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ABSTRACT

The Tempcore process used in recent years is applied for increasing the strength values of
the concrete-reinforcing steel bars by quenching. This heat treatment process comprises
three stages: a fast cooling step which is applied to the bar as near as possible to exit of the
last finishing stand and leads to a quenched skin; a step during which the core reheats the
quenched surface layer by conduction; an air cooling step, leading to quasi isothermal

transformation of the remaining austenite of the core.

In this study; applicability of Tempcore method to materials having chemical composition
of %0.16-0.21 C, %0.17-0.22 Si, %0.74-0.83 Mn has been examined by finite elements
method and compared.with the results of the experiments. Heat transfer equations and

amount of phase tranformation have been calculated by Fortran77 computer programme.

After tests and computer applications approving that test result; it has been seen that yield
and tensile strengths of steel bars, having chemical compositions mentioned above, had
increased and strain values had decreased. The cause of changes at these mechanical values
is the martensitic layer on surface occured by quenching. By inner structure changes; heat
capacity and conduction coefficient change, and these effects change the heat transfer
characteristics of the material. In bars of different diameters exposed to Tempcore method.
it has been seen that yield and tensile strengths had increased and the self-tempering
temperature had increased in proportion to increasing duration of quenching. In practice, the
change in internal structure can not be determined sensitively. In finite elements method,

phase ratios for the each node can be calculated so it gives better results.



OZET

Son yillarda kullanilmaya baglanan proseslerden olan Tempcore prosesi; nerviirlii ingaat
geliklerine su verme islemiyle dayanim degerlerinde artig saglamak amaci ile
kullanilmaktadir. Bu 1s1 iglemi; haddeleme igleminin hemen ardindan malzemeye su
verilmesi daha sonra havada soguma ve soguma yatagimda bekleme esnasmda kendi kendini

temperleme siirecini kapsamaktadur.

Bu aragtirmada; %0.16-%0.21 C, %0.17-0.22 Si, %0.74-0.83 Mn kimyasal
kompozisyon araligmdaki gelik gubuklarda Tempcore yoénteminin uygulanabilirligi sonlu
elemanlar yontemiyle incelenmistir. Is1 transferi ve faz doéniigiim miktarlan bilgisayarda
Fortran77 programlama dili ile hesaplanmgtir.

Deneysel sonuglar ve bu sonuglan belli toleranslar dahilinde destekleyen bilgisayark
uygulama sonuglarmda; yukandaki kimyasal kompozisyon araligmdaki gelik gubuklarda
akma ve ¢ekme dayanglarmm arttifi ancak uzama degerlerinin distiigii gorilmistir. Bu
mekanik degerlerin degigim nedeni; yiizeyde su verme nedeniyle olugan ve su verme siiresi
artikga hacim yiizdesi artan martenzit kabuktur. I¢ yapr degisimi ile; 1sil kapasite ve
kondiiksiyon katsayist degigmekte, bu etkenler ile de 1s1 transferi karakteristigi
degismektedir. Tempcore yontemi uygulanan degisik ¢aplardaki gubuklarda; su verme
siiresindeki artig ile akma ve ¢ekme mukavemetlerinin dogrusal yiikseldigi, kendi kendini
temperleme sicakligmm dogrusal diigtiigii goriilmiigtiir. Pratikte, i¢ yapr degisimini hassas
olarak tesbit etmek miimkiin olmadig ve sonlu elemanlar metodunda biitiin diigiimlerdeki
faz orami her iterasyonda hesaplandifi igin metallografik muayeneden daha iyi sonuglar

vermektedir.
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CHAPTER ONE
INTRODUCTION

The high yield strength concrete-reinforcing bars with improved adherence that are
produced in west Europe can be subdivided into two distinct categories, viz.:

- “naturally hard” bars which are used in the as-rolled condition after cooling in still air;

- work-hardened bars which acquire their service properties by cold deformation through
twisting, drawing or rolling.

From the user’s view point these two categories of concrete-reinforcing bars differ in
terms of weldability: for a given yield strength level, cold-worked bars, because of their
lower carbon, manganese and silicon contents are easy to weld, i.e. their weldmg calls for
less precautions than naturally hard bars.

Although it is possible to produce naturally hard bars with a low carbon content, and
hence with a good weldability, this only be achieved through an addition of large quantities
of niobium and vanadium, which boosts their cost price.(Economopoulos, & Respen, &
Lessel, & Steffes, 1975).

The process, which involves applying a heat treatment from the heat of rolling, makes it
possible to economically produce high yield strength concrete-remforcing bars.

The designation “Tempcore” was adopted for the new process, since it reflects the
principle on which it is based, viz. : tempering of a previously quenched surface layer, under
the effect of heat supplied by the core of the product.

The applicability of Tempcore process to low carbon (%0,17-0.22 C ) bearing
reinforcing steel bars and its effect on mechanical properties has been studied. The process
has been using for several years in IDC Sanayi A.S. rolling mill for notched bars.
(Ozsoyeller, 1993)

Some experimental work has been carried out using this process which comprises of two
steps; These are surface quenching of the hot bar coming out of the last rolling stand and
self-tempering of the quenched section. Experimental results have proved that the
mechanical properties of low carbon bearing reinforcing bars can be improved and
controlled via this process. It has been found out that for differing bar sizes increasing
quenching time results in a linear increase in both yield and tensile strength and a linear
decrease in tempering temperature.



The finite elements method gives the opportunity to change bar diameter, quenching time
and initial temperature widely. Bars which have 16, 18, 20, 22 mm diameter have been
quenched in different quenching time and the amount of martensite has determined for each
nodes. As a result, appropriateness of strength values has been determined.

In the contents of this study; firstly, fundamental principles of Tempcore process has
been introduced, then finite elements modeling has been done and finally its results have
been compared with the test results.

Finite elements modeling of heat transfer equations, and amount of change in mternal
structures are solved by FORTRAN 77 programme.



CHAPTER TWO
THEORY OF THE TEMPCORE PROCESS

The purpose of this section is to analyse the fundamental physical phenomena underlying
the Tempcore process and to discuss the effect of the more important independent variables
on the final result of the Tempcore heat treatment, namely the mechanical properties of the
treated bars.

2.1 Principle of the Process

Tempcore is a direct quenching and self-tempering process from the heat of rolling. The
present description is exclusively devoted to the heat treatment of hot rolled concrete
reinforcing bars.

According to the Tempcore process the concrete bar from the rolling mill is submitted to

a special heat treating cycle involving three stages:

2.1.1 First Stage

The firs stage is a fast cooling operation applied to the bar as it leaves the last finishing
stand. The efficiency of the cooling facility used in this first stage must be such that the
cooling rate down to a certain depth below the skin is higher than the critical rate for

martensitic quenching,

At the conclusion of this operation, the bar has an austenite core surrounded by a layer
composed of a mixture of austenite and martensite, with the martensite content decreasing
from the skin towards the inner. The aimed duration of the first stage depends on the desired
thickness of the martensitic layer.



2.1.2 Second Stage

During the second stage, the bar leaves the area of drastic cooling and is exposed to air.
The heat transfer coefficient of the environment being very small, and the temperature
gradient within the bar’s cross-section being very large, the core reheats the quenched
surface layer by conduction. As a result, the martensite formed during the first stage is
subjected to self-tempering which, as will be shown below, ensures adequate ductility while

maintaining a high yield strength level.
The second stage is conventionally considered as terminated when the temperature at the
surface of the bar passes through a maximum, called “Tempering Temperature”. The

duration of the second stage varies greatly with the bar diameter and the cooling conditions

applied during the first stage.

In the course of the second stage, the untransformed austenite n the surface layer
transforms to bainite, whereas the core remains austenitic. On the other hand, the austenite
subjacent to the tempered martensite layer can start to transform to bainite, depending on
the steel’s composition and the cooling conditions.

2.1.3 Third Stage

The third stage occurs as the bar lies on the cooling bed. It consists of a quasi-isothermal
transformation of the remaining austenite. The product of this transformation is a mixture of
either ferrite and pearlite or ferrite, pearlite and bainite, depending on several factors, viz.:

- the steel composition;
- the bar diameter;

- the finishing temperature of the rolling sequence;

- the efficiency and duration of cooling during the first stage.



The physical phenomena involved in the above mentioned three stages of the Tempcore

process can be divided in three categories:

a) heat exchanges between the surface of the bar and the surroundings;

b) heat conduction in the bar;

¢) metallurgical phenomena such as allotropic transformations.

In the following sections, the effect of the governing parameters and the interrelations of

the above phenomena will be discussed.

2.2 Fundamental Mechanisms of Tempcore Hardening

Figure 2.1 is a schematic representation of the fundamental mechanisms of Tempcore
hardening and their interrelations (CRM, 1985). The involved phenomena have been divided
as stated previously in three classes: surface heat exchanges, heat conduction and physical
metallurgy (vertical dotted lines in the figure). On the top of the figure are represented,
inside circles, the governing parameters of the process. Among them, only three can be
considered as independent control variables from the pomt of view of the rolling mill

operator, namely: the water flow rate, the quenching time and the finishing temperature.

In Tempcore treated bars, the microstructure and properties vary continuously from the
surface to the axis of the bar. Nevertheless, it is possible, as a satisfactory approximation to
consider the Tempcore bars as composed of two distinct parts : a surface layer that for the
sake of simplicity, we shall name “Tempered Martensite” or “Mertensite” and the central

part or “Core” composed of ferrite and carbides.
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The overall macroscopic properties of the bar, particularly tensile properties, depend on

three factors:

- the volume percentage of martensite ;

-the tensile properties of martensite ;

-the tensile properties of the core ferrite-carbides structure.

The volume percentage of martensite depends on the starting temperature of martensite
transformation (M point), itself a function of composition and the temperature field in the
cross-section of the bar leaving the quenching device. It is conventionally considered that the
limit of the martensite layer corresponds to a circular cylinder of the same axis as the bar

and for which the minimum temperature is equal to the M; point.

The tensile properties of the martensitic layer depend on the chemical composition and
on the “Tempering Temperature” defined in section 2.1.2 This tempering temperature is
itself a function of the thermal field in the cross-section of the bar leaving the Tempcore

cooling device.

The mechanical properties of the core depend on two groups of parameters :
-the chemical composition through CCT diagrams and microstructure -properties relations ;
-the cooling conditions during the quenching and the subsequent cooling stages.

It results from the above analysis that, for a given chemical composition, the main factor
determining the mechanical properties of the bars is the thermal field resulting from the

quenching stage. This thermal field is governed by the well known laws of conduction of

heat in solids.



For a given bar diameter, the thermal field can be modified by changing the temperature of
the bar entering the quenching device, the duration of the quenching stage and the heat

transfer coefficient between the bar surface and the cooling water.

The heat transfer coefficient is the key factor of the Tempcore process ; it is expressed as
a function of the surface temperature of the bar, function depending mainly on the design of

the cooling device and the cooling water flow rate and temperature.

The above analysis shows that the hardening mechanism of Tempcore bars is an intricate
one ; nevertheless, we shall show that, despite this fact, it is possible to find relatively simple

relations describing the more important phenomena.
2.3 Surface Heat Exchanges

As far as surface heat exchanges are concerned, a Tempcore heat treating line can be
divided in three sections : the drastic water quenching section, the air cooling section during
the travel of the bar between the exit of the quenching line and the cooling bed, the air

cooling of parallel bars lying on the cooling bed.

In order to describe the cooling on each of the above sections in a practical sense (i.e.
disregarding the complicated fundamental mechanisms of cooling), we use the very

convenient parameter called “Heat Transfer Coefficient” (o) and defined as follows :

Heat Flux Density (¢) = o (Ts - Trn) (2.1)

where T, represents the surface temperature of the bar and

T the bulk temperature of the surrounding cooling medium.

In general, the heat transfer coefficient is very strongly dependent on the surface

temperature and on the specific parameters of the cooling device considered.

Figure 2.2 shows a typical heat transfer coefficient - surface temperature curve.
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FIGURE 2.2 Heat Transfer Coefficient in a Tempcore Cooling Device



During the travel of the bar between the exit of the quenching line and the cooling bed,
cooling results from a combination of radiation and forced air convection. The heat transfer
coefficient is a function of the surface temperature of the bar and of the relative speed
between the bar and the surrounding air.

The heat transfer coefficient on the cooling bed results from a combined radiation and
natural convection cooling. Due to the view factor effect, the heat transfer coefficient
depends not only on the surface temperature of the bar but also on the bar diameter and the
distance between the notches of the cooling bed.

Table 2.1 shows the changing heat capacity and heat conduction coefficient as a function
of internal structure and temperature. Changing internal structure and temperature change

heat capacity and heat conduction coefficient.

Table 2.1 Heat Capacity and Heat Conduction Coefficient (CRM, 1985)

Temperature Structure 0°C 300 °C 600 °C 900 °C
Conduction ¥ 0.004 0.005 0.006 0.007
Coefficient k a,p,b,m 0.013 0.0105 0.009 0.007
(cal/mm.secoC)

Heat Capacity 7 0.00076 0.00086 0.00095 0.00105
£ Cp a,p.b,m 0.00084 0.00092 0.00102 0.00110
(cal./mm® °C)

2.4 Heat Conduction in the Bar

It has been shown in section 2.2 that, for a given chemical composition, the final tensile
properties of a Tempcore treated bar depend exclusively on the thermal field in the bar at
the moment it leaves the quenching devices. In the following paragraphs, the dependence of

the thermal field on the different process parameters will be discussed in more details.

As a first step, the problem of heat conduction in the bar has to be solved ; its solutions
requires :
- the definition of the boundary conditions. The knowledge of the heat transfer coefficients
presented in the previous paragraph constitutes a satisfactory definition of these boundary

conditions ;
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- the knowledge of the thermal properties of the steel. Temperature dependent properties
gathered from technical literature are used ;
- the numerical solutions of the Fourier differential equation and its implementation in a

computer program.

The solution of the heat conduction problem enables the calculation of the temperature at
any moment and any point of the cross-section of the bar. Having thus determined the
thermal field in the bar, it is possible to calculate the two important parameters from a
metallurgical point of view : the volume percentage of martensite (pn) and the “theoretical
tempering temperature” (T") defined below.

The following sections will be devoted to the study of the effect of quenching conditions
on (pn) and (T7).

2.4.1 Volume Percentage of Martensite

Figure 2.3 shows the temperature distribution in the cross-section of a 25 mm diameter

bar after 1, 1.5 and 2 seconds quenching.

It is interesting to observe the very steep temperature gradient near the surface ; this is an
important characteristic of the Tempcore quenching equipment because it enables to form a
relatively thick layer of martensite and, in the same time, to leave enough heat i the core

for the self-tempering operation.
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C g8 7% -Mn ]
thi hn/ Tamn-i{)m‘!‘

DISTANCE FROM THE CENTER (mm )

Figure 2.3 Temperature Distribution in a 25 mm. ® Bar after Quenching,

For each of the three quenching times, Figure 2.3 shows the radius limiting the
martensitic layer (1) (according to the conventional definition of the section 2.2).

The starting témperature of the martensitic transformation (M) is a function of chemical

composition. The following formula is sufficient for our study :
M; = -361 (C%) - 39 (Mn %) + 500 (2.2)

If (d) represents the equivalent diameter of the bar, the volume percentage of martensite

is expressed by the relation :
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In the example of Figure 2.3. : pn = 30.8 %, 24.3 % and 16.8 % for the quenching times of

2 sec., 1.5 sec. and 1 sec. respectively.

For a given cooling device, water flow rate per unit length and water temperature, and
for a fixed chemical composition, the percentage of martensite is a function of the

quenching time, the diameter of the bar and its entry temperature in the quenching device.

The relation p, - quenching time can be considered with a very good approximation as
linear (Fig. 2.4) in the useful range of (pn) (CRM, 1985). The slope of this curve increases
sharply with decreasing diameters. We shall show later that this rapid increase of the slope

does not create any problem as far as the controllability of the process is concemed.

Figure 2.4 shows also (compare lines ¢ and d) the effect of the initial quenching
temperature: the slope of the “p,, - time” line is not affected but (p.) significantly decreases
when (T;) increases. This fact has to be kept in mind when discussing the effect of

thermomechanical treatment (section 2.3).

VOLUME PERCENTAGE OF MARTENSITE ( % )

20 25
QUENCHING TIME { s )

Figure 2.4 Effect of Quenching Time, Bar Diameter and Initial Temperature on the

Martensite Content.
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2.4.2 Tempering Temperature

The tempering temperature has been defined in section 2.1 as being the maximum
temperature reached at the surface of the bar during the self-tempering stage. This

parameter (T,) is important in practice for two reasons :
-it corresponds to the minimum tempering temperature of the martensitic surface layer ;

-it can be measured directly. by a radiation pyrometer and be used for controlling the process

(section 2.6)

From the pomnt of view of the theoretical analysis of the process, we shall use another
parameter called “theoretical tempering temperature”, symbolized by (T") and
corresponding to the following definition : let it be the enthalpy per unit length of the bar at
the exit of the quenching device ; (T") is the uniform temperature of a bar in all respects

identical to the considered one and having the same enthalpy per unit length.

The interest of (T") is that its value is exclusively linked to the temperature field at the
exit of the quenching device : the phenomena occurring during the air cooling phase have

not to be taken into account.

The difference (T - T,) depends on the heat transfer coefficient in the forced air cooling
section and on the time necessary for the surface of the bar to reach (T,). As this time
increases with the bar diameter, so does the difference (T" - T) (fig. 2.5).

With the above remarks in mind, one can now discuss the effect on (T") of the bar

diameter (d), the mitial temperature (To) and the quenching time (t).
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40
BAR DIAMETER (mm)

Figure 2.5 Difference (T"-T;) as a Function of the Bar Diameter.

*

" (ar™)
Figure 2.6 shows that the relation T (t) is linear and that the slope Ld; J is strongly
t

dependent on the diameter (CRM, 1985). The initial temperature has only a translation effect

on T (t). The relation between the above parameters can be expressed analytically by :

T =-Ad? t+£(To,d) (2.4)

in which A and S are constants.
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THEORETICAL TEMPERING TEMPERATURE - T* (°C )

Figure 2.6 Effect of Diameter, Initial Temperature and Quenching Time on the Theoritical

Tempering Temperature.
2.4.3 Conirol Function of the Process

As (T;) and (pr) are the main controlling factors of the tensile properties, it is interesting
to establish a relation between them.

Figure 2.7 shows that the relation “pn - (T.)” is linear and that the slope (d;;”j i

approximately independent on the bar diameter (CRM, 1985). With increasing diameters,
the “pn - (T.)” line undergoes a parallel translation towards increasing tempering
temperatures. For practical applications, a single “p,, - (T,)” relation can be considered for

diameters between 16 mm and 40 mm.



17

The effect of initial quenching temperature on the relation “p., - (T,)” is shown by figure
2.8 (CRM, 1985). In practice and for normal operating conditions, the variation of finishing
temperature for the same diameter does not exceed + 50 °C. The same maximum range of
variation can be foreseen for (To). In that case, we can neglect, for practical purposes, the

influence of entry temperature on the relation “pn - (T,)”.

VOLUME PERCENTAGE OF MARTENSITE ( % )

20560 580 500 620 540 560

TEMPERING TEMPERATURE - T (°C )

Figure 2.7 Effect of Bar Diameter on the p» (T,) Relation.

From the above analysis, one can conclude that to each pair (d - T,) corresponds a
relation p,, - (T,) that will be used to control the process. For 16<d <40 mm, a smgle
relation can be defined.



. |. Dlameter. 20 mm
A, Vanl M A W - ¥ o]
g Qi &SU% A"

VOLUME PERCENTAGE OF MARTENSITE ( % )

560 580 600 520 540 5§60
TEMPERING TEMPERATURE-T- ( °C )

Figure 2.8 Effect of Initial Temperature on the p., (T;) Relation.
2.5 Mechanical Properties

In the previous sections, the effect of the independent variables of the process on two
important parameters has been discussed: the volume percentage of martensite (p.) and

tempering temperature (T or T).

In this section, (p.) and (T.) will be considered as the independent variables and their

effects on mechanical properties will be discussed. As metallurgical phenomena are
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involved, an additional important variable will be introduced : chemical composition. For the
steel grades treated by the Tempcore process, carbon and manganese (in some cases silicon)
contents are the main components characterizing the composition from a practical point of

view.

In two separate sections the properties of the tempered martensite and those of the core
of the treated bars will be discussed. In a third section, the combination of the two individual

zones of the bar leading to the final properties, will be discussed.

2.5.1 Tempered Martensite

The properties of tempered martensite depend exclusively on its composition and on the
tempering temperature. In order to determine these relations in this case of Tempcore steels,
specimens of different compositions have been quenched in still water and submitted to a

subsequent tempering treatment (CRM, 1985).

The following relation gives the yield strength (expressed in MPa) of the martensitic

layer with a precision sufficient for practical uses :

Ym=-175 T, + 1781.5 (2.5)

2.5.2 Central Region of the Bar

One calls “central region of the bar” or “core” the part of the bar in which the
temperature at the exit of the quenching line is higher than the M; temperature. It is obvious
that at each point of the cross section corresponding to the core, the cooling curve and,
consequently, the properties are different. This situation being too complicated to be handled
by simple analysis, it has been simplified drastically in this section.

The observation of Figure 2.9 suggests a stylization of the mean cooling curve of the
core (CRM, 1985).



The cooling of the core can be assimilated roughly to an isothermal transformation at

temperature T,
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Figure 2.9 Temperature Time Curves in a 20 mm. ® Bar Treated According to the

Tempcore Process.

In order to determine the relation between the yield strength of the core (Y.) and (T.)
and the composition, some treated specimens of the steels are listed in table 2.1. by

austenizing and quenching in a lead bath at different temperatures (T.) (CRM, 1985).
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Table 2.2 - Isothermal Treatments in Pb Bath

Composition (%)

Y. (Mpa) for T. (°C)

C Mn Si N> 550 575 600 625 650
0.139 0.64 0.037 0.014 365 354 340 334 318
0.120 0.59 0.025 0.012 340 330 317 309 298
0.211 0.79 0.005 0.001 371 357 354 351 349
0.112 0.93 0.026 0.004 335 317 310 304 301
0.199 0.875 | 0.005 0.009 380 362 356 352 347
0.130 1.213 | 0.03 0.013 402 384 366 350 330
0.148 0.955 | 0.024 0.004 337 324 313 304 294

A regression analysis of the results given in table 2.1. leads to the following formula :

Y.=-0.406 T.+357 (C%)+38.7 (Mn %) +495

(2.6)

The observation of Fig.2.9 shows that, at first approximation, the value of (T.) in the

above formula can be taken equal to (T;).

2.5.3 Overall Yield Strength of the Tempcore Bar

Having determined the yield strength of the two regions into which the cross-section of a

Tempcore bar has been artificially divided, one seeks a way to combine (Y,,) and (Y.) in

order to foresee the overall yield étrength of the bar.

Let us think of a Tempcore bar as being divided in a series of concentric tubes, the

mechanical properties varying from one tube to the other.

As there is a continuity between a tube and its neighbours the problem consisting to

calculate the overall properties knowing the individual properties of the tubes, is a

complicated one.
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Two important simplifications, justified by experimental evidence, will be introduced :
a) additivity of the tensile forces. This hypothesis has been verified with a reasonable
precision by tensile tests on Tempcore bars machined at progressively smaller diameters and
also on tubes machined by boring bars to progressively higher diameters :
b) the continuous variation of properties is neglected and only two zones are considered : a
surface layer having a yield strength (Y) and occupying (pm)% of the volume and a core
zone with a yield strength (Y.) and occupying (1 - pm) % of the volume.

It is easy to demonstrate that under the above conditions :

Y =P Yu + (1 - Pm) Ye (2.7)

Finally, the Tempcore process is described by the following relations :

Pm = £(t, d, To, M) (2.8)
T.=f(t,d, To) (2.9)
M,=-361C-39Mn + 500 (2.10)
Yo =-175T,+ 1781.5 (2.11)
Y. =-0.406 T, +357 C+ 38.7 Mn + 495 (2.12)
Y =P (Yo - Ye ) + Yo (2.13)

2.6 Practical Conclusions of the Theoretical Study

The mathematical model represented by relations 2.8 to 2.13 will now be used in order to

derive some interesting practical conclusions.



Let us consider a typical Tempcore steel containing 0.18 % C and 0.8 % Mn. The

relations (2.8) to (2.13) can be combined in the following formula :

Y =pm (1191 -1.344 T, ) - 0.406 T, + 590 (2.14)

By using equation (2.14) and the results presented in section 2.4., we can establish a

relation between the yield strength of the bar and the tempering temperature.



CHAPTER THREE
HEAT TRANSFER AND FINITE ELEMENTS

MODELING

3.1 Introduction

Heat transfer analysts often calculate temperature distributions as a first step in the
selection of materials or for the design of structures that may experience abnormal
temperature levels during their service life. Analysts must be able to model realistically
environmental boundary conditions, represent complicated geometry, and analyze a variety
of materials that deviate from simple constant-property isotropic materials. Textbook
problems often assume away these realistic challenges. Because finite difference approaches

seldom meet these challenges adequately, there is an increasing interest in finite element

methods (Huebner, 1982).

Finite element researchers in the late 1960s sometimes regarded heat transfer analysis as
simply a special example of a field problem. Often this view was understandable, because
many of the early finite element researchers had structural backgrounds and failed to
appreciate the subtleties of thermal-fluid analysis.

We present a finite element formulation for computation of the steady-state temperature

distribution T(r,z) for solids with general surface heat transfer.
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3.2 Problem Statement

Consider steady-state heat transfer in a two-dimensional isotropic solid Q bounded by a

surface I” (Figure 3.1). The problem is governed by the energy equation.

aq, aqzj oT
_(& + Py =pC, P (3.1)

where g, and q, are components of the heat flow rate vector per unit area in polar

coordinates (r,z), p is density, and c, is the specific heat.

z Convective
heat transfer Si+8,=r
h(T,-T.)

Specified temperature

v

Figure 3.1 Two-dimensional solution domain for heat conduction.
Heat conduction boundary conditions take several forms considering the frequently
encountered conditions of specified surface temperature and specified surface heat. The
boundary conditions (Figure 3.1) are

T,=T (r,zt) on §,

41, + q-n; = h (Ts'Te) on Sz
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where T, is the specified surface temperature, which may vary with time, n, and n, are the
direction cosines of the outward normal to the surface, h is a convective heat transfer
coefficient that may be a function of the convective exchange temperature T. and/or time,

T, 1s the unknown surface temperature.

Isotropic medium Fourier’s law is,

oT

=—k—

q, ar
(3.3)

AN

q. = oz
From (3.3.) q, #q., (3.4)

The initial condition specifies the temperature distribution at time zero,

T(r,2,0) = Ty (1,2) (3.5)

3.3 Finite Element Formulation

The solution domain V is divided M elements of k nodes each. By the usual procedure

the temperature gradients for each element can be expressed as

k
T (r,z,t)= D N.(r,2)T,(t) (3.6)
i=1
6T“”( t ~iaNi Tt
ar r7Z’ )—i=l ar (r7z) 1()
(3.7)
aT(c) k

- (ran= AT



or in matrix notation

T (r,2,t) = [N(x, 2)|{T(t)} (3.8)
(_81 (r,z,t)
5 (07
3 r=[B(r, 2)[{T(t)} (3.9)
T
oz )]

where [N] is the temperature interpolation matrix, [B] is the temperature-gradient

mterpolation matrix.
[N@,2)] =[N N, N, (3.10)
(ON, N,  ON, |
o or Br
[B(r,2)] = (3.11)
ON, oN, oN,,
L 0z Oz 0z -

Ti(t) 1s the value of the temperature at each node and {T t) } 1s the vector of elem