of (4.3.15) by means of the formula

¢ (x,t) = a® /oo 0(t — 1) exp(—2Q(t — 7)) Vodiv, Al (z, 7)dr, j =1,2,3.

—00
Using the properties of Dirac delta and Heaviside functions and the formulas
(4.2.4), (4.3.21); the last equation may be written as follows:
2
& (x,t) = Z—“vmdwm{e(t - m)g(x,t)ej}, j=1,2,3. (4.3.22)
T a
where g(z,t) is given by (4.3.19). Finding divz{ﬁ(t — m)g(ac,t)ej}, then the
a
equation (4.3.22) may be written as follows;

|z] |z]

CL2
. t) = 219 Lot~ ) Tagrt) - Lo~ T)Valal)glr 1) e



79

The last equation may be written as follows

CL2 X
Pt = T L9, a) 20/ - 1)
_2 [v§(|x|)g(x,t) + 2vx(|x|)vxg(x,t)}5(t - 'Z"')
—V2g(x, )0t — |‘z’)}ej. (4.3.23)

Differentiating the equation (4.3.21) with respect to ¢ we find

OAI

_ 2 B _@
g 1) = {00 Qexp(~Qna( —
1 17l
g A0 exp(— 0 (= )
! N Ry
tiras QP20 T (f)é(t -
1 0 _ L On12 — %—‘22 |z
+Mga exp(—Qt)Th <fﬂ0(t - 7)}63'. (4.3.24)

(4.3.18) can be obtained by substituting (4.3.23) and (4.3.22) into (4.3.14). Finding
H/ from (4.3.13) we get

. 1 —1 / |$|
B = 0(0) exp(—Q0){ o [Va(lal) x e,J8'( =)

() x el )

| 1. Qe -l 1
- Qexp(—on{ — T (5 ) [Vallal) x e;]o(t = )
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4.3.2 A Generalized IVP for Maxzwell’s System

Theorem 4.3.3. Let j(x,t) be a wvector function with components jr(x,t) €
D'(RY), jr(z,t)i<o = 0; € be Green’s function of the initial value problem for

Mazwell’s operator. Then the vector function

H = E(x =&t —71)0(7)j(&, 7)dédr (4.3.26)
E R4

is a solution of the initial value problem for Mazwell’s system (4.3.1)-(4.3.3).

Proof. The proof of the theorem is based on checking that (4.3.26) satisfies the
equations (4.3.1)-(4.3.3). Let M be the differential vector operator defined in
(4.3.9). Applying the operator M to (4.3.26) and using (4.3.11) we have

M H = ME(x — &t —1)0(7)j(&, T)dédT
E RY
1 00
01 0
jl (57 T)
0 0 1
= / O(1)d(x — &t —1) ga(&,7) | dédr
R4 0 0O
j3(£7 T)
0 0 O
0 0 O
_ J
0

This shows that (4.3.26) satisfies the equations (4.3.1), (4.3.2). Using the similar
reasoning the proof of lemma 4.2.5 we find E|;<9 = 0 and H|;<o = 0. This shows

that (4.3.26) satisfies the equation (4.3.3).



CHAPTER FIVE
CONCLUSION

The main results of the thesis are the following:

A new algorithm is suggested and justified for solving Problem 1 which is
related to recovery the electric field in uniaxial and biaxial electrically and

magnetically anisotropic vertical inhomogeneous media.

e Theorems about existence and uniqueness of the solutions of Problem 1 for
the cases uniaxial and biaxial anisotropic vertical inhomogeneous media are

proved.

e An explicit formula for Green’s function of initial value problem for the

vector telegraph operator £ is obtained.
e An explicit formula for a solution of Problem 2 is obtained.

e An explicit formula for a Green’s matrix of initial value problem for the
Maxwell’s operator with constant dielectric permittivity and magnetic

permeability, and a matrix conductivity with constant elements is constructed.

e Generalized initial value problem for the Maxwell system with anisotropic

conductivity is solved.

The main results of the thesis were published in the following papers:

e Yakhno, V. G., Sevimlican, A., (2007). A method for the recovery of the
electric field vibration inside vertical inhomogeneous anisotropic dielectrics.

Mathematical Methods in Engineering, Tas, K. at al., Springer, 455-466.

e Yakhno, V. G., Sevimlican, A., (2001). Fundamental solution of the Cauchy
problem for an anisotropic electrodynamic system, Selguk Journal of Applied

Mathematics, 1(2), 83-94.
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The results of this dissertation were presented and discussed on the following

conferences and symposium:

e Workshop on Differential Equations and Applications, 8-10, February, 2007;
Middle East Technical University, Ankara, TURKEY.

e XX National Mathematical Symposium, 22-25 August, 2006; Dumlupinar

University, Kiitahya.

e International conference on Mathematical Methods in Engineering, 27-29,

April, 2006 Cankaya University, Ankara, TURKEY.

e International conference on Mathematical Modeling and Scientific Computing,

2-6, April, 2001, Middle East Technical University, Ankara, TURKEY.
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APPENDIX A
GENERALIZED CAUCHY PROBLEM FOR THE WAVE
EQUATION

Let us consider IVP for the following wave equation with two independent

variables
0?2 0?2
(@ - @)W(y,t) - f(y>t)7 (/S Ra t> 07 (601)
ow
w(y,t)|t=,0 =0, E(yat)’tzm =0. (6.0.2)

If f(y,t) € CY(R x [0,00)) then there exists a unique solution w(y,t) € C*(R x
[0, 00)) which can be given by the D’ Alambert formula (see, for example Vladimirov
(1971), pagel76).

Let now assume that f(y,t) € C(R x [0,00)). In this case the problem (6.0.1),
(6.0.2) will understand as the generalized Cauchy problem (Vladimirov (1971),
page 171-178). According to the theorem from (Vladimirov (1971), page 174)
there exists an inverse operator (aa—; - (%22)_1 such that the function w(y, t) defined

by

2 2 —
(y7 ) <aat2 B 88?42) lf(y7t) =
[ [ o= =1y = chonse. ragar. (6.0.3)

is a unique generalized solution of the generalized Cauchy problem (6.0.1), (6.0.2)
for any f(y,t) € C(Rx[0,00)). This means that the equality (6.0.3) is equivalent
o (6.0.1), (6.0.2), where (6.0.1) is understood as the equality of generalized
functions (Vladimirov (1971)).

Remark 6.0.4. We note that (6.0.3) may be written as the D’Alambert formula

y+(t—71)
/ / r)dedr, (6.0.4)
(t=7)
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or

o(t) [vtt [tolel
w(y,t) = 2/ / f(&,m)dédr, y € R,t€R. (6.0.5)
y—t JO
.. ow Ow
It follows from (6.0.4) that for y € R,t > 0 the derivatives Bt 5y " be found
Yy
by
ow 1 [t
S =3 [+ =11~ (- n.ldr
ot 2 Jo
ow

1 t
St =5 [ U+ =07 f— (=) lar
This means that a generalized solution w(y, t) of (6.0.1), (6.0.2) belongs to C* (R x
[0, 00)) for any f(y,t) € C(R x [0,00)).

Remark 6.0.5. Let us consider IVP consider IVP for the wave equation with two

independent variables

0? 9? ow ow
(@ - @)w(y7t) =Fy.tw(y,t), 54, 1), 8—y(y,t)), y € R,t >0, (6.0.6)
ow
w(y, le=s0 =0, (¥ =10 =0, (6.0.7)

where

ow Ow ow ow
f(y,t,w,a,afy) = pa(y, )Bt + p1(y, )ay +po(y, thw + f(y,1),

pe(y,t), f(y,t) € CH(R x [0,00)), k = 0,1,2 are given functions. Using the
reasoning made above we find that the generalized Cauchy problem (6.0.6), (6.0.7)

is equivalent to the following equation

0? 0%\ -1 ow ow
wit) = (g = 5,2) Fltwly 0, 50,5 (1)

ow ow
[ | ot =)= = bpe .t r). e ), e s, (608)

The equation (6.0.8) may be written in the form

y+(t—7) Ow ow
// ) y,t,w(f,T),E(f,r),a—y(g,r))dgdr (6.0.9)



APPENDIX B
PALEY-WIENER SPACE AND THE REAL VERSION OF THE
PALEY-WIENER THEOREM

The result here have been taken from the paper Andersen (2004) (see also
Bang (1995), Tuan & Zayed (2002)).
As well known (see for example, Andersen (2004), Bang (1995), Tuan & Zayed
(2002)) the classical Fourier transform F is an isomorphism of the Schwartz space
S(R*) onto itself. The space C>°(RF) of the smooth functions with compact
support is dense in S (Rk), and the classical Paley-Wiener theorem characterizes
the image of C2°(R") under F as rapidly decreasing function having an holomorphic
extension to C* of exponential type. In this appendix we will define the Paley-
Wiener space and consider the real version of the Paley-Wiener theorem follow

the nice work (Andersen (2004)).

Definition 7.0.6. We define Paley-Wiener space PW (R¥) as the space of all

functions ¢(z) € C®(RF) satisfying:

(a) (14 |z])™A"p(x) € Lo(R?) for all m,n € {0,1,2...},

. n 2n
(6) Rg = lim [A"p(x)]y*" < oo,

where L£o(R?) is the space of square integrable functions with norm

llelle = (fR2 |cp(:c)]2dx> i for any p(x) € Lo(R?); A = 8% +...+ % denotes
the Laplacian on RF. Further PWg(RF) = {p(x) € PW(RF)| R£ = B} for
B >0.

Theorem 7.0.7. The inverse Fourier transform F~' is a bijection on C°(RF)
onto PW(RF), mapping O (R¥) onto PW (RF).
Here C%(R*) is defined as
CF(R") = {¢(x) € CF(R")| R, = B},
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where Ry, = SUD,cgupp, |7 18 the radius of the support of ¢(z).

We note that the work (Andersen (2004)) contains the proof of this theorem.
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