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THE DUAL EULER PARAMETERS

ABSTRACT

E.Study mapping states the one to one correspondence between lines of the real three space
and the points of the Dual Unit Sphere. In this study, using the Study mapping we obtain
the relation between the Euler parameters of the Dual Unit Sphere and the screws of the
corresponding motion in the real three space. In the last chapter, the exponential mapping is
used to obtain the relation between the dual orthogonal matrices and the dual skew-symmetric

matrices for the rotations of the Dual Unit Sphere.

Keywords: Study mapping, Dual Unit Sphere, Euler parameters, dual orthogonal matrix,

skew-symmetric matrix, exponential mapping.
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DUAL EULER PARAMETRELERI

0z

Study doniisiimii, reel ii¢ boyutlu dogrular uzayiyla dual birim kiirenin noktalar1 arasinda
birebir esleme belirtir. Bu caligmada, Study doniigiimiinii kullanarak, dual kiirenin Euler
parametreleriyle lic boyutlu reel uzaydaki vida hareketi arasindaki iligkiyi elde ettik. Son
boliimde ise dual birim kiirenin donmelerine ait dual ortogonal matrislerle dual anti-simetrik

matrisler arasindaki iligkiyi iistel doniisiimii kullanarak elde ettik.

Anahtar Sozciikler: Study doniisiimii, dual birim kiire, Euler parametreleri, dual ortogonal

matris, anti-simetrik matris, iistel doniisiim.
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CHAPTER ONE
INTRODUCTION

In Chapter One, we discuss the basic properties of dual numbers and dual quantities (dual

vectors, dual functions, dual matrices, etc.) using the fundamental definitions of algebra.

The representation of a line is simply done by the normalized Pliicker vector. This vector
is a point on a unit sphere in D>, There exists a one to one correspondence between the points
on the dual unit sphere and oriented straight lines in R® which is given by E. Study. This
discussion is given in Chapter Two. Furthermore we study dual angle between dual vectors on

the dual unit sphere which express the spatial relationship between skew lines in space.

In Chapter Three, using the E. Study mapping we study dual rotations on the dual unit
sphere instead of the transformations in real space. Then using Cayley mapping we obtain dual
Rodrigues parameters and the dual Euler parameters. We rewrite the dual Euler parameters by
the components of dual Rodrigues vector b and the rotation angle ¢. The dual quaternion Z
with the dual Euler parameters and the screw w for the motion in space are defined. Using the
dual quaternion Z and the screw W we find the transformed screw w’. In addition, we compute
the coordinates of transformed screw depending on the components of dual Rodrigues vector

and the dual angle of the corresponding dual spherical motion.

Exponential mapping is an alternative method of Cayley mapping for finding the relation
between the rotation matrices and the skew symmetric matrices. This is the main idea of

Chapter Four.

1.1 Dual Numbers

Dual numbers were originally conceived by an English mathematician W.K. Clifford more
than a century ago (Clifford (1873)). In late 1940’s and early 1950’s, these numbers began to be
used in the area of screw calculus by a few scientist. Though 1960’s and 1970’s, dual numbers
were extensively applied in the analysis of spatial mechanisms by several investigators. In
1980’s, as researches in robotics area have progressed rapidly, these numbers are brought into

attentions of some robotics researchers and have been used in the formulation of homogeneous



transformation matrices and kinematic equations (Karger & Novak (1985)).

Their first applications to kinematics being attributed to both Kotel’nikov (1895) and Study
(1903). A comprehensive analysis of dual numbers and their applications to the kinematic
analysis of spatial linkages was conducted by Yang (1963) and Yang & Freudenstein (1964).
Veldkamp (1976) and Bottema & Roth (1978) include treatment of theoretical kinematics using

dual numbers.

Dual numbers have the form @ = a + €a* where €2 = 0. In this chapter we will discuss
the properties of dual numbers and dual quantities and define the dual number algebra. All
formal operations involving dual numbers are identical to those of ordinary algebra, while
taking into account that €2 = €3 = ... = 0. Dual numbers are performed using the laws of
conventional algebra in a way similar to complex numbers. On the other hand there is a
fundamental difference from complex numbers. As purely dual numbers do not have an

inverse, every non-zero complex number has an inverse.

The algebra of dual vectors is analogical with that of the 3-dimensional usual vectors but
with components existing of dual numbers. One of the most important properties dual vectors
have is that all of the vector identities of real 3 x 1 vectors carry over to dual vectors. This
property is called the principle of transference (Dimentberg (1965), Bottema & Roth (1978),
Martinez & Duffy. (1994)). From the principle of transference, dual vectors satisfy all the

identities of real vectors.

Functions of dual numbers can be expanded into functions of real numbers by Taylor’s series

expansion with 2 = €3 = ... =0.

Definition 1.1.1. A dual number A can be defined as an ordered pair

A= (a,a") (1.1.1)

of real numbers a and a*, with operations of addition and multiplication defined as follows.

Dual numbers of the form (0,a*) are called pure dual numbers. The real numbers a and a*
in expression (1.1.1) are called the real part and the dual part of A, respectively. We can write
simply,

ReA =a, DuA=a".



Let us define the set of all dual numbers by

D ={(a,a"):a,a* € R}.

Two dual numbers (a,a*) and (b,b*) are equal whenever they have the same real part and the

same dual part. That is,

(a,a*) = (b,b*) iff a=b and a* =b" (1.1.2)

The addition operation, @, is defined for the dual numbers A = (a,a*) and B = (b,b*) as

follows;

(a,a*)® (b,b*) = (a+b, a" +b") (1.1.3)

and the multiplication operation, ®, is defined by the equation

(a,a")® (b,b*) = (ab, ab* + a*b) (1.1.4)

In particular (a,0) @ (0,a*) and (0,1) ® (a*,0) = (0,a*). Hence

(a,a")=(a,0)®(0,1)® (a*,0) (1.1.5)

Any ordered pair (a,0) is to be identified as the real number a, and so the set of dual numbers
includes real numbers as a subset. Moreover, the operations defined by equations (1.1.3) and
(1.1.4) become the usual operations of addition and multiplication when restricted to the real
numbers :

(a,0)® (b,0) = (a+b,0+0) = (a+b,0)

(a,0)® (b,0) = (ab, a.0+0.b) = (ab,0).

The dual number system is thus a natural extension of the real number system.

Thinking of a real number as either a or (a,0) and letting € denote the pure dual number (0, 1),



we can rewrite equation (1.1.5) as
(a,a*) = (a,0) De® (a*,0).
That is,
(a,a") =a+ea". (1.1.6)
Also we can note that,
g2=(0,1)®(0,1) = (0.0, 0.1 +1.0) = (0,0).

That is, €2 =0 and itis clearthat e2 =3 =... =" =0.

In view of identity (1.1.6), equations (1.1.3) and (1.1.4) become

(a+ea*)+ (b+€eb*) = (a+b)+e(a"+b"), (1.1.7)
(a+ea*)(b+eb*) = (ab+&*a*b*)+e(ab* +a*h)
= ab+eg(ab* +a'b),

and also the reciprocal of a dual number (a + €a*) is

1 1 a—¢€&a* a—ea*

a+ea* a+eata—ea* a?

where a # 0, i.e., a + €a”* is not a pure dual number.
p

Observe that the right-hand sides of these equations can be obtained by formally
manipulating the terms on the left as if they involved only real numbers and by replacing &2 by

0 when it occurs.

1.2 Algebraic Properties

Theorem 1.2.1. The set of dual numbers with respect to addition, (D, ®) is an abelian group.



Proof. 1) It is clear that addition is closed on ID. For all A, B € D we have A® B € . 2) For all

A= (a,a*), B=(b,b*),C = (c,c*) € D addition is associative,
“uepec = ((@a)o®p))e ()

(a+b)+c,(a*+b")+c")

a+(b+c),a"+(b*+c))

(
(
= (a,a")®(b+c,b"+c)

= AD(B2O).

3) 0= (0,0) € D is the additive identity in D. V(a,a”) € D we have the requirement

(a,a*)®(0,0) = (a+0,a"+0) = (a,a”).

4) For each (a,a*) € D, (—a, —a*) is the additive inverse. That is,
(@0 @ (~a,~a") = (a+ (~a).a" + (~a")) = (0,0).

If A = (a,a*) € D then we denote (—a,—a*) € D by —A. Thus, (D,®) is a group.
Furthermore,

5) For all A,B we have A@ B = B®A. That is,

(a,a*)® (b,b*) = (a+b,a" +b")=(b+a, b*+a")= (b,b") D (a,a").

Therefore, we can say that (D, @) is an abelian group. O

Theorem 1.2.2. The set of dual numbers with respect to addition and multiplication, (D, ®,®),

is a commutative ring with identity.

Proof. We can follow two steps;

i) (D, ®) is an abelian group.



ii) Multiplication is associative and it has distributive property over addition and (1,0) is the
multiplicative identity.
R1) (D,®) is an abelian group. R2) It is clear that multiplication is closed on D. For all
A,B €D, we have

ARBeD.

R3) Multiplication is associative. That is, for all A,B,C € D

(A®B)®C = bb*) (c,¢)
= (ab, ab" +a"b) ® (c,c*)
= (abc, abc* +ab*c+a*bc)
= (a,a")® (bc, bc*+b*c)

= A®(B®O).

R4) Multiplication is distributive over addition. That is,

epec = ((@a)obb)) o)

—

a+b,a"+b")®(c,c*)

Il
/N

(a+b)c, (a*+b*)c+(a+b)c*)

ac+bc, a*c+ac* +b*c+bc*)

—

ac, a*c+ac*) @ (be, b*c+ bc*)

= ARCO®B®C for all A,B,C €D.

Hence the right distributive property holds. Similarly A® (B®&C) =ARB®A®C for all
A,B,C € D, the left distributive property holds.

Thus (D, ®,®) is a ring. Moreover;
R5) For all A,B € D, we have

A®B=(a,a")® (b,b") = (ab, ab* +a"b) = (ba, ba" +b*a) = BRQA.



Multiplication is commutative. Also, R6) (1,0) € D is the identity element with respect to

multiplication;
(a,a*)®(1,0) = (1,0) ® (a,a”) = (a,a”), YA = (a,a*) € D.

Thus, (D, ®,®) is a commutative ring with identity. O

1.3 Dual Vectors

Definition 1.3.1. If v,»* € R? then we can define a dual vector » in three dimensional dual
space D3, by # = v + ev* (Here in after hat over a quantity, such as number, angle, vector, etc.,
will denote the dual version of that quantity).

The set D? is defined by D* = {a +ea* : a,a* € R3, &> =0}.

The standard algebraic properties for vectors in R can also be defined in D3. Given
pweD3andd €D, where p =v+ev*, w =w+ew* and L = A +eA* with v,v*, w,w* € R3,

AA*ER

(i) Equality

P=w iff v=w and v  =w"
(i1) Addition of Dual Vectors

VW =w+ev )+ (wtew')=v+w)+e +ew")

(iii)) Multiplication of a Dual Vector by a Dual Number

o
<
Il

(A+eL™)(v+evh)
= Av+eAv +ed v+ ey

= Av+e(Av +A%)



(iv) Inner Product of Dual Vectors

(v+ev')(w+ew")

FS)
>
Il

2k ok

= vwtevw +eviw+ev'w
= wwt+elw +v'w)
= wyv+ewv+wy")

= Ww.b (inner product is commutative)

(v) Cross Product of Dual Vectors

(v+ev') x (w+ew")

<>
X
R 53
Il

= vxwH+Exw +ev xw)

# WXV (cross product is not commutative)

Since, for some nonzero 7,7 € D we have i0 =0 (e.g., 2€.3¢ = 62 = 0). D is not a field

(i1 and v are zero divisors).

The set D3 satisfies all the axioms of vectors spaces, but its domain I is only a ring and not

a field this is why D3 is a D-module. However the elements of ID* are also called dual vectors.

Theorem 1.3.2. (D3, ®) is an abelian group.

Proof. 1) It is clear that addition is closed on D*. For all &, b € D* we have

D

+
S
Il

(a1 + €aj, ap + €ay, as + €a3) + (by + €b}, by + €b5, by + €b3)

= (ar+b1+e(ai+b]), a2+ by + (a3 +b3), as+bs + (a5 +b3) ) € D

2) For all @ = (a1 + €aj, ax + €a;, a3+ €aj), b= (b1 + €b}, by +eb;, bz + €by),

¢ =(c1+ec], ca+ecy, c3+€c;), addition is associative;

@ob)oe = (a1+bi+e(ai+bi).ar+br+e(as+b3),a3+bs+e(as +b3))

® (c1+&ci,co+€c5,c3+€c3)



= ((@r+b)+cr+e((ai+b7) + i), (a2+b2) e+ (a3 +b3) +c3),
(a3 +Db3)+c3+e((az+Db3)+c3 )

= (a1+(b1+cl)+£(a1+( T+cl)),ar+ (ba+c2)+€(as + (by+¢5)),
as+ (bs+c3) +€(ay+ (by+c3) )

= (a1+£aT,a2+8a2,a3+8a3)€9((b1+cl)+8( 1+¢1), (ba+c2)
+e(by+3), (ba+es) +e(bi+c3))

= asbhoe).

3)0=(0+£.0,0+¢£.0, 0+£.0) € D? is the additive identity in D3.

4) For each @ € D3, —a is the additive inverse. That is,

a+(—a) = (ai+ea), ax+e€ay, a3+eay)+ (—a) —eay, —ar — €ay, —az — €a3)
= <a1 —ay1+€(a—ay), ay—ar+€(lay —a3), a3 —az+€(a3 —a§)>

= (0,0,0).

A ~

5) For all a, b we have @ b = b D a. In other words,

D
©®
SO
Il
—

ai —FSCIT, a2+8a§, a3—|—8a§)€B(b1 —{—EbT, b2+8b§,b3—|—8b§)

a1+ b1+ &(ai +b7), ay+ by +e(as +b3), as+bs + (a3 + b))

/N TN

bi+ar+€(bi +ai), batar+e(bs +a3), by+as+ (b5 +a3))

= (b] + SbT +a;+ Salk, by + Sb; +ay+ Saé, by + 8b§ +az+ 861;)
= (b1 +&bj, by+¢€b;, by+¢eb3) ® (a1 + €aj, ar + €a3, a3+ €a3)
= boa.
Therefore, we can say that (D3, @) is an abelian group. O

Definition 1.3.3. Since D is a ring the additive abelian group D is a (left) D - module together
with a function D x D — D such that for all dA, éeDanda, beD.

(i) d(a+b) =da+db

(ii) (d +é)a = da+éa
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(iii) d(éa) = (dé)a
If D has an identity element 1 and
(iv) Ipd=dforallaeD

then D is said to be a unitary ID - module

Theorem 1.3.4. Since D is a ring the additive abelian group D is a (left) D - module together
with a function D x D3 — D3 such that for all cf écDanda, b e D3.

(i) d(@+b) = da+db

(ii) (d +&)a = da + éa

(iii) d(é@) = (dé)a

If D has an identity element 1y and

(iv) Ipa = a for all & € D? then D? is said to be a unitary D - module.

D* ={a=a+ea*|a,a* €R> =0}

A

(i) d@a+b) = d((al Vedl, ar+eds, ay +€al) + (by +€bY, by +€b, b3+£b§)>

- cf(al byt e(@+bY), ar byt e(al+b3), ay +b3+£(a’3‘+b§)>

= (di +ed], dy+&ds, d3+8d§‘)<a1 + by +€(d} +b7), ar+ by
+a@+@x@+m+a@+%0

- (d1+8df)(a1+b1+e(a’f+b“f))+(d2+£d§)<a2+b2+£(a§+b§))
o+ (ds + &) (a3 + by + £(a5 + b3))

= di(+b)+(di(a} +b}) +dj (@1 +b1) ) +da(ar +bo)
+€(d2(a§+b§) +d§(az+b2)) +ds(az +b3)
+(da(as +b3) + di(as +b3)

= dja)+dib +€da) + €d\b] + &dja) + €d by + dray + daby + €dra;
+ edybs + edyay + €diby + dzas + dsbs + €dsa; + €d3by + ediaz + €d3bs

= dia)+e(dial +dia))+diby +&(dib] +dib)) + drar + €(dras + draz)
+ doby + €(dob} + diby) + daz + €(d3ds + dias) + dsbs + (dsb} + dib3)

= da+db.



(ii) (d+¢) (di +edi, do+eds, dy+ed3) + (e + €, e + €€, e3+ee§>)

>
>
Il
—~ /—\

ai +€ay, a) + €ay, a3+ €a3)

I
/N

di+e; —‘r£(dik +€T), d2+€2+8(d; —i—eﬁ), ds+e;3 +£(d§ +e§)>

ai +€aj, a) + €ay, a3+ €a3)

—~

di +enar+e((df +ei)ar + (dy +e1)at) + (da + e2)az
(&3 +€3)ar+ (dr +2)a3 ) + (ds +e3)as
e((d; +e5)as + (ds +e3)as )
= dia1+e(dia) +dya)) +eja; +€(eja; +era)) +dran
+e(dsar + dras) + erar + €(e5as + e2a5) + dzaz + €(d3a3 + dza3)
+ezaz + €(ezas + e3a3)

= da+éa.

,

(iii) d(

>

>

N
I

(di +&d;, dy+ ed3, ds+€d5) ((el teet, ex+ e, es+eel)
(a1 + €aj, ar+ €az,a3 + €a§)>
= (di+ed, dy+ed}, ds+ed) (elal te(etar +eial), exa
+e(erar+eras), esasz + €(ezaz + e3a§))
— di(ea)) + € (dl (ehar +eral) —|—df(e1a1)) +do(erar)
te (dz(ezaz Veral) +di (ezaz)) +ds(esa3)
+é€ <d3 (e3a3+eza3) +d; (e3a3)>
= (die1)a)+¢€ ((dle’[)m + (dye1)a) + (di‘el)cn) + (d2e2)ar
((dzé;)ag + (drea)a; + (diez)az) + (dze3)as
((d3e;)a3 + (dses) s+ (dies )a3)
— (dier)ar +¢ ((dle“[ Fdie)ar + (dlel)a’f> + (dher)ar
((d262 +dier)ay + (drer)a ) (dze3)as
((
e

d3e3 —|—d3€3 a3+(d3e3) )
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If D has an identity element 1p and

(iv) Ipa = lp(a1+¢€aj, ax+€ay, az+&€a3)
- (ID(al—FEaT), In(as +€ab), 1D(a3+ea§))

(1]1))611 + IDECIT, 1pas + IDELZ;, Ipas + I]D)Sa;)
(a1 +€ay, ar+ €a5, a3 + €a3)

= a forallaeD?.

1.4 The Norm of a Dual Vector

Definition 1.4.1. D3 is a linear space over the real numbers with dimension 6. This bilinear

form defines a kind of degenerate scalar product. It induces a "norm" which will be denoted by

=

Il = )'2=|p+ev)v+ev?)

=

= [pw+2ew* X" *ﬁ = [vv + 2ewv”]

*

4
= (W]P+2em7)t = HvH(l—l—ZeH H2>

1
2

*

_ Hvu[(He” ”2) ]

= Wwl+epr = (. T)-

*

= (e )

=
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1.5 Dual Unit Vectors

Definition 1.5.1. If the norm of a dual vector is (1,0) then this dual vector is called the dual

unit vector. If ¥ = v 4+ €v* is a dual unit vector then

ol =v+e H (” I H>:(1’0)

and which implies ||v|| = 1 and vw* = 0.

1.6 Dual Functions

Definition 1.6.1. Let D and Y be the sets of dual numbers. A dual function f from a dual set

Y is a rule that assigns a unique element f(£) € Y to each element £ € D.

A symbolic way to say 'y is a dual function of £’ is writing

=) (Vequals f of %)

In this notation, the symbol f represents the dual function. The letter X, called the
independent variable, represents the input value of f, and §, the dependent variable, represents

the corresponding output value of f at X.

The set D of all possible input values is called the domain of the dual function. The set of
all values of f(%) as £ varies throughout D is called the range of the dual function. The range

may not include every element in the dual set Y.

Assume that § = y+ €y* is the value of the function f at £ = x4 €x*. In other words;

y+ey = f(x+ex’).

Here real part, y, and a dual part, y*, of  depend on the real variables x and x*. (y and y* depend

on two variables x and x*). For example, if we take f(X) = (£)?, then
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(%) = f(x+ex*) = (x+ex*)? = x> 4 €2xx* since €2 = 0. Thus, y = x* and y* = 2xx*.
This simple example shows that a function of a dual variable can be expressed in terms of a

pair of real valued functions of real variables x and x*, now let us examine f(%) as ;
fX) =f(x,x")+ef(x,x")

where £ = x+ &x* is a dual variable, f and f* are two, generally different, functions of two

variables, x and x*.

Hence similar to the real case we can think of the Taylor series expansion of a dual function
with €2 = €3 = ... = 0. Let f(£) be a differentiable function. A function of a single dual number
is given by

f®) = flx+ex) = flx) +ex"f'(x)

provided that the function f(x) has the derivative f’(x).

We can obtain this result similar to the real case by the Taylor series expansion of

f(®): o
f&w+m+giﬁlﬂwmwn.

n!

(—x0)
1!

&) =f(xo)+

If we write X as £ = x4 &x* and apply Taylor series expansion at xp = 0 then (Maclaurin series

of f(X) is given by)

flatext) = ﬂm+@ﬁ?ﬂf@+ +@thym@+m
* n —1 %
— £(0) “ﬁ?”f@+m+x+fflxﬂMm+m

where the first part of the expression is the Taylor series expansion of f(x) and the second part
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is the Taylor series expansion of f/(x). Thus we have
(1.6.1)

f&) = flx+ex") = fx) +ex"f(x).

This result is also useful in computing basic functions of dual numbers such as following

examples.
Example 1.6.2.
U SR B . (P H3x%ext) (X +5xtex”)
s1nx—x—§+§—... = Xx+&x — 3 + S0 —
B ¥ X e ¥
= (x—ﬁ—kﬁ—...)—i-&c ( —E‘FE—)
s;[:x Cosx
Hence,
sinf = sin(x+ &€x*) = sinx+ €x” cosx
Similarly,
cos(x+ €x*) = cosx — €x" sinx,

tan(x 4 £x*) = tanx + £x* (1 + tanx),

2x = cotx — ex*(1 +cot’ x).

cot(x+ ex*) = cotx — ex*csc

Also using the Taylor series expansion of a dual function, a dual number raised to a power is

given by
()" = (x+&x")" ="+ enx'x"!

where n can be any real number.

In particular, when n = 2;
(£)? = (x+ &x*)? = x> + 2exx”*

and when n = %;

() =VEi=Vitexr = \/)?Jrs;cﬁ.
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The Taylor series expansion also allows us to write the dual form of exponential and logarithmic

functions, for example;
oY k *
&= e(x+8x ) — e et = ex(l +SX*) _ €x+8x*€x,
*

In® = In(x+&x*) = Inx+¢ —.
X

In conclusion, all formal operations of dual numbers are the same as those of ordinary

algebra followed by setting €2 = €3 = ... = 0.

1.7 Dual Matrix

Definition 1.7.1. Dual matrices can be defined likewise, i.e., if A and A* are two real n X n
matrices, A is defined as

A=A+eA*.

3 x 3 homogeneous dual transformation matrices play an important role in the kinematics and

dynamics of robot manipulators.

Definition 1.7.2. Transpose of a dual matrix is defined as follows:
AT = (A+eA") = AT +e(a")"

where the superscripts 7 denote transposes of dual and real matrices.

Definition 1.7.3. An identity dual matrix, denoted by /, is defined, as follows:
I=1+¢€0

(where [ is a real identity matrix and O is a null matrix).

Definition 1.7.4. The inverse of a dual matrix A is defined by a dual matrix A~! such that

A~'A = AA~! = I where I is an identity dual matrix.



CHAPTER TWO
THE STUDY MAPPING

The dual representations of a line is simply the Pliicker vector written as a dual unit vector.
This vector is a point on a unit sphere in ID* which is also the image of the Pliicker quadric
in D3. This representation has all the geometric structure offered by the Pliicker coordinates
with a simplified computational structure. The computational problem of computing points on
a quadric in P? is reduced to a problem in a dual form spherical geometry. This is the result
of the transfer principle first proposed by Kotel’nikov (1895) and discovered independently
by Study (1903). The transfer principle simply states that for any operation defined for a real
vector space, there is a dual version with similar interpretation (see Dimentberg (1965) for a

discussion of the transfer principle).

In the kinematics and dynamics of robot manipulators, a straight line is one of the
fundamental geometrical concepts. The dual number algebra provides us with a particularly

simple way of representing a straight line.

The dual unit vector is required for the dual representation of a line. The Pliicker vector

representation of a line is given by a vector directed along the line and a moment vector.

The points on the dual unit sphere represent lines in R3. There exist a one to one

correspondence between the points on D.U.S. and oriented straight lines in R3 (Study

mapping).

Dual numbers are particularly useful for expression of dual angles, which are, in turn, useful
for expressing the spatial relationship between skew lines in space. Skew straight lines in space
are separated by a perpendicular distance, d, and the projection of one line onto the other along

that perpendicular forms an angle, 8. The dual angle describing the relationship is 6=06+ed.

2.1 Dual Unit Sphere (D.U.S)

Definition 2.1.1. Dual unit vectors define points on a sphere in D3. This sphere is referred to

as the dual unit sphere.

17
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In other words, the set of all dual vectors
{P=vt+ev" | ||P]| =(1,0);v,v" € ]R3}

is called the dual unit sphere (D.U.S) in D3.

2.2 Oriented Lines

Definition 2.2.1. An oriented line ¢ which is also called a spear can be defined by a point p € ¢
and a unit direction vector g. On the other hand, a unit force on ¢ with respect to the origin O
defines the moment vector g*. The norm of the moment vector is the smallest distance from

line to the origin where physically the moment vector g* is defined by g* = p x g.

Figure 2.1 Pliicker coordinates.

The coordinates (g,g*) = (g,p x g) of the line ¢ with the six components

(81,82,83,81%,82",83") are called the Pliicker coordinates of line /. Since g is a unit vector
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and v* (the moment vector), is orthogonal to g, we have

gg=1 and gg*=0.

E. Study first combined the two parts of the Pliicker coordinate vector of a line into a dual
vector by letting

g=g+eg. (2.2.1)

If we compute the norm of (2.2.1), we get

I8l> =22 =gg+2egg" =1
where €2 = 0, g has unit length and g and g* are orthogonal.

If we substitute the unit dual vector g at the center of the D.U.S, it is clear that the unit dual
vector g corresponds to a point (g,g*) on the D.U.S. Since the coordinates of the dual point
(g,g") are the Pliicker coordinates of the oriented line ¢, the oriented line corresponds to a dual

point on the D.U.S. (Pottmann & Wallner (2001)).

2.3 The Study Mapping

The mapping which assigns to an oriented line of Euclidean space the dual vector
g = g+ €g*, where (g,g%) are its Pliicker coordinates, is called the Study mapping.
Therefore the Study mapping constitutes a one to one correspondence between the oriented
lines of R? space and the dual points of the D.U.S. (Its image is called the Study model of

oriented lines of R3). Moreover the D.U.S is also called the Study sphere.

The angle between the dual vectors is called a dual angle. (The dual angle is useful for
expressing the spatial relationship between skew lines in space). Let us denote the angle

between the dual unit vectors @ = g + eg* and i = h+ eh* by ¢ = @ + £¢*.

The scalar product of two dual unit vectors g, hhasa simple geometric meaning in terms of

the spears (G, H respectively) they represent:
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We define the distance d(G,H) between two lines G,H in R? as the smallest distance
between points g € G and 2 € H. The minimum value is attained if g,/ are the points where

the common perpendicular of G,H meets G and H, respectively.(cf. figure 2.2)

The common perpendicular of an ordered pair (G,H) of spears can be given an
orientation: If (g,g*) and (h,h*) are the Pliicker coordinates of G and H, respectively, the

common perpendicular N is given an orientation by the vector g x h.

Definition 2.3.1. The dual angle of two spears G, H is defined by
%(G,H) = <(G,H) +¢d(G,H).

Lemma 2.3.2. The scalar product in D? is a Euclidean invariant. If G,H are two lines whose

Study images are Q,fl, then there is the equation

N

g.h=cos® =cosQ—edsing
where ¢ = <(G,H), $ =<(G,H), andd =d(G,H).
Lemma 2.3.3. The dual angle is defined as
¢=0p+eo”

where @ (real component of Q) is projected angle between lines G and H and @* (dual
component of Q) is the shortest distance between the lines G and H (length of common

perpendicular) Muller (1963).

Proof. Assume that g, h are the points where their common perpendicular meets the lines G, H.

The scalar product of g and his computed by the following:
gh=gh+e(gh +g"h)

and

8.h = 8|.||||.cos @ = cos p = cos @ — g@*sing
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Therefore

gh=gh+e(gh +g"h)=cosQ—e@*sing (2.3.1)

Using the equality of dual numbers (1.1.2), we have

g.h =coso.

Now we will investigate the dual part @* of the dual angle .

We know that the dual unit vectors g and h represent two oriented lines G and H,
respectively. If we take a unit vector which is perpendicular to both G and H then we can

denote it by
gxh
n=F—-.
lg < h|

A straight line passing through the shortest distance between the oriented lines G and H
intersects these lines at two points, say x and y, respectively. Also the vectorial moments of the
lines G and H with respect to the origin are g* =x x g and h* =y x h, respectively. Hence we

can compute the scalar product of h and g*, and the scalar product of g and h*;
g h=(xxg)h=(x,g,h)=x(gxh) (2.3.2)

gh" =g.(yxh)=—(y,g,h)=—y(gxh) (2.3.3)

The sum of (2.3.2) and (2.3.3) we have,

g h+gh” =(x—y)(gxh) (2.3.4)

If the shortest distance between the lines G and H is denoted by v, then the oriented distance
is defined by
gxh
lg > k|

X—y=y.n=FYy (2.3.5)
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Substituting (2.3.5) into (2.3.4) we get,

* * Xh : .
gh'+g"h= ﬂF!//(g S _ TVlg x k| =Fysing (2.3.6)
lg x k||
From (2.3.1) and (2.3.6) we take
—@*sing = Fysing (2.3.7)

Depending on the orientation of n we can take the suitable sign and obtain the shortest

distance v is equal to @*. O

Figure 2.2 The geometric meaning of the dual angle.

2.4 The Dual Angle of Spears

As a summary we can investigate the positions of oriented straight lines, G and H
corresponding to dual unit vectors g and h, respectively. If we denote the dual angle
between the dual unit vectors & and /i of D.U.S by ¢ = @+ £¢* then ¢ is the angle between the

corresponding oriented straight lines (if these lines are skew, ¢ is the projected angle) and ¢*
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is the shortest distance between these lines.

As a consequence, when we consider the formula (2.3.1) we have the following cases:

T

DIfgh=0 ie ¢ =7 and ¢@* =0 then G and H represent perpendicular intersecting

straight lines in R3.

2) If 2.k is equal to a pure dual number org.h =0 ie @ = T and ¢@* # 0 then oriented

straight lines G and H represent skew lines which have perpendicular projections in R.

3) If the dual part of &.his equal to zero, i.e g*.h+gh* =0 or ¢* =0 then G and H

represent intersecting straight lines.

4) If .k has a real part equal to +1 or —1 and dual part different from zero then g and h

represent parallel lines in R>.

5) If 8.7 has only real part equal to 4+1 or —1 then G and H represent coincident two lines

in R3.



CHAPTER THREE
THE DUAL EULER PARAMETERS

3.1 Cayley Formula

As we have mentioned before, we examine the rotations of dual unit sphere instead of the
rigid body motion in R? space (The Study mapping). The trajectory of the rigid body motion is
represented by a dual curve on the dual unit sphere. We can obtain this curve by the rotations
of a moving dual unit sphere on the fixed dual unit sphere with the same center. This is why
we are dealing with rotations of the dual unit sphere. This is also a rigid transformation. Hence
any point £ on the moving dual unit sphere determines the point X on the fixed dual unit sphere

by a dual rotation matrix A such that

Because of the rigidity of this transformation we have ||X || = ||| that is,

~

1X|?=RTX = (A%)TAx = £TAT A = 275 = ||%|?

which yields ATA = I, thus A is an orthogonal dual matrix.

On the other hand, equality of norms || X|| = VXTX = ViTATA% = V&% = ||%|| implies

XTX = £T £ and then we have

where X% = a € D (4 denotes any dual number) and fTXx=a

orthogonality of (X —£) and (X +%).
Since X = A)?,

A

X+i=@A+D% or 5=A+D"X+%) and (X —%)= (A1)

24
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Hence we can compute

Let us denote (A —I)(A+1)~' by B. Since X — £ is orthogonal to X +£. B(X + %) is

orthogonal to X 4 £. For a general dual vector », B is orthogonal to #. Then we have
pTBY =Y (bij+bji)9ip; = 0.
This relation holds for every ¥ hence b;; = 0 and b, i = —b ji- Which implies the property
B = —BT, that s, B is skew symmetric.

On the other hand skew symmetry of B provides (I — B) not to be singular. A simple

computation yields

Hence we get the Cayley Formula for the dual case:

~ A

A=I+B)(I-B)".

Let us compute A”;

AT = a+BN (-8~

= (I+B"y(-B")!

Thus we have

since B is skew symmetric.
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In fact

Hence every skew symmetric dual matrix B determines an orthogonal dual matrix A.

If we define the skew symmetric dual matrix B by

0 —-bs b
é = [;3 0 —];1
by b 0

then instead of B9 (9 is a dual vector on the D.U.S.) one can use b x $ where

b= (131,132,133). Hence

o
<>
Il
S
X
<>

3.2 Rodrigues’ Equations

Given an orthogonal dual matrix A we can obtain a skew symmetric dual matrix B by the

Cayley’s formula. It is clear that the relation

X—2=BX+%)

This is analogous to the Rodrigues equations in the real case. Let us call b the dual
Rodrigues vector. Now we define a dual hyperplane perpendicular to b and denote the
projections of X and £ on this dual plane by X’ and £. Let ¢ be the angle between X’ and

# (@ is the vertex angle of the rhombus formed by X’ and & so @ is the rotation angle).
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Figure 3.1 The thombus formed by x and X
The norm of

It is clear that X — £ = b x (X 4+ £) implies X' — % = b x (X' + %)

—%=bx(X+%)is |X' —&| = ||b]||| X’ +#||. Hence
&

1y = X =21
T

It is easy to verify from the figure 3.1 that

A

X5
HAix” = tan 9 .
I|X"+ 2| 2
Therefore
o ?
b = 3.2.1
1] = tan $. G2.1)
Using the algebra of dual numbers properties we obtain from (3.2.1)
(3.2.2)

A b.b*
5]} = B]] + &
1]
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and using (1.6.1) we have

o o ¢ 2 ¢
t.amz—tanz—i-.s‘2 1+tan

323
> (3.23)
The equality of (3.2.2) and (3.2.3) implies
bb* ¢, ¢ 29
b =tan—+€—(1+tan” - 324
o1+ an2+82(+an i (3.2.4)
Thus we have from (3.2.4) the norm of the real Rodrigues vector
_ 9
Bl = tan 5 (3.2.5)
and
bb* ¢ ( ) ¢>
=—(1+tan" = |. (3.2.6)
Bl 2 2
Let us denote the unit vector parallel to b by s then s = Hb—” where s = (s1,52,53) the unit
Rodrigues vector. So (3.2.6) yields;
* ¢* 2 ¢
b*=— | 1+tan” =~ 3.2.7
s 3 —+tan > ( )
On the other hand let us define the dual Rodrigues vector by § where § = ng. Using the
properties of the dual numbers we have
. b b < b* b(b.b*)>
§=s+e'=—F=—-++€| — — ——=* (3.2.8)
6] ]l Bl Bl

where s = (s1,52,53) and s* = (s}, s3,53). Hence
¢y = cos

are known as the dual Euler parameters.
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3.3 Quaternions

A quaternion is sometimes referred to as a "hyper complex number". Quaternions and dual
numbers were combined and generalized to form what is referred to as "Clifford Algebra"
as first discussed by Clifford in 1882. A modern text on quaternions is given by Kuipers
(1999). Applications to kinematic analysis is discussed by Yang and Blaschke (1960). A
comprehensive introduction to dual quaternions is to be found in (McCarthy (1990)), while an

abstract treatment is found in (Chevallier (1991)).

Definition 3.3.1. A quaternion Q is defined as a complex number depending on four units
1,i,j,k:
O=co+cii+crj+c3k, 3.3.1)

¢; (i=0,1,2,3) are real numbers called the components of Q. The addition of quaternions is
defined by
0+ Q' = (co+cri+caj+esk)+ (ch+chitchj+csk)

= (co+cp) + (c1+))i+ (ca+h)j+ (e3+h)k. (3.3.2)

The multiplication of two quaternions is distributive with respect to summation and is defined

by the following rules for the multiplication of the units:

2= =k=-1, (3.3.3)
Hence

00Q' = (co+ c1i+caj+c3k)(cy+chi+chj+chk)

/ / / / / / / AV
= (cocy—c1€] —cacy — c3¢3) + (coc| + cr1cy + cacy — €3¢5)i

+(coch + cach + e3¢y — c16y) j+ (cochy + c3¢h + c1¢h — each k. (3.3.4)

From (3.3.3) it follows that the multiplication is not commutative.
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If (co,c1,c2,c3) is a quaternion Q the conjugate quaternion Q is defined by
(co, —c1,—c2,—c3). From (3.3.4) it follows that 00 = 0Q = ¢+ ¢} + ¢35 + ¢, a non-negative

number called the norm of Q. If the norm is equal to 1 then Q is called a unit quaternion.

For a quaternion with ¢y = 0 the components (c;,c2,c3) may be considered as those of a

Euclidean vector; such a quaternion is called a vector quaternion.

Definition 3.3.2. A dual quaternion Q can be written as Q = (o + i1 + jér + ki3, where ¢y
is the scalar part (dual number), (¢1,¢;,¢3) is the vector part (dual vector), and i, j,k are
the usual quaternion units. The dual unit € commutes with quaternion units, for example
i€ = €i. A dual quaternion can be also considered as the sum of two ordinary quaternions,
Q = 0+ Q. Conjugation of a dual quaternion is defined using classical quaternion
conjugation: é =0+¢e0".

0 is a unit quaternion ichAl2 = 1, which implies Y.¢;*> = 1, Y. cici =0; 0 is a vector quaternion

if ¢y = 0, hence cop=cy* = 0.

Just like ordinary quaternions, dual quaternions are also associative, distributive, but not

commutative.

3.4 Euler Parameters

Rotations in real space can be identified by assembling the Euler parameters cg,c1,c2,c3 of
a rotation into the quaternion

Z=co+ciitcrj+cik
or explicitly

Z:cosg—ksl sin%i+szsin§j+S3singk.

On the other hand a vector x = (x,y,z) € R? is defined as the vector quaternion

x=xi+yj+zk.
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s
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e

Figure 3.2 The rotation of x.

The rotation is now given by the quaternion equation
x =7x7Z

where

Z=co—cii—cyj—c3k

is the conjugate of Z.

A spatial displacement can be identified by a coordinate transformation [T] in terms of
a rotation matrix [A] and a distance d, [T] = [A,d]. This coordinate transformation can be

represented by a dual quaternion

~ ~ ~ ~

Z:cos§+§1 sinEi—i-sAzsingj—HBsin%k.

The dual quaternion Z is sum of the real Z and Z* components where Z is the quaternion

obtained from rotation A and Z* is the quaternion obtained from

AR lDZ
2

where D is the quaternion, D = dyi+d, j + dzk, formed from the translation vectord = (d},d;,d3).
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The components of the dual quaternion Z are known as the dual Euler parameters of the spatial
displacement. Using the dual Euler parameters, we can represent the dual orthogonal matrix A

by
[A] I+2singcos§[§] +2sin’ g[ﬁz]

If we identify a screw w = (w,v) where w is the angular velocity and v is the linear velocity by
a dual vector w = w + € as the dual quaternion w = (w; + €v;)i+ (wa +€v2)j+ (w3 +€v3 )k in
above transformation [T'] then we get the final screw w' = (w',»’) (where w' is the transformed

angular velocity and v’ is the transformed linear velocity) which is defined as by W' = w’ + &/

N

W =7Zw

where Z is the conjugate of Z.

,,,,
,,,,
,,,,
""""
’
ﬂ’

Screw axis

Figure 3.3 Screw transformation

In this chapter, using the E. Study mapping we transfer the motion in R? space on the Dual
Unit Sphere. Instead of the transformation matrix [T] in real space we use the corresponding
dual rotation matrix A on the D.U.S. and using the Cayley mapping we find dual Rodrigues
parameters and the dual Euler parameters. The dual Euler parameters here are obtained by

using the dual Rodrigues vector b and the rotation angle @. Then we investigate the results of
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the dual Euler parameters in the real space.

Defining 7 =208+ ¢li+é Jj + &3k with the dual Euler parameters and the screw in the
corresponding spatial displacement by w = w + €v, the final screw (or the transformed screw)
W =w' + eV is obtained again by W = 7%Z but transformed screw has the coordinates
depending on the dual Rodrigues vector b and the dual angle ¢ of the corresponding dual

spherical motion.

Figure 3.4 The relation between the rotation of D.U.S. and the screw transformation.

G
& = citec” :sm§ §; = sin —

2 |a]

_ N A AV bi*  bi (bb*)
) sz+82e%z)0wﬁ*<mu HM3>>

_ b sin¢—|—g<¢* COSQ bi —I—sin% (bi* b[(bb*)))

Bl 2 22 | bl 1813

= bi sin¢—i—£<¢* COSQ b; —f—Sil’lQ < bi*q) _bl(bb*)>>

2 2 tan% 2 \tan 5 tan’ %
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_ 9 (9 sl oot b tcos® o (€05 5) bilBE)
= b; cos2 + € 2 2cot2 b,+0052 b; sm”
= b,0052 +e& 5 coszcot2 b; +0052 b; coszcot bi(bb™)

~ beos? o, ﬂ‘ﬂ_ R W D
= blcosz%—scos2 b; cot2 b(bb)cot2 +b* |, i=1,2,3.

Using (3.2.5) and (3.2.6) we have

bb* = ¢*mng<1+m#¢> (3.4.1)

Hence we have from (3.4.1)

¢ = C,'—I—Sci*

= bicosg + €cos

¢ (ﬂ*tang(l —&—tanzz)) cotﬁ) —i—bi*)

o9 o(, ¢
= b;cos 7 + €cos 7 b; cot >
= bicosg~l—ecos (

2
= bmosi—l—scosﬁ(b,-*—biq;tan¢>

= bcosﬁ—h‘:(b cos¢—b-¢sinz>, i=1,2,3.

Wz =W (3.4.2)

IwZ = (@0 +61i+@2j+63k) ((Wl +8V1)i+ (Wz +€V2)j+ (W3 +8V3)k)

(60— C1i— Eaj — E3K)



35

— (50 +€1i+52j+é3k){ ((61 +801*)(w1 +8V1) + (Cz +€Cz*)(W2 —|-8V2)

+ (34 €c3™) (w3 +€v3 ( (cot+€co™) (w1 +€vi)— (cz+ec3™)(wa+€v7)

)+
+ (c2+€c2™)(ws +8v;))z+ ( co+€co®)(wr+€vy) — (c1 + €c17) (w3 + €v3)
+ (c34+€c3™)(wy +£v1))]+ ( co+€co”) (w3 +e€v3) — (ca+€c2™)(wi +¢€vy)

+(c1+ec1™)(wr + v )k}
- {@0 (@1w1 +62W2+63W3> —é (éowl —63wz+ézwa)

— 62 (60\/?/2 — 51W3 + €3W1) - 63 <CAOW3 - CAZWI +61W2) }

¥ {@1 (@m +éaWy +é3w3) +& (éowl — &3 +52W3>

o (50w3 _ oW + élwz) —& <60W2 FE s+ @m) }i

+ {@2 (@1W1 — 62W2 + 63W3> + éo (C‘OWZ - é1"?’3 +63W1)

+ &3 (60W1 — 3wy + 52W3> —C1 (50W3 — G+ 51W2 }J
+ {@3 (51W1 + EaWp + 53%) + & (CoW3 — Cowy +61W2)
)}

+é (éowz — s+ ém) —& (éowl 3+ 52W3 k

|
—

(c% v +é§)w1 n (2@152 —2@053)w2 n (26163 —26062>W3}i
{ (201C2 —|-260C2) w1+ ( %—cl —|—cz — c3)wz + (2C26’3 —26‘06‘1) } j

+ {( 2@0@2)w1 + <26263 +2@o@1)w2 + (eg &2 & —l—c3> }

= Wi+Wwhj+Wsk where W, =wi+ev., i=1,23.

Transformed angular velocity : w' = (w|,w),w}) and Transformed linear velocity :
v = (v],v},V;) where W' = w’ 4+ &v'. Hence using
¢ ¢ ¢ . ¢

o = co+€cp” =C0S— =C0S— — E-——sin—,
2 2 2 2’

¢l =c1+ec” :blcos<2b+6<b1*cos<2b—b12sini),



Gr=cr+ecy = bzcosg—i—e (bz*cosg —b27 sin?) ,

é3=c3+¢€c3" = bgcosg+s <b3*cos ;b b3% smi)

we get the angular velocity w’ as,

Wll = COS2 % (W] (1 +b% — b% — b%) + (2b2 + 2b1b3)W3 + (—2b3 + 2b1b2)W2) ,

<-

le = 0052 — (Wz(] +b% — b% — b%) + (2b3 + 2b1b2)W1 + (—2b1 + 2b1b3)W3),

[\S]

wh = cos’ 4 (W3( + b3 — bt —b3) + (2by +2bab3)w3 + (—2by +2b1b3)w1).

Similarly we obtain the linear velocity v’ as,

= w <200s2< ¢—sm9+b101 bzcﬁ—b3c§>)+v1 <cosz¢(l+bf—b%—b§>>

Vi

4wy <2cos<2b <b1c§ —byc}] —c3+ %b3 sinq;)) +v <2cos 29 (blbz —b3>>
+ w3 (200s2 <blc§ +bsc]+c3— %bz sinﬁ)) +v <20052 ¢ <b1b3 +b2>>

= w (20052 <b1c§ +byci + ¢35 — %b3 sin?)) + v (2(:032 ¢ <b1b2+b3)>

+ws (20052 < — % s1ng —bic] +bac; — b3c§>) +w <0052 g (1 —bi+b3 —b%))

+ w3 (2003‘5 (bzc§ +bscs—ci+ %bl sini)) +v3 <ZCos 29 <b2b3 —b1>>

= w 20059 b1c§+bgc’f—c§+¢—bzsin9 + v 2c0329 bib; — by
2 2 2 2
+wy (20052 <b20§+b3c§—|—cT - %bl sini)) + vy (2005 29 <b2b3 +b1)>

+W3<2COS(§(—¢ZSIH(§ blc’f—bzc§+b3c§>>+\/3<cos (21)(1_[)2 b%+b§)>
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where

*
Cix = b?cosg —bi% sin%

3.5 Conclusion

The rotation of the D.U.S. is given by a dual orthogonal matrix A. Using the Cayley
Mapping we obtain the skew symmetric matrix B from A. The components of B determines
the dual Rodrigues vector b and the components of I;, that is, 131 ,1;2,133 are called the dual
Rodrigues parameters. The dual Euler parameters ¢y, ¢1,¢2,63 are obtained from the dual
Rodrigues parameters. The dual quaternion Z is obtained from the dual Euler parameters.
The transformation in R? space, which corresponds to the rotation of the D.U.S., provides the

transformation of corresponding screws by the formula W' = ZwZ.

As a result we obtain the coordinates of the transformed screw W’ in terms of the dual

Rodrigues parameters of the corresponding dual rotation and the initial screw #.



CHAPTER FOUR
THE EXPONENTIAL MAPPING

4.1 The Dual Matrix Exponential

The exponential mapping is an alternative method for finding a relation between the
rotation matrices and the skew symmetric matrices (Mampetta (Spring 2006)). In this
chapter we examine the exponential mapping from so(3) x D (the set of dual 3 x 3 skew
symmetric matrices) to SO(3) x D (the set of dual 3 x 3 orthogonal or rotation matrices) (Park
(1994)) and (Selig (2004)). Using logarithm function we obtain the skew symmetric matrix B

from the orthogonal matrix A as in the case of Cayley mapping.

The direct calculation shows that a 3 x 3 skew symmetric dual matrix (Gallier & Xu (2002))

0 —by by
B = 133 0 —l;l
—by, b 0

satisfies a cubic equation

B+6°8=0,

where 02 = b2 + b3+ b3, B=B+¢eB*, 0 =0 +¢€6*, by =b;+eb* i=1,2,3.

= B+BbI+b+b3)=0
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= B*+B6?=0 where 8> =bj+b5+b3.

A systematic approach will be developed to find the exponential in so(3) x D. This

involves writing the skew symmetric matrix as a sum of mutually annihilating idempotents

(Selig (2005)).

Consider the three matrices

A 1 A A A A
P = g(B—ieh)(B—FieB)
1 5 A 1 4
= §(32+9213) = 53%13
. —1 A & A —1 4 i A
P, = ——B(B—ib) = ——B>+—B
- = gl Y Y
po— —LpBtion) = —Lir- L5
— = —=A=~ 1 = s - A
262 DY PR Y
N 1 o
P() = E(B*l@]3)(B+l913)
0 —B3 Bz é 0 0 lé —[;3 Bz
B—Flé]g = 133 0 —Bl +1i 0 é 0 = b3 lé —ZA?l
—by by 0O 0 0 6 —by by i
Similarly,
—i0 —by by
B—ibh = | by —ib —b
—b2 Bl —lé
A I s A 5 A
P = §(B+1913)(B*1913)
i0  —bs by —i0 —b; by
1 R R N R n R
= ? b3 i0 —bl b3 —i0 —b1
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—iZQZ—ZJ%—B% —il;3é+iéi93 —|—lA71i?2 ilszé —l—b}b}—iéi?z

= 2| —i0bs+ibbs+bibs —b}—i202—b?  byby—iOb; +byi6
i0by +b3by —byi®  byby —i0by +b1i0  —b5— b} —i*6?
62 — b3 — b3 bibs bibs
1 . A ..
= % byby 0% b} b3 bab;
8331 ];21;3 —b% — l;% + 62
1+e0 0 0 —b3—b3  biby bbs
= 0 14+¢€.0 0 & i?]i)g —g% — E% 3253
0 0 14+¢€.0 2331 b223 —];% — B%
A RS
since
0 by b 0 by b
éz = 83 0 —Bl l;3 0 —l;]
~by by 0 ~by by 0
B30 biby bibs
= B] l;z —l;% — ];% 52133
b3by byby b3 —D?

Similarly, 2, and

P_ are hold.

It is easy to see that these matrices annihilate each other since, for example,

ﬁoﬁ+ = 2é4 ( +l913)(é—lé13)2
-1 . ao A A A
= 2—(94(3%92 )(B—i0h)
=0

using the cubic equation satisfied by B.
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In general we have that, 2P, =0, BP_ =0and P,.P_ = 0.
These dual annihilating matrices can be found by expanding the reciprocal of the cubic into

partial fractions (Sobczyk (1997)). One consequence of this is that the sum of the dual matrices

is the identity matrix

po+ﬁ+ —i—P, =1h.

This can also be checked by direct computation.That is;

eborr = (g8 en)+ (558 +558) + (52 552)
o g2 7 202" 28 202" 20

= L

The fact that these dual annihilating matrices are idempotents is now easily proved, for

instance,
By=BLPy=Py+ P, +P )Py =P} +P . By+P Py=F}

and in general, POZ =P, PJZF =P, and P> =P_.

The final property we need is that a linear combination of the idempotents gives us back B,

The point of these manipulations is that if we raise B to some power then because the
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’P’ matrices are mutually annihilating there are no cross terms. Moreover since the *P’s are

idempotent only their coefficients are effected by the power
B" = (i0P_ —iOP, )" = (—i)"P, + (i6)"P_.

Hence the exponential of the dual matrix B can be found as

eé = 130 + e_iéf’+ + eiéIS,.

That is,
A Hp2 p3 A
e = 13—H§+—+B——|—...+B—+_._
20 "3 nl
AD AD épf—ép 2 éﬁi_ép n
= I3+(i9P—i9P+)+(12'l+)+_”+(ln"+)+m
AD AD 0P )2 —2iP_iOP, + (—i6P,)?
= 13+i9P7—i6P+—|—(l ) l 12'++<l ) T
(i0)"P_ + (—ib)"P,
+ Py -
A A . 0P 4 (—iD)2P OVp 1 (—if)p
= I3+i6P_—i9P++((l) J;f 0)py) -, (0) J;'( i0)"Py)
A A N A n A i0)2 . _i0)? .
= (PBo+Pr+P- +l.9P7—i9P+—|—(l )P7_|_( ! )P+—i—
2! 21
oy (b,
L OF  CO
n! n!
51 p 5, (i) (—if)"
= h+P 1—16+T+ ot

= 130 + eiié}a + eiéﬁ,.
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Now we can replace the idempotents by their definitions in terms of B to get

. 1. I T A N S
P = B iLte (— . B2+ZAB)+6’9 (— . Bz—lAB>
62 2027 29 202 20

i —if i\ p 1 i —if H2
= L+ —(e —e")B— —=(e" +e —2)B~.

Finally, replacing the complex exponential by trigonometric functions we have

5 1 A A 1 Al A
B . 2
e’ =L+ —~sin@B+ — (1 —cos8)B".
: 0 62( )

That is,

= I3+%(cosé—isiné—cosé—isiné)é

1 A ~ ~ ~ A
2é2(cosl9—isin9 +cos@ +isin@ —2)B°

l A A
= L+ —%(—2isinB)B —
3 29( )

1 ~ A
—(2cos§ —2)B?
262

1 Aa 1 . A
= L+ —sinGB+ —(1—cos6)B?
T 52 )

since ¢/ = cos O +isinB and ¢ = cosH —isin 6.

The inverse function, the logarithm, is not hard to find. Suppose that we are given an
arbitrary 3 x 3 special orthogonal dual matrix, that is, an element of SO(3). A say. We can find

the angle 6 and the anti-symmetric matrix B as follows. Notice that Tr(f3) = 3, Tr(B) = 0 and

Tr(B?) = —262. Comparing A with the exponential of a Lie algebra element, we have
~ B | PO | AL Ad
A=¢" =L+ <sin6B+ ——(1—cos6)B~,
0 6?2

so the trace of A gives



Then we have

| R | R .
Tr(l3) + 5 sin@ Tr(B) + &(1 —cos ) Tr(B?)

1 1 . .
34+ .0+ —(1—cosB)(—282
5 92( )( )

3—2+2cosb

1+2cos.
. Tr(A)—1
06 = arccos (L>
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4.1.1)

To find the anti-symmetric matrix B observe that since the matrix B is anti-symmetric, its

square B2 must be symmetric like /3. Hence, if we compute A —A” we will obtain

oA 1 U | Al . 1 A A 1 A A
A—AT = I+ —<sin@B+ —(1 —cosO Bz)—<1 + —sin@BT + —(1 —cosH) (BT 2)
(14 gsindB+ (1 —cos)B?) - (s 5 451 cosd)(B)
1 A oA 1 N N
= —sin@(B—B")+—(1—cosB (Bz— BT 2)
5 5inO(8— B7) + 5 (1 - cos0) (B2~ (")
1 A A
= —<sin6 2B
0
2 A A
= —=sinfB
¢]
since
0 —133 52 0 23 _22
B\*B\T 23 0 —];1 - —53 0 Bl
—by by 0 by by 0
0 —2by 2b,
2bs 0 2b




0 —bs b
= 2 @3 0 —El
—b, b 0
= 2B
and
R by bib R
B‘Z_(B‘T)Z = l;]gg —]A?%—l;% 2283 - ];1132
biby by 2P biby
= 0.
Thus we have
~ ~ 2 AA
A—AT = ZsinbB
0
and then X
A 9 ~ /\T
B=——(A-A")
2sin 0
Substituting (4.1.1) into (4.1.2) we obtain
(Tr(A)—l)
arccos | —»—
b X AT
B = (A—A").

2 sinarccos (%)

In other words, the logarithm is given by

R 6
B:mgmzzmém—M)

The method fails when 6 = +x, since sinzt = 0.

bib,
—bi— b3

bybs

45

bibs
babs

P2 _ 732
_bZ _bl

(4.1.2)
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