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A GENERALIZATION OF THE RATIONAL BEZIER SURFACES

ABSTRACT

In this thesis, we introduce a generalization of rational Bezier surfaces using
g-Bernstein Bezier polynomilas. We generate these surfaces by a new de Casteljau
type algorithm, which is in affine form. The explicit formula of intermediate points
of de Casteljau algorithm is obtained. These points of the algorithm are expressed
in terms of g-differences and consequently rational g—Bernstein Bezier surfaces are
also expressed in terms of g—differences. The change of basis matrix between tensor
product Bernstein Bezier basis and tensor product g—Bernstein Bezier basis is given.
We study the degree elevation procedure for g—Bernstein Bezier surfaces. Finally, the
convergence properties of tensor product g—Bernstein Bezier surfaces and g—Bezier

triangles are studied.

Keywords: Rational g—Bernstein Bézier surfaces, g—Bernstein polynomials, de

Casteljau algorithm, multivariate approximation.
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RASYONEL BEZIiER YUZEYLERININ BiR GENELLESTiRMESI

(0Y/

g-Bernstein Bezier polinomlart kullanilarak rasyonel Bezier yiizeyleri
genellestirildi. Bu yiizeyler, affine formda olan yeni bir de Casteljau tipi algoritma
kullanilarak elde edildi. de Casteljau algoritmasinin ara noktalar1 g—farklar ile ifade
edildi ve bunun sonucunda da g—Bernstein Bezier yiizeyleri de g—farklar ile ifade
edildi. TensOr ¢arpim Bernstein Bezier tabanmi ve tensor ¢arpim g—Bernstein Bezier
tabani arasindaki doniisiim matrisi verildi. g—Bernstein Bezier yiizeylerinin derecesi
yiikseltildi. Son olarak, tensor ¢carpim g—Bernstein Bezier yiizeyleri ve g—Bezier

ticgenlerinin yakinsaklik 6zellikleri calisildi.

Anahtar sozciikler: Rasyonel g—Bernstein Bézier yiizeyleri, g—Bernstein

polinomlari, de Casteljau algoritmasi, ¢cok degiskenli yaklagim.
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CHAPTER ONE
INTRODUCTION

We first give some basics of Bernstein Bézier polynomials which may be found
in (Farin, 2002). In section 1.2, a generalization of Bernstein Bézier polynomials
introduced by G. M. Phillips is given. Using g—Bernstein Bézier polynomials, one
parameter family of Bézier curves and one parameter family of rational Bézier curves
are given in section 1.3. We investigate certain geometric properties of these curves.
We also obtain a second de Casteljau type algorithm for computing g—Bernstein Bézier
curves that can be found in (Disibiiyiik & Orug, 2008).

1.1 Bézier Curves

One of the most important mathematical representation of curves and surfaces used
in computer graphics and computer-aided geometric design (CAGD) is Bézier
representation. Bézier curves are first publicized by French engineer Pierre Bézier
in 1962. These curves are first used to design automobile bodies. A parametric Bézier

curve of degree n is defined by
n
P(t):Zbi(”,l)m—z)"—’, 1€0,1], b;eE?orE (1.1.1)
i=0 \!

where E" denotes n—dimensional Euclidean space. The points b; are called the control
points and the polygon obtained by joining the control point b; with the control point
bi+1 fori =0,1,...,n—1 is called the control polygon. The reason of the popularity
of Bézier curves in CAGD is that the points b; give information about the shape of
the polynomial curve P(¢). The shape of P(r) can be predicted using the shape of its

control polygon.

The basis functions

Bl(r) = (’.’)ﬂ'(l e i=0,..n, (1.12)

1

are called Bernstein Bézier polynomials of degree n. These polynomials are first



introduced by S. Bernstein to give a proof of approximation theorem of Weierstrass
which asserts that for each continuous function f(x), on a closed interval [a,b], and a

given € > 0 there is a polynomial P(x) approximating f(x) uniformly:

[f(x) = P(x)] <e.

Bernstein shows that for a function f(x) bounded on [0, 1], the relation

lim Bn(f;x) = f(x)

n—oo

holds at each point of continuity of x of f; and the relation holds uniformly on [0, 1] if
f(x) is continuous on this interval (see Lorentz, 1986). Here the polynomial B,(f;x)

is called the Bernstein polynomial of order n of the function f(x) and defined by

B (f:x) = ZO £(2) (1)ra-r

For the other proofs of theorem of Weierstrass see (Lorentz, 1986).

There is another approach to theorem of Weierstrass type which uses sequence of
positive linear operators. An operator U that maps C|a, b] into itself is positive if f >0
implies U (f) > 0. If in addition, when f < g we have U(f) < U(g) then U is a positive
linear operator (see DeVore & Lorentz, 1993). Bohman-Korovkin theorem states that
for a sequence U,, n = 1,2,... of positive linear operators, convergence U, (f) — f in
uniform norm follows for all f € C[a,b], if it holds for test functions f = 1,x,x?. It
can easily verified that the operators B,,n = 1,2, ... are linear monotone operator on
[0, 1] and satisfy the conditions of Bohman-Korovkin theorem which gives the uniform
convergence of B, f to f for all f € C[0,1].

In CAGD applications, the choice of basis used for designing parametric curves
and surfaces is important. The most suitable bases for this purpose is the normalized
totaly positive bases. A system of functions {{g,01,...,9,} is called totaly positive
if all its collocation matrices (q)_,- (x,)f j:O) are totaly positive, that is all their minors
are nonnegative. In addition if {(o,¢1,...,0,} is totally positive basis and Y7 ,¢; = 1
then {¢o,d1,...,0,} is called normalized totally positive basis. Goodman (Goodman,



1996) shows that the power basis
(1,x,x%,...,4"), x>0

is totaly positive. Moreover, using this fact he shows that Bernstein basis functions
(Bj(x),B}(x),...,Bn(x)) is totaly positive basis. I. J. Schoenberg discovered that if A
is a totaly positive matrix then it has variation diminishing property, that is the number
of sign changes in a vector does not change upon multiplicity by A. Total positivity
provides a technique for discussing shape properties of approximations, due to the

variation diminishing properties of totaly positive functions, bases and matrices.

Bernstein Bézier polynomials have the following properties that lead to some
geometric properties of Bernstein Bézier curves. The Bernstein Bézier polynomials

have partition of unity property,
n n . .
I=(1-10)+1)"= t(1—e)"!
=0+ =3 (7)o

which follows from the Binomial Theorem. The end point conditions are
Bi(0) =38i0, Bi(1)=3din

and
Bi(t)=B,_;(1—1)

shows symmetry of the basis functions. Figure 1.1 is the figure of cubic Bernstein

Bézier polynomials for z € [0, 1].
The properties of Bézier curves are

1. Convex hull property: The Bernstein Bézier polynomials have partition of unity
property. Furthermore, for ¢ € [0, 1] these polynomials are nonnegative. Hence Bézier
curve P(t) is a convex combination of its control points which geometrically means
that P(¢) lies in the convex hull of the control points. Convex hull of a set of points is

the smallest region formed by all convex combination of points.
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Figure 1.1 Cubic Bernstein Bézier polynomials.

2. Affine invariance property: Since the Bernstein Bézier polynomials sum to one,
the Bézier curves are barycentric (affine) combinations of its control points. Thus the
curve is invariant under affine transformations. This means that the following two

procedures give the same result:
i) Compute P(¢) and then apply an affine map to it.
ii) Apply the map to the control points then evaluate P(z).

3. Endpoint interpolation property: The curve interpolate endpoints by and b,,. That
is
P(0) =bg, P(1)=hb,.

4. Variation diminishing property: It comes from the totally positivity of the
Bernstein basis functions and geometrically means that the number of times that any
line intersects the curve is bounded by the number of times the line intersects the
control polygon. Namely the curve does not oscillate about any straight line more

often than the control polygon does.

5. Symmetry property: Let bg,...,b, and ¢; =b,_;, i=0,...,n be two control



polygons. Since the Bernstein Bézier polynomials have symmetry property these two
polygons trace out the same Bézier curve. They differ only in the direction in which

they are traversed,
Y biB}(1) =Y b, B} (1—1).
i=0 i=0

As a result of these properties, the shape of the curve mimics the shape of its control

polygon.

Although Bézier curves are first publicized in 1962, Paul de Casteljau is the first

one who developed them in 1959 by using an algorithm that gives a point on the curve.
For the given points by, ...,b, and ¢ € R, this algorithm is

Algorithm 1.1: (de Casteljau Algorithm)

by (t) = (1—1)bl " (t) +1b1{ (1), { . (1.1.3)

where b¥(¢) = b; for all i. Then it can be shown by induction on n that bf}(¢) is the point

with the parameter value # on the Bézier curve P(¢). Hence by continuity bfj(z) = P(t).

There are two important technique, that aim to increase the flexibility of Bézier
curves, subdivision and degree elevation. Subdivision is an application of the de
Casteljau algorithm. We can subdivide a Bézier curve into two Bézier curve segments
which join together at a point 7y € (0,1). The part of the curve that corresponds to
the interval [0,79] have the control points bf)(to), i=0,1,...,n. It follows from the
symmetry property that the control points for the part corresponding to [to, 1] are given
by b (t9), i = 0,1,...,n,(See Farin, 2002).

Thus the curve segments are

n n

l n r) pn
o)=Y 0B, Pu() =Y b BI)
i=0 i=0



bo b3

Figure 1.2 Subdivision of cubic Bézier curve in the de Casteljau algorithm.

where bl@ denotes b} (#y) and blm denotes b (), and

Pio,1)(t) = Plo 4] (t) U Py 1 (2t Zan

Degree elevation is a method which enables us to have more flexible curve by
obtaining a new set of control points. For a given Bézier curve of degree n we can

express the same curve as one of more degree. For this purpose write

P(t) = (1—1)P(t) +1P(1). (1.1.4)
Since (1 —1)B} (1) = “E B! (t) and 1B} (1) = L BT (1) we have
" n+1-—
B(H‘l Bn+1
iZ() n+ 1 1 + Z i+1 )

Extending the upper limit of the first sum to n+ 1, shifting the index of the second sum



to the limits 1 to n+ 1 and then extending the lower limit to 0 we obtain

1
i n+1-— an+1 (e 1Br-l+l(t).
i— ntl 1B,
Then |
nn1—i i
P(t) = b; bi—1 ) BFT(2). 1.1.5
(1) g( T Pt 1>, (1) (1.1.5)
Thus, the new control points denoted by b} are
I L :
bi:?bl 1+< —|—l)bl7 ZZO,...,n+1. (116)
Notice that control points b(l), ey b,l1 41 and by, ..., b, describe the same Bézier curve

with the bases B?H (t) and B! (t) respectively. Degree elevation process interpolates
the end points, that is b} = by and b,llJr1 = b,. Further, if CK = {b’é,b’f, ,bk+k} is
the set of control points obtained from k times repeated application of degree elevation
then as k — oo, setting n+rk =t yields b .« — P(), a point on the curve with parameter
value ¢ (see Farin, 2002).

Bézier curves can be used to represent a wide variety of curves. But the conic
sections which are important in geometric design cannot be represented in Bézier form.
In order to be able to include conic sections in the set of representable curves in Bézier

form, we turn to rational Bézier curves.

A rational Bézier curve of degree n in E¢,d = 2,3 is obtained by projecting an nth
degree Bézier curve in E?*! into the hyperplane w = 1. Rational Bézier curve R(z) is

defined by
YiiowibiB} (1)
YiowiBj(1)

The positive real values w; are called weights and the points b; are the control points

R(t) = , where b; € E4. (1.1.7)

which is the projection of the d 4+ 1 dimensional control points [w;b; wi]T. If the

weights are set to w; = 1 for all 7, then we obtain polynomial Bézier curves.

Rational Bézier curves inherit the following properties of Bézier curves.



1. Convex hull property holds when all w; > 0.

2. Endpoint interpolation property; R(0) = bg,R(1) = b,,.
3. Variation diminishing property holds when all w; > 0.
4. Affine invariance property

In addition to above properties, R(¢) satisfies projective invariance property.
Projective invariance property means that the following procedures give the same

result:

i) Compute P(z) in E?*! and then project it to the hyperplane w = 1 to find R(¢) in
E4.

ii) Project the control polygon points of P(z) to the hyperplane and then evaluate

rational Bézier curve.

Weights add more flexibility to the curves so that if we increase the weight w; then
all points on the curve move towards the control point b;, if we decrease w; then all
points of the curve move away from b;. Hence one can change the shape of the curve

without changing the control points.

Note that the de Casteljau algorithm can be extended to compute rational Bézier
curves by applying it to the homogeneous coordinates [w;b; w;]” and projecting each

intermediate point to the hyperplane w = 1.

1.2 g-Bernstein Bézier Polynomials

A great deal of research papers have appeared on g—Bernstein Bézier polynomials
since it 1s first introduced by G.M. Phillips in (Phillips, 1997) as a generalization of
Bernstein polynomials. In general they fall into two categories; works that display

geometric properties and investigation on its convergence properties. See full details in



a recent survey paper by G. M. Phillips (Phillips, 2008). One parameter family (g, the
parameter) of Bernstein Bézier polynomials (called g-Bernstein Bézier polynomials)
are defined by

—i—

n 1
B?q(t) - {’?}tl H (I=¢’t), t€[0,1], 0<i<n, (1.2.1)
1
=0

S

where an empty product denotes one and the parameter ¢ is positive real number. The
g—binomial coefficient [’Z] , which is also called a Gaussian polynomial (See Andrews,
1998), is defined as

n|  [njn—1]---[n—i+1]
H N [i)[i—1]---[1] (1.2.2)

for 0 < i < n, and has the value 0 otherwise. Here [i] denotes a g-integer, defined by

[i]:{ o ez (1.2.3)

I qg=1.

When g = 1 the g—binomial coefficients reduce to the usual binomial coefficients.

They satisfy the following recurrence relations

HEa R 120
H e 12

Using (1.2.4) it is easily shown by induction on n that

and

n
(1=0)(1=gr)- (1=q"'1) = Y (1)) H % (1.26)
i=0 !
It follows from putting (1.2.4) and (1.2.5) in (1.2.1) that g—Bernstein polynomials
computed recursively by

n —i —1 —i— —1
BM(t)=q""tB! () +(1—q"" )BT (1). (1.2.7)

1 1

and
BY(t) =B (1) + (¢ —q" )B4 (o), (1.2.8)

1 1
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(See Orug & Phillips, 2003).

Using g—Bernstein Bézier polynomials Phillips proposed the following
generalization of the Bernstein polynomials, based on the g—integers (see Phillips,

1997). For each positive integer n, he defines

Zﬁ{] l%l—q@

where f, = f (%) . It is shown in (Phillips, 1997) that B, (f;x) can be expressed in

terms of g—differences, in the form

" n
mm@:ZLF%ﬂ (1.2.9)
r=0
which gives the difference form of the classical Bernstein polynomials when we set
g = 1. It follows from (1.2.9) that for any polynomial f of degree m, B,(f;x) is a

polynomial of degree min(m,n). It is also clear from (1.2.9) that

x(1—x)
[

B,(1;x) =1, B,(x;x) = x and B,,(x*;x) = x> +

For a fixed value of g € (0, 1) the polynomial B,,(x?;x) does not converge to x>. Thus,
although B, f,n = 1,2,... are positive linear operators, when 0 < g < 1 is fixed the
Bohman-Korovkin theorem is not applicable and B,(f;x) — f requires that f be a
linear function (see Il’inskii & Ostrovska, 2002). In (Phillips, 1997) it is shown that
the generalized Bernstein polynomials of a function f(x) converges to f(x) for all

f(x) €Cl0,1]. For this purpose Phillips choose g—integers depend on the degree of the

B, f such that [r] = 1= Z” Hence taking a sequence g = g, such that [n] — o0 as n — oo
follows that B, (x ;X) — x%. Thus, using Bohman-Korovkin theorem, B, f — f for all

fecCo,l].

Converge properties of generalized Bernstein polynomials are also investigated for
the case g > 1 (see, for example, (Oru¢ & Tuncer, 2002), (Ostrovska, 2003)). In this
case Bohman-Korovkin theorem does not applicable, since B,(f;x) does not

generate positive linear operators when g > 1. In (Goodman, Oru¢ & Phillips, 1999)
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g—Bernstein polynomial of a monomial is given in terms of Stirling polynomials of
the second kind such that

Z I’l]] X ’

where

Sq(i,J) = igii 72

or recursively
Sq(i+1,)) =84, 7 —1)+[j1S4(i, ), (1.2.10)

with S4(0,0) =1, S4(i,0) = 0 for i > 0 and S, (i, j) = O for j > i (see Orug, 1998).

Using Stirling polynomial form of B, (x*;x), it is shown in (Oru¢ & Tuncer, 2002)

that for a fixed real number ¢ > 1 and any polynomial p
lim B, (p;x) = p(x).

It is shown in (Ostrovska, 2003) that when ¢ > 1 the approximating properties of
qg—Bernstein polynomials may be better than in the case ¢ < 1, so that in the case g > 1,

B, (f;x) converges uniformly to f(x) when f(x) has analytic expansion that is

= Zaixi with Z |ai| < eo.
i=0 i=0

Recently another direction to g—Bernstein polynomials is given by (Disibiiyiik &
Orug, 2007), (Lewanowicz & Wozny, 2004) and (Nowak, 2009), the first one gives
their rational counterpart and the latter two define more general polynomials in which
the second leads to a connection with g—Jacobi polynomials and the latter is a

generalization of Stancu operators that gives g—Bernstein polynomials in a special
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case.

1.3 One Parameter Family of Bézier Curves

One parameter family of Bézier curves, called g—Bernstein Bézier curves, of degree
n is introduced in (Oru¢ & Phillips, 2003) and defined by

n n—i—1
P(t):;)b,- Mr" [T (1-¢%). (1.3.1)

J=0

Note that if we set the parameter g to the value 1, we obtain standard Bézier curves.

The properties of g—Bernstein Bézier curves are as follows:

1. Convex hull property holds when 0 < ¢ < 1 and the Bézier polygon

approximately describe the shape of the curve.
2. Affine invariance property holds.
3. The curve passes through the endpoints bg and b,,.
4. 1If g € (0, 1] then the variation diminishing property holds.

Figure 1.3 depicts two cubic g-Bernstein Bézier curves with the same control

polygon but different values of ¢.

It is shown in (Phillips, 1996) that g—Bernstein Bézier curves may evaluated by the
following de Casteljau type algorithm:

Algorithm 1.2: For the given control points by, . ..,b, € E or E3 compute

A A

. N r=12,....n
b (1) = (¢' —q"'1)b~" (1) + 1B} | (1), { (13.2)

i=0,1,....n—r

where b)(¢) = b, for all i.
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Figure 1.3 Two g-Bernstein Bézier curves with different values of g.

Note that Algorithm 1.2 does not consist only of convex combinations. Thus
although the g—Bernstein Bézier curve lies in the convex hull of the control points, the
intermediate points of Algorithm 1.2 may not lie in the convex hull of the
control polygon. We now give a second de Casteljau type algorithm for computing
the g—Bernstein Bézier curves. This algorithm is an affine combination and it will
enable us to construct rational g—Bernstein Bézier curves and g—Bernstein Bézier

surfaces.

Algorithm 1.3: For the given control points by, . ..,b, € E? or E3 compute

bi(1) = (1—g" ' 0)b) ' (1) +q" " 1b}; L (1), { =12, (1.3.3)
i=0,1,....,n—r

Algorithm 1.2 differs from Algorithm 1.3 since each step of the latter is in barycentric
(affine) form which evantually make up a curve that remains invariant under affine
maps. Note that in CAGD systems it is desirable to express curves and surfaces in
barycentric form (Farin, 2002). Furthermore ¢ = 1 recovers the standard de Casteljau
algorithm for both of the above algorithms. Further results on Algorithm 1.3 can be
read in (Disibiiyiik & Orug, 2008).
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1.3.1 One Parameter Family of Rational Bézier Curves

The g—Bernstein Bézier curves are generalized to their rational counterparts as one
parameter family of rational Bernstein Bézier curves in (Disibiiyiik & Orug, 2007). A

rational g—Bernstein Bézier curve of degree n is defined by

_ LiowibiB (1)
i—owiB; (1)

i

R(1)

(1.3.4)

where the points b;, i=0,...,n € E? or E? form the control polygon of rational curve
R(t) and the number w; is called the weight of the associated point b;. Restricting all
w; > 0 guarantees that the bases functions are nonnegative and the curve does not have
any singularities. The properties of rational g—Bernstein Bézier curves are

1. Convex hull property holds when w; >0and 0 < g < 1

2. Endpoint interpolation property

3. Variation diminishing property

4. Affine invariance property

5. Projective invariance property

As an illustration, it is shown in (Digibiiylik & Orug, 2007) that quadratic rational
qg—Bernstein Bézier curves can be used to represent conic sections. The classification
of conic sections is as follows:
Let the weights are wo = w, =1 and wy = w.

If g = —1 then R(¢) is a straight line for any w. R(t) is a parabola for any g # 1 when
w= 1. R(¢) is an ellipse when ¢ < —1 and w > 1 or when ¢ > —1 and w < 1. R(¢) is

an hyperbolaif g < —1 and w > 1 or wheng > —1 and w > 1.

The following figure shows a hyperbola, a line and an ellipse using same control



points but different parameter values q.

b,y

g=-15

Figure 1.4 ¢ = 0.5 a hyperbola, g = —1 aline and ¢ = 1.5 an
ellipse.
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CHAPTER TWO
BEZIER SURFACES

Surfaces have a fundamental role in computer graphics and in CAGD. A
generalization of Bézier curves to higher dimension are called Bézier surfaces.
Similar to a control polygon for curves, Bernstein Bézier surfaces are defined by a
control net. These surfaces are parametrized in two directions where u € [0, 1] and
v € [0, 1]. In this chapter we investigate two such generalizations, tensor product Bézier
surfaces and Bézier triangles. The de Casteljau type algorithms for these surfaces are
given and using the difference form of the intermediate points of the algorithms, the
difference forms of two type of Bézier surfaces are given. We also obtain the same
surfaces by surfaces of higher degree. In section 2.3 rational Bézier surfaces and their

properties are obtained.

2.1 Tensor Product Bézier Surfaces

Bézier curves can be evaluated by de Casteljau algorithm using repeated linear
interpolation (Farin, 2002). Using bilinear interpolation which is an extension of linear
interpolation, Bézier curves can be extended to the Bézier surfaces. As an example
consider four distinct points, bg,bo 1,b1,0,b1,1 in [E3 the bilinear interpolant X (u,v)
passing through the points b; j; i,j = 0,1 is

b b 1-—
X(u,v) = [ l—u u] 00 =0l "
bio bi v

Initially, we obtain a tensor product Bézier surface S(u,v) of degree (n,n) by using
repeated bilinear interpolation. Suppose that we are given a rectangular array of points

bi j € E3i,j=0,...,n and parameter values (,v) compute

b [ | } [ bg;l’r_l b;;ilr_l ] [ l—v] r=1,2,....n
= —u u ) ) ,

i,j r—1,r—1 r—1,r—1 .. .
bi+l,j bier-Jrl v i,j=0,1,....n—r,

16
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where b?’jo = b; ;. Then by’y(u,v) is a point on the surface with the parameter values
(u,v). The net that formed by b; ; is called control net or Bézier net of the surface. The

Bernstein Bézier form of the surfece is

n n
S(u,v) =) ) bi B} (u)B}(v)
i=0 j=0
where 0 < u,v <1 and Bj(u),B’}(v) are Bernstein polynomials in u and in v
respectively. This representation can be extended to a tensor product Bézier surface of
degree (m,n). Let the control net points given by b; ; € E3,i=0,...,mand j=0,...,n,

then the tensor product Bézier surface of degree (m,n) is given by
m n
Su,v) =YY bi;Bl'(u)Bj(v), 0<u,v<l. (2.1.1)
i=0j=0

Note that the set of basis functions
{B*(u)By(v),B]"(u)B](v),...,B(u)B,(v)},i=0,...,m

is obtained by tensor product of the sets {Bf(u),...,Bj(u)} and {Bj(v),...,B;(v)}.

Properties of tensor product Bézier surfaces are as follows:

1. Affine invariance property: Since };" o ¥}_o By (u)B’}(v) = 1, S(u,v) is an affine

combinations of its control net points. Thus S(u,v) is affinely invariant.

2. Convex hull property: The basis form partition of unity and additionally they are
nonnegative for the parameter values 0 < u,v < 1. Hence S(u,v) is a convex

combination of b; ; and lies in the convex hull of its control net points.

3. Boundary curves: Boundary curves of S(u,v) are evaluated by S(«,0), S(u,1),
S(0,v) and S(1,v). The first two curves are Bernstein Bézier curves in u and the last

two curves are Bernstein Bézier curves in v.

4. Corner point interpolation: The control points of the boundary curves are the
boundary points of the control net of S(u,v). Thus it follows from the end point

interpolation property of Bézier curves that the corner control net points coincide with
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the four corners of the surface. Namely,
S(0,0) = b()p,S(O, 1) = b(m,S(l,O) = bm7() and S(l, 1) = bm7n.
What follow is the de Casteljau algorithm to compute S(u,v) of degree (m,n).

Algorithm 2.1: Given the control net b; ; € E3,i=0,...,m,j=0,...,n. Compute

by = | 1-u u}[b’;’m o (2.1.2)
i+1,j i+1,j+1 4
forr:1,...,k,i:O,...,m—I’,j:07._"n_rwherek:min(m,n).

Since m # n, performing the de Casteljau algorithm k times will not give a point
on the surface. Then to get a point on the surface after kth application of Algorithm
2.1 we perform Algorithm 1.1 for the intermediate points bf]k with suitable parameter
value (see Farin, 2002).

We can extend degree elevation procedure for the surfaces. Let S(u,v) be a surface
of degree (m,n). To have the same surface with of degree (m+ 1,n) we first write

tensor product Bézier patches in the form
n
v) =) b;B}(u) (2.1.3)
Jj=0

where b; =Y.', b; ;B (v). Thus the problem is reduced to expressing an mth degree
Bézier curve b; by a curve of (m+ 1)th degree. From the degree elevation procedure

for b; in the latter equation we obtain
m+1 n
Z Z b(l 0) Bm+l ](V),
i=0 j=0

where

(10) m—+1—i m—+1—i . .
bi,j _<1_m——|—1>bi17j+m——|—1bi’j’ l—O,...,m—l—l,]—O,...,n.
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Similarly, to obtain the same surface as one of degree (m,n+ 1) we need new control

points such that

1—j 1—j
bl(,ojjl) = (1_’14__'——]) bl}jl+¥bi7]’7 le,,m,]zO,,n—l—l

Finally, to obtain S(u,v) as a surface of degree (m+ 1,n+ 1), evaluate the new control

points from the product

n+1—j
b0 [ |t mriei } [ bi—1,j-1 bil,j] [ == ]

i o
i,j m+1 m+1 bi,j—l bi,j n:lr—H j

The repeated degree elevation procedure can be used to obtain higher degree surfaces
and when we apply it infinitely many times the control net will converge to the surface.
We also can express S(u,v) in terms of differences, where we define differences in the
u—direction by

AT, = Afbiy j— Al

for all £ > 0 with A‘l)bh j = b; j, and the differences in the v—direction by
A5 b j = ASby i1 — Ajbi
forall £ > 0 and Agbw = b; j. Then we also define
A1Agb; j = A1 (Agb; ).
Note that A’i and Aé commute, that is
A{ALb; j = AL ;.
Theorem 2.1.1. S(u,v) can be expressed in terms of differences by

Su,v) = in: z": (m) (’;) AjASbo ou'v. (2.1.4)

Proof. Since (2.1.3) is in Bézier form, using differences form of Bézier curves (see
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Farin, 2002) with differences taken in the v—direction yields

n . .
Suv) =Y (”) Albovi
j=0 \J

Then with differences in u—direction for by and commutativity property of AjA; give
the desired result. O

2.2 Bézier Triangles

Another generalization of Bézier curves to Bézier surfaces is by Bézier triangles. A

Bézier triangle of degree n is defined by

n n—i
Su,v)=Y Y biB}(u,v), 0<uv<land0<u+v<l,
i=0j=0

where b; ; € IE3 are control points and B} j(u, v) are Bernstein polynomial defined by

S A R @2.1)

with the multinomial (l”j) = n!

: n—i—J)!
triangle we need w control points. For constructing a triangular patch we use

. Note that to obtain an nth degree Bézier

repeated triangular bivariate interpolation. The control net in triangular de Casteljau
algorithm for surfaces is of a triangular structure (see Farin, 2002). The structure of

control net for a Bézier triangle of degree 2 is in the form

bo.o

The de Casteljau algorithm for Bézier triangle is

Algorithm 2.2: Let b; ;,i =0,...,n, j =0,...,n—i be the control points of the
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surface. Then compute
bi,j(u,v) = (1 —u—v)b;; Yu, v)—l—ulerl j(uv)+vb; ]H(u,v) (2.2.2)

forr=1,2,....n;i=0,1,....n—r; j=0,1,....n—r—i where 0 <u+v <1 and
bgj(u, v) = b; j. Bézier triangles have the following properties:

1. Affine invariance property: Since

ZZB =u+v+(l—u—v))" =1,

i=0j=0

S(u,v) is an affine combination of its control points and every affine map L leaves the

barycentric combinations invariant, that is

(£ E vt ) - £ v

i=0j=0 i=0j=0

2. Convex hull property: S(u,v) is in the convex hull of its control points since each

basis function B j(u, v) is nonnegative for the parameter values 0 < u+v < 1.

3. Boundary curves: Boundary curves of the surface are determmed by the boundary

control points. These curves are Z b; 0B; (1) Z bo ;Bj (t) and Z b n—iBj (t).
i=0 i=0

4. Corner point interpolation: Since
BZ ( ) 80 l80 j7 ( ) 8}1 180 o ?J(Ou 1) = 8O,isn,j

we have §(0,0) = bg,S(1,0) = b, 0 and S(0,1) = by ,.

The following theorem gives the difference form of the intermediate points of
Algorithm 2.2

Theorem 2.2.1. The intermediate points of the Algorithm 2.2 can be expressed in terms
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of differences as

Xn“mz( )A’ Albyu'v! (2.2.3)

i=0j=0

As a corollary of the theorem one can deduce that a Bézier triangle S(u,v) can be

expressed by

Z Z ( )A’ Abo.ou'v/. (22.4)

i=0j=0
It is also possible to use degree elevation procedure for the Bézier triangles. Take an

nth degree Bézier triangle S(u,v),

R F b, )

i=0j=0

multiply both sides of the equation by (u+v+ (1 —u—v)) to get

i=0 j=0 L)
n—i n
—1—2 b,-7j(_ _)uvj+1(1 u—v)" "/
i=0 j=0 LsJ
n n—i n L
_I_Z bz}j(. )ulv](l u )n—H i—J
i=0 j=0 Ly

Shifting and expanding the index of the summations yield

n

n+1
=2

Y1 " o .
Z bi—l,j(. ,)u'vj(l—u—v)"H_’_]
i=0 j=0 i—1,j
+n+1n+zl"zb ( n )uivj(l u v)n+1—i—j
i—0 j=0 REVEN S
n+ln+1—i o
+ Z b,,( )uv](l u—v) i

i=0 j=0
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Since (z‘f?,j) = ﬁ(ﬁ})v (; ,;'171) = nj?(lzthl)v and (1n]) = n+r:+i ! (:H_Jl> we have
n+1ln+1—i i n-+1
Z Z { l 1,j+ -]I—lb’J 1+T]b,j}BZ}_I(M,V).

Thus S(u,v) can be expressed as a surface of degree n+ 1 with the control points bl il

where
1

l J i+j
bl'vj - n+1 bifla]'—i_ mbi’jfl + (1 - m) bz,]

fori=0,....n+1,j=0,....n+1—1i.

2.3 Rational Bézier Surfaces

As in the rational Bézier curves, rational Bézier surfaces are obtained as the

projection of 4D Bézier surface.

2.3.1 Rational tensor product Bézier surfaces

Rational tensor product Bézier surface of degree (m,n) is defined by

Yito Xj—owi,jbi iBy" (u)B}(v)

Rly) = = S e BB

O0<u,v<1. (2.3.1)

The control points b; ; € 3 with the weights w; j € R are obtained by projecting the
points [w; jb; j  w; j]T € E* to the hyperplane w = 1. Rational tensor product Bézier

surfaces have the following properties of their nonrational counterparts.

1. Affine invariance property: The basis functions of rational tensor product Bézier
surfaces are

wi jBy" (u) B (v)
r—o Lo WrsBy (u)BY (v)’

0ij =

i=0,....m, j=0,...,n.

Since the basis functions sum to one, R(u,v) is affinely invariant.
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2. Convex hull property: For the parameter values 0 < u,v < 1 and positive weights
the basis functions ¢; ; are nonnegative. Since ).\, ):;f:() ¢;j =1, R(u,v) is a convex
combination of its control net points. Thus if w; ; > 0 then R(u,v) lies in the convex

hull of the control net.

3. Boundary curves: Boundary curves of R(u,v) are obtained by projection of
boundary curves of projected tensor product Bézier surface. This curves are R(u,0),
R(u,1), R(0,v) and R(1,v).

4. Corner point interpolation: Since four corner points of a tensor product Bézier
surface coincide with the corner points of its control polygon, their projection also

coincide with the control points of the control net of R(u,v). That is
R(0,0) =bg0,R(0,1) =bg,,R(1,0) = by, 0 and R(1,1) = by, 5.

In addition to above properties of tensor product Bézier surfaces, rational tensor

product Bézier surfaces inherit the projective invariance property.

Note that, although rational tensor product Bézier surfaces are obtained by
projection of tensor product surfaces, they are not tensor product surfaces. It comes
from the fact that, the basis functions ¢; ;j(u,v) cannot be factored in the form
0; j(u,v) =A;(u)Bj(v), (see Farin, 2002).

Projective invariance property allow us to modify Algorithm 2.1 for the rational

tensor product Bézier surface. The algorithm is

Algorithm 2.3: Given the control net b; ; € [E3, and the corresponding weights
wij€R;i=0,...,m, j=0...,n. Compute

erl,rflbrfl,rfl erl,rflbrfl,rfl 1—v
nry e iJ iJ i,j+1 i,j+1 N
Wi,jbi,j - [ l—u u r—1,r—1 br—l,r—l r—1,r—1 br—l,r—l v (2.3.2)

Wir1,j Bit1,j Wit1,j+1Pi+1,j+1
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forr=1,...,k,i=0,....m—r, j=0,...,n—r, where k = min(m,n) and
Wr—l,r—l Wr—17r—1 1—vp
nr — lv] la]+1 B
Wi,j - [ l—u u ] r—1,r—1 r—1,r—1
Wit1,j Wit j+1 v

As in nonrational case we turn to de Casteljau algorithm of rational Bézier curves after

kth application of Algorithm 2.3.

The degree elevation procedure for tensor product surfaces can be extended for
rational tensor product Bézier surfaces. Because the similarity we will not give the
required points to obtain a rational tensor product Bézier surface of degree (m,n) as
one of more degree. The following theorem gives the difference form of rational tensor

product Bézier surfaces.
Theorem 2.3.1. R(u,v) can be expressed in terms of differences by

X0 X0 (7) () AL AL (wo.0bo 0)u'v]

R(u,v) = — —
im0 27:0 (";) (?)AﬁAév"O,O”’VJ

(2.3.3)

Proof. Let R(u,v) obtained by projection of tensor product Bézier surface S(u,v). The

control points of S(u,v) are ¢; j = [w; jb;; w;j]T,i=0,...,m, j=0,...,n. Then from

Theorem 2.1.1 we have
Suyv)=Y Y, < ) ( ) AjAcoou'v’. (23.4)
i—0j=0 \1/ \J

Projecting (2.3.4) to the hyperplane gives

R(u,) = =0 Ei=0 (") (%) AL & (wo,0bo0 v/
R () () Ao
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2.3.2 Rational Bézier Triangles

Rational Bézier triangle of degree n is defined by

Y oY i wi b B (u,v
R(u,v) = == =20 - i ), O<uv<landO<ut+v<1l. (23.5)
Lo Xj—owi B (u,v)

These surfaces have the following properties:
1. Affine invariance property
2. Convex hull property
3. Boundary curves
4. Corner point interpolation property
5. Projective invariance property

As in rational tensor product Bézier surfaces, projective invariance property is
important that will lead us to a de Casteljau algorithm for computing rational
q— Bernstein Bézier triangles. Furthermore, using projective invariance property, we
are able to express each intermediate point of de Casteljau algorithm and consequently
rational Bézier triangle in terms of differences. The following is the de Casteljau type

algorithm for rational g—Bernstein Bézier triangles.

Algorithm 2.4: Let b; j,i=0,...,n, j=0,...,n—1i be the control points and the
real values w; ; be associated weights. Compute

Rt r—1pr—1 r—1 pr—1 r—1 pr—1
Wijbi,j = (1 —M—V)Wl-7j bi,j +”Wi+1,jbi+l,j+vwi,j+1bi,j+l (236)

forr=1,...,n,i=0,...,n—r,j=0,....n—r—iwhere 0 <u-+v < 1and

ro__ r—1 r—1
ij = -+ vw

w i+1,) ij+1°

(1 —u—v)wz;l +uw
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The following theorem can be proved by using the projective invariance property
Theorem 2.3.2. The intermediate points of Algorithm 2.4 can be expressed as

_ =0 ZT;(f (zn j)AliAé<Wr,sbr,S)”iVj

m m—i( n iAJ Qi
i=0 24 j=0 (i : j)AlAzwnsu v/

m
)

(2.3.7)

Corollary 2.3.1. The rational Bézier triangle is

n n—i (n i AJ i
o X (i) A A wo ouvI

R(u,v) = bg’o =

The degree elevation procedure can be used for rational Bézier triangles. To find
new control points first, we degree elevate the projected Bézier triangle S(u,v) € E*
and then project each new control point. Thus, to express R(u,v) as a surface of degree
n+ 1, we need the following control points

n+1wl_11]bl_17] + n+lwl7j_1b17]_l + n+1 Wl7]bl7]

1
Wij

1 _
b j =

where the weights w} jare




CHAPTER THREE
A GENERALIZATION of BEZIER SURFACES

First, a two-parameter family of tensor product Bézier surfaces is defined. Then
we give the change of basis matrix for tensor product g—Bernstein Bézier surfaces. In
section 3.2 the generalization of Bézier triangles is given. The rational counterparts of
generalized Bézier surfaces are given in section 3.3. Finally, the convergence properties
of tensor product g—Bernstein Bézier surfaces and g—Bézier triangles are investigated

in section 3.4.

3.1 Tensor Product g—Bernstein Bézier Surfaces

In this section we now introduce a two-parameter family of tensor product Bézier
surfaces using g—Bernstein polynomials defined in Chapter 1. A special case of this
surfaces, when the parameter values equal to one, it gives standard tensor product
Bézier surfaces. We define a two-parameter tensor product Bézier surfaces, we will

call tensor product g—Bernstein Bézier surface of degree (m,n) by

m n

S(u,v) =YY b ;B (u)B " (v) G.L.L)

i=0 j=0

where b; ; € E3,i=0,...,m, j=0,...,n are control points, B;"’ql (u) are g—Bernstein
polynomials of degree m in u with parameter value g; and B';’qz(v) are g—Bernstein
polynomials of degree n in v, with the parameter value g;. It is not surprising that the
parameters g and g, add extra flexibility to the basis functions and hence they vary
the shape of the Bézier surfaces. A change in g1, g, results a different surface with
the same control net. In Figure 3.1 we have two surfaces with same control net but

different parameter values.
Properties:

1. Affine invariance property: Since Y'Y} B (u)B?q2 (v) =1, S(u,v) is an

affine combination of its control net points. Thus S(u,v) is affinely invariant.

28
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Figure 3.1 Two tensor product g-Bernstein Bézier surfaces
with different values of g.

2. Convex hull property: When 0 < g1,92 <
nonnegative and form partition of unity property.

combination of b; ; and lies in the convex hull of its control net points.

3. Boundary curves: Boundary curves of S(u,v) are evaluated by S(u,0), S(u, 1),
5(0,v) and S(1,v).

4. Corner point interpolation: The corner control net points coincide with the four
corners of the surface.

Algorithm 2.1 can be modified by using Algorithm 1.3 to compute tensor product
q—Bernstein Bézier surface by a de Casteljau type algorithm. This algorithm is

Algorithm 3.1: Given the control net b; ; € E3:.i=0.

..,m, j=0,...,n. Compute
—1,r—1 r—1,r—1 r—j—1
. . br ’ b.~. " ]—q J V
nro__ r—i—1 r—i—1 i,j i,j+1 2
bi}; = [ R e e W r—j1 (3.1.2)
i+1,j i+1,j+1 q 4
forr=1,...,k,i=0,....m—r, j=0,...,n—r where k = min(m,n).

Another way to evaluate a point on the surface S(u,v) is that, first for each

j=0,1,...,n use Algorithm 1.3 in u—direction with parameter value ¢g; and

29

< 1, the basis polynomials are

Thus, S(u,v) is a convex
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control points by j, by j,..., by, ; to obtain a g—Bernstein Bézier curve by’ ;; = 0,...,n.
Then apply Algorithm 1.3 in v—direction with parameter value g, to the control points

bgfj;j:O,...,n.

Using this idea it is possible to express each intermediate point of Algorithm 3.1
explicitly
Theorem 3.1.1. The intermediate points of Algorithm 3.1 are
r r r k—1 4 ! r—=I-1 .
= Z Z / z+kj+l[ } H —qiu) [J 4 H (Qé—QEV)~ (3.1.3)
k=01=0 5=0 9

s=0

where [[] o and []] 0 @re g—binomial coefficients [;| and []| with replacing q by q

and q» respectively.

Proof. First, apply r steps of Algorithm 1.3 in u—direction and parameter value g; to

the points b j,..., b, j for j=0,1... ,n. Hence the resulting points are by, NIEE b r.j
j=0,...,n. Now apply r steps of Algorlthm 1.3 in v—direction and parameter value g»

to the points b; ,...,b;

insi=0,...,m—rto obtain the point b;’ Since b ; 1s obtained

by Algorithm 1.3 it can be expressed, (see Disibiiyiik & Orug, 2008), as

—[—
Z 0;b} [ } H —g3v) (3.1.4)

But the points b} i j41 are also obtained from Algorithm 1.3 which may expressed as

—k—

bf j1 = qu b z+k,j+zH H —qiu). (3.1.5)

Substituting the last equation in (3.1.4) we obtain

= X Y M|y TT 6 -ain ] VT @h-aa0)

We now give g—differences form of tensor product g—Bernstein Bézier surfaces.



31

qg—difference form will lead us some properties on convergence of tensor product
q—Bernstein Bézier surfaces. These properties will be discussed in the following

sections. First we define g—differences in u—direction by
k k k Ak
Af by = A% bit1j— qiAS bij
for all £k > 0 with Agl b; j = b; j and the g—differences in v—direction by
A bij = Ag,biji1 — qhAg, bi j
for all k > 0 with A22 b; j = b; j (see Phillips, 2003). Then we also define
AgiAg, bi,j =Aqg, (qu bi,j)-
Note that Agl and Aéz commute, that is

), 6, bij = A, b

Theorem 3.1.2. S(u,v) can be expressed in terms of q—differences by

ZZH H Al A boou'v/. (3.1.6)
i=0 J 92

j=0

Proof. First, write tensor product Bézier surface in the form

Zb Bnq2 ) where b _valB ().
i=0

Using g—difference form of Bézier curves we write b; in the form, (see Disibiiyiik &
Orug, 2008)
m ) )
bj:Z . Alqlb07jl/tl.
i=0 Lt g,
Thus

n m o _ . ;
S(u,v)=Y {Z _ Azlbo,ju’}Bj’qz(v)

i=0-l-(I1
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and after one more rearrangement we will have

m

Su,v) =Y, l ] {ZN bo Bnq2 )}u
i=0 I j

Fori=0,...,m, the expression in the curly brackets are g—Bernstein Bézier curves in

v with the control points Afll bo, j, writing g—difference form of these curves and using

the commutativity property we obtain (3.1.6). [

It is also possible to degree elevate a two-parameter tensor product Bézier surface

S(u,v) of degree (m,n) as in the standard case. The control points

1—i 1-
g [m+1],, [m+1]q1

gives S(u,v) as a surface of degree (m+1,n), where [i],, denotes the g—integer [i] with
the parameter value ¢;. Similarly, to obtain the same surface of degree (m,n+ 1) we

. 1
need new control points bg(}’ ) such that

1—j 1—j
b(OI)— <1_—[n+ J]qz) i\ j 1+—[n+ J]qzbi,j, i=0,....m j=0,...,n+1.

a ["+1]q2 [n+ 1]£12

Finally, to obtain S(u,v) as a surface of degree (m+ 1,n+ 1) new control points

evaluated from the product

1_ [n4+1—j]

b)) [ bty =i, } bi—1,j-1 bi-1; 1,

i,j B [m+1}611 [m+1]ql bi i1 bi . [rH*l*j}(/z
»J »J [n+”q2

The repeated degree elevation procedure can be computed by following the univariate
case described in (Orug & Phillips, 2003).
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3.1.1 Matrix Form and Change of Basis

The tensor product g—Bernstein Bézier patch can be written in matrix form as

bo,o cee b07n Bg’qz (V)
S(u,v) = By (u),..., B (u)) : :
bm,O T bm,n BZ7q2 (V)

The basis of the tensor product polynomial space P, ® P, has dimension (m+1)(n+1)
and each basis element may be in the form uvi, i=0,1,....m, j=0,1,...,n. For
simplicity we take m = n and g1 = q» = q. Let C = [cp,¢q,...,¢,]T bea (n+1)? x 1
block vector with elements ¢; = [u/,u'v,...,u'v"]T and let BY = [bg,by,...,b,]" be a
block matrix with block elements

b, = [B("q(u)Bg’q(v),B'.q’q(u)B?’q(v), . ,B?’q(u)BZ’q(v)]T

1 1

for i =0,...,n. Since the tensor product g—Bernstein Bézier surfaces span the space

of tensor product polynomials, there exists a transformation matrix M™ such that
B1=M"1C.

Let us consider
B = || A1 0 - g i 0TI -
o 5=0 J 0
Using the property (1.2.6) we deduce that

AOLAOES VSRl ) b 75 wEVePa W T 0

k=i !

Rearranging the terms using the definition (1.2.2) we have

n

BB () = Y i(_1)(k+1)f(i+j)q(k£")q(’5") H {”_’} H {”_1} W,

k=01=0 i k=i LI L—=J
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Since I
-
we obtain
B (u)B}* (v) = k;) Eb (= 1)E+D=0) (5)+() m [’j m m kv,

As a consequence, one may write BY = M"1C where M™ is an upper triangular block

matrix with a generic element

(06 m0) = (~)UH-isg 4 (5) H H M m

Conversely, to express the monomial basis in terms of the g—Bernstein basis we

multiply the equation
n—i n—j
- .7 _17
Y By ) Y B(v) =
k=0 =0

by u'v/. Then we have

o n—i n—i ‘+kn—i—k—1 n—j n—j .+l”*j*l*1

i o i K K

uvf—k_;)[k}u SI}) (l—qu)lga[ ] ]v’ sI:Io (1—¢°v).

Shifting the limits of the sums and rearranging the terms using the equation (3.1.7)
yields

S [k] n ]
i = W §
k=i [1} I=j []

From definition (1.2.2) one may write

Uy = Z Z rll . u)B M (v).
=0/= O 1 '
It follows that C = M™4B4 where M"™ is a block matrix with a generic element

- B
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Note that M™¢ is an upper triangular block matrix and (M"?)~! = M"™4. Now, we find a
transformation matrix between the g—Bernstein basis and the standard Bernstein basis.
Since C = M™4B4, we express the monomial basis in terms of standard Bernstein basis
when g = 1. So, we have

C=m"'B",

where B! is the standard tensor product Bernstein basis and the matrix M™! is a block

matrix with a generic element

<<M%'1)Z,l:0)n _ ({) (llc) )

LJ

Thus
M™BY = M™'B!.

Premultiplying both sides by the matrix M""?, we obtain
Bq — Tn,qlB]’

where T7%! = M™4)™! Tt is worth noting that the transformation matrix 7"%! makes
it possible to exchange g—Bernstein Bézier and standard Bézier representations of the

surface S(u,v).

3.2 A Generalization of Bézier Triangles

In order to construct a one-parameter family Bézier triangles, called g—Bézier
triangles we generalize Algorithm 2.2 using Algorithm 1.3. For a given triangular
array of points b; j, i=0,...,n, j=0,...,n—i and a fixed real ¢, 0 < g < 1 we
modify the de Casteljau type algorithm as follows:

Algorithm 3.2: Given triangular array of points b; ;, compute

b;nY — (1 _qm—r—lu . qm—s—lv) bl:j:l +C[m_r_lub’;1_:117s _{_qm—s—lvbl;:;_l]

form=1,2,....n,r=0,1,....n—m, s =0,1,....n —m —r where 0 <u+v < 1.
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Many properties of g—Bézier triangles can be stated based on this algorithm. These

properties are:

1) Affine invariance property: At each step the intermediate points of Algorithm
3.2 is affine combination of the intermediate points that obtained in the previous step.

Thus the g—Bézier triangles are affinely invariant.

2) Boundary curves: Boundary curves of the surfaces are obtained as g—Bernstein

Bézier curves which control points are the boundary points of the control net.

3) Corner point interpolation: If we take u = v = 0 in Algorithm 3.2 then each
intermediate point will be equal to the point by 9. Hence b} ,(0,0) = bgo. If we take
u = 0 the the algorithm will be in the form

_s—1_\pm—1 —s—1_pm—1
by =(1—¢" """ v)b +4""° vb’:fsJrl

and when r = 0 the above expression turn into the form Algorithm 1.3 with the control
points by j, j = 0,...,n and from the end point interpolation property of g—Bernstein
Bézier curves we have b&O(O, 1) = by ,. Similarly we can say that b, o is on the surface.
Namely b (1,0) = by,o.

The following result shows that each intermediate point of Algorithm 3.2 can be

written explicitly in terms of g—differences where we define g—differences by
Alf br,s = AII_I br+1,s - qkilAII_l br,s

and
AIébr,s = Al;l br,s+l - qkilAéil br,s

for k > 0 and A?b,-y i= A(l)b,; j = bi j. Note that A’f and Al2 commute.

The next result generalizes (2.2.4), the difference form of standard Bézier triangles.



37

Theorem 3.2.1. The intermediate points of Algorithm 3.2 are

b =Y Z gq " LZ’ } (’+J> AiAlb, v, (3.2.1)
i=0j=0 J

1

Proof. We use induction on m. When m = 0 we have

Z Zqz}qfrz sj|: m :| <l+J)AlA]brs v] AOAOb s—brs
i=0 j=0 i+j 1

Now assume that (3.2.1) holds for m — 1. That is

—1m—1—i
1
bm 1 _ Z Z q’Jq_’l Sj[er }(l-l_])A’A’brsuvf

i=0 j=0 ] !

Putting b’r{fs_l on the right of Algorithm 3.2 gives

m—1m—i—1
. o 1
b’r?,ls _ (1 _qm—r—lu_qm—s—lv) Z Z quq—rl—sj [m :| (l‘ll'])ALAJb U Vj

i=0 j=0 it+]
m—1m—i—1
+q" ), Y g [n'i_‘l} (lH)AZA Protat
= = 1+ 1
m—1m—i—1
Ly Z Z qijqfrif(sﬂ)j {m 11 (l+])A’A b,s+1uv
i=0 j=0 I !

Let us split the last equation into three by

byy =a+B+y
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where
o ’"i m_ZH gl s [”? - 1] (i T ) A AL, sulv,
i=0 j=0 RN

. qm_r_lumz—’l m_i_l i [";—;Jl} (l-fl']) (q_iAliAébr+1,s — A’iAébm)uiw’

i=0  j=0
and

Y= qm_s_lvmzl mil a’q K: Jl} (i er j) (q 7 A ASbrs 1 — A ASD iy,

i=0 j=0

m—1

Now rearrange o, 3, and y independently. Since [ i +j} =0fori=mand for j =m—1i,

we can write
mom—i e 11 /i+ i\ . .
O(,:Z qujq—rl—SJ |:m :| (l—it']>Al]Aébr7sulV]-
i=0 j=0 1+ !
Shifting the index of the first summation in 3 gives
m—i . .
_ (i—-1)j —ri—sj m—1 m—1 :| (l+]_1)
P lz;jzoq 7 L+j—1 i—1
(g AT AL,y 1 g — AT AL, Ul

(’Jlri Il) = 0 for i = 0, thus the last equation written as

m m—i : .
_ ij —riesj m—j-1| M1 l+J—1>
I Lﬂ'—lK i1

(g T AT AL,y 1 g — AT AL, Ul
Since

G AT AL — AT AD s = T (AT AL,y s — ¢ A AL, )
= q_i+]AliAébr,S7
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we have

m m—i piesi M m—1 i-l-j—l ™ o
PoL L l][iJrj—l]( i-1 )AllAzb”S”lW'

Rearranging and shifting the index of the second summation of y we obtain
m—1m—i . .
_ i(j-1) —ri-sj m-1| m—1 ] <1+J—1>
v ;) J_Zl A L‘ i1\

X (q_jHA"lA'é*l byst1— A"lAé;l bm)u"vj.

Using ¢/ 1ATAS 'brgy1 — ALAT by = g 1A ATy, [[7!] = 0 for i = m and
(’ﬂi_l) =0 for j = 0 we have

mom_i —1 i+ j—1\ . ;o
v= Z qujq—rl—qum—l—]|: m } (l—{-]. )AIIAébnsMIVJ~

i=0 j=0 i+j-1 !
Hence
m m_i .. . . . . . .
b’r’fs = Z Z q7q " wA Aébmu’vj
i=0 j=0
where

[ R A (G F G )3

Using the pascal identity we have

()

From the pascal type identity (1.2.4) of g—binomial coefficients we obtain

mm_i",‘,‘ m l+] ™ o
bzls:l;);)quq o LH‘]( i )Al]Azbr,su’vJ

and the proof is completed. O

As a consequence of theorem 3.2.1 one may express g—Bézier triangles explicitly.
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Corollary 3.2.1. g—Bézier triangle of degree n is

S(u,v _bOO_ZZq’J[ " } (“:J)AlAfb v, (3.2.2)

i—0j=0 LitJ

Note that ¢ = 1 recovers the difference form of standard Bézier triangles (2.2.4),

. i+7\ n
S1nce (ifj) (l ij) = (i j)
3.3 A Generalization of Rational Bézier Surfaces

3.3.1 Rational Tensor Product g—Bernstein Bézier Surfaces

Using analogous technique that is used in obtaining rational tensor product Bézier
surface we introduce a generalization of tensor product g—Bernstein Bézier surfaces
by projecting tensor product g-Bernstein Bézier surfaces to the hyperplane w = 1. Let
R(u,v) € E3 be a point on rational tensor product g—Bernstein Bézier surface of degree
(m,n). The point R(u,v) may be identified as [R(u,v) 1] € E*. For 0 < u,v < 1, this
point is the projection of the point [w(u,v)R(u,v) w(u,v)]” which is a point on the
projecting surface S(u,v) of degree (m,n) in 4D. Hence w(u,v) is a polynomial in u
and v of degree (m,n) and may be expressed in terms of tensor product g—Bernstein

Bézier polynomials of degree (m,n) by

Z Z wi BY( ’qz(v), wij€R.

i=0j=0

It follows from the homogeneous form [w(u,v)R(u,v) w(u,v)]? that

u,v Wi m,q1 u q2 m n Ci i m n
e ) =EE (2 )srmwso

Zl OZ] OWIJBmﬂl(u)Bj ( ) j=0 Wi,j



41

Namely,
m n m n
Ru,v) Y Y wiiB " (w)By?(v) = Y Y ci jB" " (u) B} (v).
i=0j=0 i=0 j=0
Then

Yo Xjoci Bl (u)B}(v)
Yo Z;!:() Wi,jB:mq1 (”)B?’qz (v)

Finally setting ¢; ; = w; jb; ; gives

R(u,v) =

-0 27:0 wi jbi, 'B;.n’ql (M)B;fath (v)

ToLi—owiBi " (u)B} P (v)

R(u,v) = (3.3.1)

The points b; ; form the control net and the numbers w; ; > 0 are called weights
associated with b; ;. The following figure depicts a rational tensor product g—Bernstein

Bézier surface of degree (4,2).

Figure 3.2 Rational tensor product g-Bernstein
Bézier surface of degree (4,2).
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The basis functions for rational tensor product g—Bernstein Bézier surfaces are

wijBi ' (u) B (v)

ToLi—owi B " (u)B} P (v)

0ij =

which form partition of unity and are positive for the parameter values
0 < q1,92 < 1. Using the basis functions we find out some of properties of R(u,v)

listed below.

1. Affine invariance property: It is a consequence of the basis functions ¢; ; sum to

one.

2. Convex hull property: For 0 < g1,g2 < 1, the basis functions are positive.

Furthermore they sum to one and hence R(u,v) has convex hull property.

3. Boundary curves: Boundary curves of R(u,v) are evaluated by R(u,0), R(u, 1),
R(0,v), and R(1,v) where the first two are tensor product g—Bernstein Bézier surface

in u and the latter two are tensor product g—Bernstein Bézier surface in v.

4. Corner point interpolation: The corner points of the surface and the corner points

of the control net coincide:

R(0,0) =bg0,R(1,0) = by 0,R(0,1) = b, and R(1,1) = by .

5. Projective invariance property: R(u,v) has also the projective invariance property

which is explained in Chapter 1.

The equation (3.3.1) defines a more general Bernstein Bézier surface. If we set
g = 1 then we obtain standard rational tensor product Bernstein Bézier surface (2.3.1).
Taking all weights equal reveals tensor product g—Bernstein Bézier surface (3.1.1).
Moreover, if we set ¢ = 1 and take all weights equal then we obtain standard tensor

product Bernstein Bézier surface (2.1.1).

Figure 3.2 is a part of a hourglass. Using the symmetry of the surface about the
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xy—plane, we obtain a quarter of the hourglass. Since taking symmetry of an object is
an affine map, we can obtain the control net of the resulting surface by symmetry of the
control net of the Figure 3.2. Then using the symmetry of the resulting surface about
the xz—plane, yz—plane and the plane x +y = 0 and combining the results we obtain

Figure 3.3.

Figure 3.3 A hourglass and its control net.

We also modify Algorithm 3.1 to obtain rational tensor product g—Bernstein Bézier
surfaces. For this purpose we project each intermediate point of Algorithm 3.1 into E3.

The intermediate points for 4D surface are

pr—l,r—l pr—l,r—l 1 qr—j—lv
nro__ r—i—1 r—i—1 i,j i,j+1 1
Pij= 1 -4 u q u ] r—1,r—1 r—1,r—1 r—j—1
Dit1j Dit1,j+1 9 v
for r=1,2,....k;i =0,1,....m—r;j=0,1,...,n — r; where k = min(m,n) and

pg’jo = pi,j = [wibi; wi,]T. Thus the algorithm is

Algorithm 3.3: Given the control net b; ; € &3 and the corresponding weights w; €
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R;i=0,...,m; j=0,...,n. Compute

rfl,rflbrfl,rfl erl,rflbrfl,rfl

nr r—i—1 r—i—1 i,j i,j i,j+1 i,j+1

W b [1_ u Q1 u r—l7r—1br—l.,r—1 r—lJ—]br—l.,r—l X
Wirtj Birtj Wi jr1 P11

[
(3.3.2)

forr=1,2,...,k;i=0,....m—r; j=0,...,n—r; where k = min(m,n) and
Wr 1,r—1 Wr—17r—1 1 qr IV
1 1 ,J i j+1 4
Wz,] [ 1_ r i— u q? - " ] —1,r—1 lril,r—l r—j—1 (333)
H—l,j Wit j+1 q> v
The following theorem gives the explicit form of intermediate points

Theorem 3.3.1. The intermediate points of Algorithm 3.3 expressed explicitly as

o Zk ()Z[ Owl+k,j+lbl+kj+l[] u H ( qs )m lHr . ]( ‘12")

c Zk 021 oWz+k,J+lH "Hr b 1( CI1 )m VlHr . 1(% QZV)
(3.3.4)

Proof. We will use projective invariance property. Take control points
pij = [wijbij wij]T € E*. Now apply Algorithm 3.1 for pi;- We see from the

Theorem3.1.1 that

r—k—1 r—I—1
i r
Pij = ZZ% 4y piciji M u* IT (g1 — i) H VI (- av)
q2

q1 s=0

and

nr ror - r kr—k—l ) ’ l,_l_l ;
= X X ar s s say] T 6h=ainj] 1T eh=aa0)
k=0[=0 o

q1 s=0

Projecting p " in E* onto E? yields

e Zk ()Zl Owl+k7j+lbl+k]+l[:| kHr . 1( Q1u)[] Hr . 1( qzv)
o Zk ()Z[ ()WH—kJHH u"H’ b ]( 91’4)[] ler . ]<QQ C]z")
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and this completes the proof. [

By using the projective invariance property, it is also possible to express the

intermediate points of Algorithm 3.3 explicitly in terms of g—differences.

Theorem 3.3.2. The g—differences form of the intermediate points of Algorithm 3.3 is

ik —Jz r k Al k)l
Yi—oXi—09, H [l]qu‘hA (wi b j)u v‘ (3.3.5)

RS VS v oqilk qu [1] 4o N6 A, Wi ju!

nro__

Proof. Take p; j = [wijbij wi;]T and apply Algorithm 3.1. We have from theorem
(3.1.1) that
- r L r lr—l—l i
Pij= ZqZ p£j+l [l} v H (92 — V).
=0 q2 s=0
The above expression is the intermediate points of Algorithm 1.3 with control points
p{’ i Jj=0,1,...,n. Hence using the g—difference form of the intermediate points of

Algorithm 1.3 we obtain
— 7l 1
pl7] qu|::| VAzpl]
q92

We also know that pz It Jj=0,1,...,n are the intermediate points of Algorithm 1.3 with

the control points po,j, p1,j, - -, Pm,j for each j and hence p; ; can be written as

iy = th "H WAy pij.

q1

Substituting the last equation in p " and projecting it onto E? gives

—_ YicoXizodi “ay qu [ﬂ Aglqu(thbiJ')”k"l

v YicoXiodi 4> qu quAqlquwl !

We now give the g—difference form of rational tensor product g—Bernstein Bézier
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surface R(u,v).

Theorem 3.3.3. The surface R(u,v) may also be computed by

maYr " " Al A (Wooboo)uvj
R(u,v) = ——— 0[’}‘;‘1[’]‘1’1 ® . (3.3.6)
YiloX =0 [i]ql []] q2A§hAézw0,0u’vl

Proof. First write R(u,v) in the form

_od;B}"(v)

;l OWJB W)

R(u,v) =

where d; = Y™ yw; jbi ;B;"" (u) and w; = Y qw; ;B " (u). Since d; and w; are

q— Bernstein Bézier curves we may write

_ [ . RPRA L i o
dj_i;)|:i:|qlAql(W0,jb0,j)u’ Wj_l.;)|:i:|qlAq|WO"/u.
Thus,

7:0{ i= 0[ ] q1 (WOJbOJ) } ,qz( )

R(u,v) =

{Zm i Woju} na (
and
:’10[ } {Zn 0A (WOJbOJ) m(")}”l
R(u,v) = :

m a2 -
ﬁo[i} {Zj OAanOJB (v )}”l
The expressions in curly brackets are g—Bernstein Bézier curves. Then writing the

qg—difference form of these curves and using the commutativity property of g—differences

we have

X0 X0 (1], [, A5 (woobo o)

R(M,V): m Zn |:mi| [I’l] Al AJ w I/livj
i=0&j=0 [ q1 'q2 q1292"0,0

J

It can easily be shown using the projective invariance property that rational tensor
product g—Bernstein Bézier surface R(u,v) of degree (m,n) can be expressed as one

of higher degree. Hence the required points are as follows:



i) express R(u,v) as a surface of degree (m+ 1,n):

b(]jO) _ . [m+ 1— i]QI bi*l,j [m+ 1— i]ql bi,j
b m+1]g (1,0) m41]g, (.0’
J i,j

)

Wi,

where the corresponding weights are

by [m+ l]ql [m+ l]cn

ii) express R(u,v) as a surface of degree (m,n+1):

b<o,l>_< _[n+1_j]q2)bi,jl 41— jlg bij

+1—i +l-i
W(LO) - ( a [m lh]l)Wi—17j+uwi7j7izoa"'7m+1;j:07"'
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.

hi [”H'l]én W(I-’O) [n+ l]qz W(I-’O),
l>./ l7-/
where
1—j 1—j
WI(O"I): (1_u> Wiilj_i_u lj,l:O,,m,]:O7’n—|—l
"/ [”+1]qz ’ [”+1]q2 7

3.3.2 Rational q—Bézier Triangles

We define rational g—Bézier triangle of degree n by

T Ximoq” [i] () ALAL (woobo.o)u'v/

R(M,V)— n n—i ij[ n i+j AlAJ iv,j u+v<1
i—0Xj—04 [i+j]( i) A Adwo oulv

N

where the g—differences A; and A, are defined in section 3.2. Note that if we choose

the weights w; j =w,i=0,1,...,n, j=0,1,...,n—1i, where w > 0 is a fixed real then

we have A’iAéwop =0 for any i, j > 1. Thus, we turn to g—Bézier triangles when all

weights are equal.

One can also compute rational g—Bézier triangle by a de Casteljau type algorithm

obtained by projection of each intermediate point of Algorithm 3.2 onto E3. The

algorithm is
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Algorithm 3.4: Let b; j,i=0,1,...,n, j=0,1,...,n—i be the control points and
the real values w; ; be associated weights. Compute

mym m—r—1 m—s—1 m—1pm—1 m—r—1 m—1 pm—1
Wr,sbr,s - (1 —q u—q v>wr,s br,s +q uwr+17sbr+17s

+ qusf 1 vwm—l b 1

rs+1-rs+1
where
W}r?,ls =(1- qrn—r—lu — qm_s_l\/)W’:}s_l _|_qm—r—1uwrrn_~_—ll7s _|_qm—s—1vwzl;~_11
form=1,2,...,n,r=0,1,....n—m,s=0,1,....n—m—rwhere 0 <u+v<1.

The properties of rational g—Bézier triangles are

1. Affine invariance property comes from the coefficients of Algorithm 3.4 sum to
one.

2. Boundary curves: g—Bernstein Bézier curves, whose control points are the

boundary net points of R(u,v), form the boundary curves of g—Bézier triangle.

3. Corner point interpolation: R(u,v) coincide with the corner points of its control
net.

R(0,0) =bo,0, R(1,0) = b, 0, and R(0,1) = b ,.
4. R(u,v) satisfies the projective invariance property
The following result gives the g—difference form of Algorithm 3.4 and can be
proved by induction or using projective invariance property.
Theorem 3.3.4. The intermediate points by in Algorithm 3.4 are

oy a0 () A AL

Lo Xisoq e~ ) (7)) Ay Agwitv]

m __
brs_
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Corollary 3.3.1. The intermediate point by , is a point on the surface

=0 Z}};f) g/} j] (") AL A (wo,0bo,0) v

=0 Z?;(i) gt j} (lfj) A} Aéwo,oui v

R(M,V) = b8,0 =

3.4 Multivariate Bernstein Polynomials

Convergence properties of g—Bernstein polynomials are studied in (Oru¢ & Tuncer,
2002), (I'inskii & Ostrovska, 2002), (Ostrovska, 2003) and (Wang, 2008). It is shown
in (Oru¢ & Tuncer, 2002) when 0 < g < 1 that the uniform convergence of f by the
sequence {B,(f;x)} requires that f be a linear function. It is also shown in (Orug
& Tuncer, 2002) that when g > 1, a one parameter family of Bernstein polynomials
converge to f as n — oo if f is a polynomial. On the other hand in (Ostrovska, 2003) it
is shown that when g > 1 B, f — f if f is analytic. We now aim at finding analogous
results found in (Oru¢ & Tuncer, 2002) and (Ostrovska, 2003).

Let us recall that tensor product g—Bernstein Bézier surfaces can be expressed in

terms of g—differences by

mon m n . . .o
Suv)=3 3 H H A, A} boou'v.
q1 92

A nonparametric surface of the form z = f(x,y) has the parametric representation

S(x,y) = (x,3, f(x,))-

It is shown in (Phillips, 2003) that for the g—Bernstein Bézier polynomial the following
identity holds:

—=B;"(t) =t. (3.4.1)
i=0 (1]
- ints i ][] 4
Hence, if we choose the control net points in the form b; ; = ] [ZZT bi ] , where

b; j € R and use the identity (3.4.1) we obtain a nonparametric patch.
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We now define ¢g—Bernstein polynomials for a function f(x,y) whose domain is
[0,1] x [0, 1] by
Bunlfix) = Y, Zﬁ i (0B (), (34.2)

i=0j=0

where f; j = f( % %) Note that the B, ,(f;x,y) is a monotone linear operator for
0 < q1,92 < 1, and as a consequence of identity (3.4.1), By, »(f;x,y) reproduce any
polynomial in the form f(x,y) = axy+bx+cy+d. Using (3.1.6) it is clear from (3.4.2)

that

m n m n o
Bun(fix,y) =) ) [l] [ } AﬁhAfnfo,ox’y]- (3.4.3)
i=0j=0 L' 1q; L/ g

Let f(x,y) =x"y’. Since the operator Afh Aéz annihilates any polynomial of total degree
less than i + j, we see from (3.4.3) that B, ,(x"y*;x,y) is a polynomial of total degree

min(m+n,r+s).

In (Goodman, Oru¢ & Phillips, 1999) g—Bernstein polynomial of univariate
monomial functions are given in terms of Stirling polynomial of the second kind,

S4(i, j) which is defined recursively by
Sqli+1,)) = Sq(i,j = 1)+ [/184(i, j)

fori>1and j > 1 with §,(0,0) =1, S4(i,0) = 0 for i > 0 and S,(i, j) = 0 for j > i.

This polynomial can be expressed explicitly as

r r r—1)/2 T
Sq(is ) = i /ZZ H[] rl"
The Stirling polynomial form of the g—Bernstein polynomials leads to some results
on convergence (see, Oru¢ & Tuncer (2002)). Thus, g—Bernstein polynomial of the
function f(x,y) =x"y" is

r N

Binn(x"y*;x,y) Zka’qlkn’qz[ ]q1 [n ]] Sy, (1, )qu(s,j)xiyj (3.4.4)
i=0j=0
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Theorem 3.4.1. Let q1,q> > 1 be fixed real numbers. Then, for any polynomial p(x,y),

lim By, (pix,y) = p(x,y).
m,n—oo

Proof. Let p(x,y) be a polynomial of total degree k.

k k—r

=L Yy

r=0s=
Using linearity property of the operator B,, »(f;x,y) we obtain

k k—r
an(pxy Zzars mn(xy xy).
r=0s5=0
Let m+n >k > r+s and consider By, ,(x"y*;x,y) forr=0,1,...,k, s =0,1,...,k—r.
Since m+n > r+s, using (3.4.4) yields

Bua(x'y';x,y) ZZWW’” )8y (11)Sgy (s, )XY
i=0j=0

It is easily seen that, since ¢1,qg> > 1 the term [m]:" converges to 1 as m — oo fori = r

q .
and converges to 0 for other values of i. Similarly, as n — o the term [n] é;s converges
to 1 for j = s and converges to O for all other values of j. On the other hand km’ql nd
A% both converge to 1 as m,n — oo for all values of 0 <i < rand 0 < s. Hence

we have

Bmyn(xrys;x,y) - Sf]l (l’, r)S(h (S7S)xrys
as m,n — oo. Using S, (k,l) = 1 when k = [, we have

B n(x'y*sx,y) — X'y’

Thus we obtain

k k—r k k—r
mnpxy Zzars mnxyxyﬁzzarsxy
r=0s= r=0s=

as m,n — oo, and this completes the proof. [
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We also define ¢g—Bernstein polynomials for the function f(x,y) whose domain is
0<x+y<1l,x,y>0by

Bu(f(x,y)sx,y) = Y. Z_‘, q" LZ]} (’t]) ALA fo.ox'y! (3.4.5)

i=0 j=0

To investigate the convergence properties of B,(f;x,y) we need to express (3.4.5)
in terms of Stirling polynomials of the second kind. For this purpose the following

identities, which can easily shown, will be useful
n] =[] =¢’In—J]
for 0 < j < nand

n_ ]/ A4
i TR

for 0 < j < n. Since, (see Phillips, 2003)

M»

Alffhj = (_1)kq r(r=1) /2|: }fl—o—k rj

r=0

and
= f [

we can write

Al Aéfrs = Z Z k+l k k=1)/2 l(l D72 |:k:| |:;:| fr+i—k,s+j—l.

Substituting this in (3.4.5) we will get
By(f(x,y):x,y) =

:i"’fqij{i:j] <itj)xiyjizj‘,( 1)k+lqk(k 1)/2 1(1 1)/2[ } { }fl kit

i=0 j=0 k=01=0

Let f(x,y) = x"y*. Then
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B,(X'y'x,y) =Y Y ¢ L’HK ; )X’y’

i=0 j=0

i J B - : : -_k]r[j_l]s

% -1 k+lqk(k 1)/2q1(1 1)/2 H H [i ‘
B SIS

On the other hand we have

{ n } I N B ) v — i

j
i+j| (] g2 ] g/ U= /2[HI]”

Substituting the last equation in B, (x"y*;x,y) and rearranging it we will have

I (")
Bu(x'y’;x,y) ZZ g\ N ] T =) Ty

i=0j=0 ) [ i ]
D G VI et P 30 Y G Vel [j_l]sxiyj}_

[l] q(l 1)/2 []]Yq](]*l)/z

Thus, using the explicit form of Stirling polynomial of the second kind we obtain

n n—i (H'J)
B xy xy quz]}\’nqxn z,q l r— s[ l']j iJlr

== (7]

Theorem 3.4.2. Let g > 1 be a fixed real number. Then, for any polynomial p(x,y)

Sy(r,i)Sy(s, )X’y (3.4.6)

lim B, (p(x,y);x,y) = p(x,y)

n—oo

if and only if p(x,y) is of total degree 1.

Proof. 1t is clear from (3.4.6) that B, (p(x,y);x,y) reproduce polynomials of the form

p(x,y) = ax+ by +c. So, we only need to show if lim B, (p(x,y);x,y) = p(x,y) then
n—o0

p(x,y) is of total degree 1. Let p(x,y) be a polynomial of total degree m. Since the

monomials in x and y of total degree m are

m—1 m—1 _m
xm7x y?"'?‘xy 7y 9
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we can write p(x,y) in the form

m m-—r

Z Z AarsX y

r=0s=

Since B, (f(x,y);x,y) is a linear operator we can write

m m-—r

Bu(p(x,y =Y Z arsBn(x'y':x,).

r=0s=

Let n > m > r + s consider B,(x"y%;x,y) for r =0,...,m, s=20,...,m—r since

n > r-+s we have

rd (T .
B,(x"y%;x,y) Z Zq’fkn’qk" l’q [n) "5 — ] +’J) Sq(r,i)Sq(s, j)x'y’.
i=0j=0 [ i ]
i . — T/
Using [n—i] = M we have [n—i]/ = M and the last equation will be in
q q

the form

By(xX'y%;x,y) Z y APIN ! (b =10 (7) Sq(1,1)Sq (s, 7)x'y’.

i=0j=0 [ ]r [n]s [IJ:J}
It is easily seen that
[} — Owheni<r L[i])j—>0whenj<s
)" Uk ’
[n]i—> weni—r—([n]_[i])jﬁ when j =y
A P

A — 1 forall iand M"Y — 1 for all j.

Thus,
r+s
Bu(x'y';x,y) = %ris]) Sq(r,r)Sq(s,s)x"y".
r

Using S,(i,j) = 1 when i = j, we will have
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Thus, we get
m m—r +) m m—r
ZZarS Xy—ZZarSXy
r=0 s=0 r ] r=0s=
(r+s
r

Hence we must have = 1. But this is true if and only if r+s =1 or ¢ = 1. This

completes the proof. [

As a result of Theorem 3.4.1 and Theorem 3.4.2, we see that when ¢q1,q2 > 1 the
two-parameter Bernstein polynomial B, ,(f;x,y) converges to f(x,y) if f(x,y) is a
polynomial. Furthermore, in the case ¢ > 1, B,(f;x,y) converges to f(x,y) if f(x,y)
is a polynomial of total degree 1 and in the case ¢ = 1, B, (f;x,y) converges to f(x,y)
if f(x,y) is a polynomial of any total degree. Moreover, the results on convergence
of univariate g—Bernstein polynomials on C|[0, 1] can be carried over multivariate
g—Bernstein polynomials B, ,f. For example when q1,q> > 1, in order to achieve
uniform convergence of By ,f on C[0,1] x C[0,1] we need to assume f has

multivariate analytic expansion such that

ZZa,]xy w1chZ\a,]]<oo
i=0

j=0 i=0j=0
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