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PROPER CLASSES GENERATED BY
SIMPLE MODULES

ABSTRACT

Let R be a ring with unity. A short exact sequence £ of left R-modules is said to
be neat-exact if every simple left R-module is projective with respect to it. We call it
P -pure-exact if for every left primitive ideal P of R, the sequence obtained by taking
the tensor product of E from the left by R/P is exact. These give proper classes of
short exact sequences of left R-modules. The characterization of N-domains, that is,
the commutative domains such that neatness and -purity coincide, has been given
recently by Laszl6 Fuchs: they are the commutative domains where every maximal
ideal is projective (and so necessarily finitely generated in the commutative domain
case). We extend this sufficient condition to commutative rings using the Auslander-
Bridger tranpose of simple R-modules, that is, we prove that if R is a commutative
ring where every maximal ideal is projective and finitely generated, then neatness
and &-purity coincide. Conversely, we show that the necessary condition holds for
commutative rings with zero socle, that is, we show that if R is a commutative ring
where neatness and &?-purity coincide and if R has zero socle, then every maximal

ideal of the ring R is projective and finitely generated.

Keywords: Neat short exact sequence, Z-pure short exact sequence, simple R-
module, the Auslander-Bridger transpose, left primitive ideal, proper class, N-domain,
commutative rings with zero socle, maximal ideal, projective R-module, injective R-

module, flat R-module.
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BASIT MODULLER TARAFINDAN URETILEN OZSINIFLAR

0z

R birimli bir halka olsun ve E de sol R-modiillerin bir kisa tam dizisi olsun.
Eger her basit sol R-modiil bu kisa tam diziye gore projektif ise E’ye diizenli-tam
dizi denir. Eger her sol primitif P ideali i¢cin E kisa tam dizisinin solundan R/P
ile tensor carpimi alinarak elde edilen dizi bir kisa tam dizi oluyorsa, E’'ye &-
saf-tam dizi diyoruz. Bunlar sol R-modiillerin kisa tam dizilerinin 6z simiflarim
verir. N-tamlik bolgelerinin karakterizasyonu, yani, #-saflik ve diizenliligin denk
oldugu degismeli tamlik bolgelerinin karakterizasyonu Laszlé Fuchs tarafindan yakin
zamanda verilmistir: Bunlar her maksimal ideali projektif olan (ve degismeli tamlik
bolgesinde olmasi nedeniyle zorunlu olarak sonlu iiretilmis olan) de8ismeli tamlik
bolgeleridir. Biz bu yeter kosulu basit R-modiillerin Auslander-Bridger transpozunu
kullanarak degismeli halkalara genelledik, yani, eger R degismeli halkas1 her maksimal
ideali projektif olan bir halka ise, &-saflik ve diizenliligin denk oldugunu gosterdik.
Tersine gerek kosulun kaidesi sifir olan degismeli halkalar i¢in saglandigin1 gosterdik,
yani, eger &-saflik ve diizenliligin denk oldugu degismeli bir R halkasinin kaidesi sifir

ise R halkasinin her maksimal ideali projektif ve sonlu iiretilendir.

Anahtar Sozciikler : Diizenli kisa tam dizi, &-saf kisa tam dizi, basit R-modiil,
Auslander-Bridger transpozu, sol primitif ideal, 6z simif, N-tamlik bolgesi, kaidesi
sifir olan degismeli halka, maksimal ideal, projektif R-modiil, injektif R-modiil, diiz

R-modul.



CONTENTS

Page

THESIS EXAMINATION RESULT FORM ......coociiiiiiiiiiiniciieicneeiceecneeeeniene ii
ACKNOWLEDGEMENTS ...t il
ABSTRACT ...ttt s s v
OZ ettt v
CHAPTER ONE - INTRODUCTION .... 1
CHAPTER TWO - PROPER CLASSES 7
2.1 Pull Back and Push Out of a Short Exact Sequence ............cccoeevvevvieeniveennneen. 7
2.2 PrOPET ClaASSES ...vveeeuiiieeiiiiieeeeiiiee e ettt e e et e e e sttt e e s et e e s s taeeeesabbeeessnbbaeesnsaeeeens 12
2.3 Projective, Injective and Flat Modules with Respect to a Proper Class........... 16
2.4 Projectively, Injectively and Flatly Generated Proper Classes ........cc.ccceceeuueee. 19
2.5 Inductively Closed Proper ClasSes.........cocverueeerieeriiieeniieeiieeiee e siee e 31
CHAPTER THREE - THE PROPER CLASSES _feat and Z-2ure ....eeeseseeee. 37
3.1 Proper Classes Generated by Simple Modules ...........cooceerviiiniiinnieiniiennneen. 37
3.2 The Proper Class cA@AL ........ccccueueieieieieieieieieeeese et 40
3.3 The Proper ClasS 2-ZIUTe .........coeueeueeeeeieeiesieeeesieeiesie e sseese s esesneenes 50

CHAPTER FOUR - WHEN DO NEATNESS AND &-PURITY COINCIDE? 58

4.1 Finitely Presented MoOdUIEs..........coooiuiiiiiiiiiiiiiieeeeeeee et 58
4.2 The Auslander-Bridger Transpose of Finitely Presented Modules.................. 62
4.3 Proper Classes Generated by Finitely Presented Modules ............c.ccoceeenneen. 76
4.4 The Auslander-Bridger Transpose of Finitely Presented Simple Modules .....80
4.5 Finitely Generated and Projective Maximal Ideals...........cccccooeieiniiinnennneen. 84
4.6 Commutative Rings with Zero Socle ..........coooveeviiiiiiiiiniiiiiiieniececeeeen 87
CHAPTER FIVE - CONCLUSION 91
REFERENCES 92

vi



APPENDICES 95

INOLALION ..ottt ettt e e e e e e ettt e e e e e e e e e e et e eaaaaeeaeseeeeeateeasanaaaeseeeeeeneannnns

vii



CHAPTER ONE
INTRODUCTION

Throughout this thesis, R denotes an arbitrary ring with unity and an R-module or
module means a unital /eft R-module. For the undefined terms in module and ring

theory or abelian group theory, see for example Bland (2011) and Fuchs (1970).

A subgroup A of an abelian group B is said to be a neat subgroup if AN pB = pA for
all prime numbers p; see (Honda (1956) and Fuchs (1970, p.131)). This is a weakening
of the condition for being a pure subgroup. For a subgroup A of an abelian group B,

the following are equivalent:

(1) A is neat subgroup of B, that is, AN pB = pA for all prime numbers p.

(2) The sequence

lz/pz.®ia

0——(Z/pZ)® A (Z/pZ)®B

obtained by applying the functor (Z/pZ) ® — to the inclusion monomorphism

is : A — Bis exact for all prime numbers p.
(3) The sequence
Homy,(Z/pZ,B)—Homy(Z/pZ,B/A)—0

obtained by applying the functor Homy(Z/pZ,—) to the canonical epimorphism

B — B/A is exact for all prime numbers p.
(4) The sequence
Homy(B,Z/pZ)—Homy(A, 7/ pZ)—0

obtained by applying the functor Homy(—,7Z/pZ) to the inclusion monomorphism

is : A — B is exact for all prime numbers p.

(5) Aisacomplement of a subgroup K of B, thatis, AN K = 0 and A is maximal with
respect to this property (equivalently, A is a closed subgroup of B, that is, A has

no proper essential extension in B).



There are several reasonable ways to generalize this concept to modules and a

natural question is when these are equivalent.

Following Stenstrom, we say that a submodule A of an R-module B is neat in B if for
every simple R-module S, the sequence Homg(S, B) — Homg(S,B/A) — 0 obtained
by applying the functor Homg (S, —) to the canonical epimorphism B — B/A is exact;
see (Stenstrom (1967b, 9.6) and Stenstrom (1967a, §3)).

Another natural generalization of neat subgroups to modules is what is called gZ?-
purity, see for example Mermut et al. (2009). Denote by & the collection of all left
primitive ideals of the ring R; recall that a (two-sided) ideal P of R is said to be a left
primitive ideal if it is the annihilator of a simple R-module. We say that a submodule

A of an R-module B is g7-pure in Bif ANPB = PA forall P € &.

A natural question to ask is when neatness and g#?-purity coincide. Suppose that
the ring R is commutative. Then & is the collection of all maximal ideals of R.
Recently Lészl6 Fuchs has characterized the commutative domains for which these
two notions coincide; see Fuchs (2012). Fuchs calls a ring R to be an N-domain if R
is a commutative domain such that neatness and g%?-purity coincide. Unlike expected,
Fuchs shows that N-domains are not just Dedekind domains; they are exactly the
commutative domains whose all maximal ideals are projective (and so all maximal

ideals are invertible ideals and finitely generated).

Motivated by Fuchs’ result for commutative domains, we wish to understand
first whether for some class of commutative rings larger than commutative domains,
neatness and gZ’-purity coincide if and only if all the maximal ideals of the ring are
projective and finitely generated. We have first found the answer to be yes if every
maximal ideal of the commutative ring R contains a regular element (that is an element
that is not a zero-divisor) so that the maximal ideals of R that are invertible in the total
quotient ring of R will be just projective ones as in the case of commutative domains
(see for example Lam (1999, §2C)). We shall give some examples for these rings that

are not domains. Indeed, we can even weaken this condition and just require that the



socle of the commutative ring R is zero, that is, R contains no simple submodules. A
bit less to assume is that the commutative ring R contains no simple submodules that

are not direct summands of R. See Sections 4.5 and 4.6.

It is known that a proper class of short exact sequences of modules that is
projectively generated by a set of finitely presented modules is flatly generated by
‘the’ Auslander-Bridger transpose of these finitely presented modules. So to generalize
the sufficiency of the Fuchs’ characterization of N-domains to all commutative rings,
we shall show in Section 4.4 that for a commutative ring R, an Auslander-Bridger
transpose of a finitely presented simple R-module S of projective dimension 1 is
1somorphic to S. This enables us to prove that if R is a commutative ring such that
every maximal ideal of R is finitely generated and projective, then neatness and g%?-
purity coincide. For the definition of an Auslander-Bridger transpose of a finitely
presented R-module, see Section 4.2; for the definition of finitely presented R-modules,

see Section 4.1.

We use the language of proper classes of short exact sequences of R-modules to
investigate the relations among these concepts by considering the corresponding class
of short exact sequences. For the definition, equivalent conditions, terminology, and
some properties of proper classes, see Chapter Two, and for furthermore information
about the proper classes, see Stenstrom (1967b), Sklyarenko (1978), Maclane (1963,
Ch. 12, §4), Mishina & Skornyakov (1976), Mermut (2004), Alizade & Mermut
(2004, §3), Clark et al. (2006, §10) and Al-Takhman et al. (2006). We shall follow
the terminology and notation for proper classes given as in Stenstrom (1967b) and
Sklyarenko (1978). The reason for using proper classes is to formulate easily and
explicitly some problems of interest for relative injectivity, projectivity, flatness and to
use the present technique for them for further investigations of the relations between

them along these lines.

Let’s explain the motivating observation in abelian groups in terms of proper classes
of short exact sequences of abelian groups. For abelian groups (=Z-modules), the

simple Z-modules, up to isomorphism, are just Z/pZ where p runs through all prime



numbers.

The following are equivalent for a short exact sequence

f

E:0—=A—>B2.C— 0

of abelian groups:
(1) Im(f) is a neat subgroup of B, that is, (Im(f)) N pB = pIm(f) for all prime

numbers p.

(2) For all prime numbers p, the sequence Z/pZ & E, that is

12p2.9f 12/p298
- >

0——(Z/pZ)®A (Z/pZ)® B (Z)pZ) ®C—0
is exact.
(3) For all prime numbers p, the sequence Homy(Z/pZ,E), that is, the sequence
0——Homy(Z/pZ,A)—Homgy(Z/pZ,B)—Homz(Z/pZ,C)—0

is exact; equivalently, the simple Z-module Z/pZ is projective with respect to
E, that is, for every Z-module homomorphism # : Z/pZ — C there exists a

Z-module homomorphism % : Z/pZ — B such that g o h = h:

B:0— A" B cC 0
N h{
h
7] pZ

(4) For all prime numbers p, the sequence Homy(E, Z/ pZ), that is,
0——Homy(C,Z/pZ)—Homy(B,Z/pZ)—Homg(A,Z/ pZ)—=0

is exact; equivalently, the simple Z-module Z/pZ is injective with respect to E,
that is, for every Z-module homomorphism i : A — Z/pZ there exists a Z-

module homomorphism 4 : B— Z/pZ such that ho f = h:

E:0 A B—.C 0




(5) Im(f) is a complement of a subgroup K of B, that is, Im(f) N K = 0 and Im( )
is maximal with respect to this property (equivalently Im(f) is a closed subgroup

of B which means that Im( f) has no proper essential extension in B).

E is said to be a neat exact-sequence if (1) holds. Denote the class of all neat-exact
sequences of abelian groups by zfeat. Denote by j6ompl the class of all short exact
sequences I of abelian groups such that (5) holds. Denote by T~ ({Z/pZ | p prime})
the class of all short exact sequences E of abelian groups such that (2) holds. Denote
by 7' ({Z/pZ | p prime}) the class of all short exact sequences E of abelian groups
such that (3) holds. Denote by 1~!({Z/pZ | p prime}) the class of all short exact
sequences [ of abelian groups such that (4) holds. The equivalence of (1), (2), (3),
(4), (5) then means that for abelian groups, these five proper classes of short exact

sequences of abelian groups are equal:

feompl = gNeat
= n Y{Z/pZ| p prime})
= ©'({Z/pZ| p prime})
= 1'({Z/pZ| p prime})

These results have motivated Rafail Alizade (the Ph.D. advisor of my advisor) to ask
investigating similar results for modules over some classses of rings with its relations
with complemens and supplements in modules. My advisor Engin Mermut, following
Stenstrom (1967a,b) and Generalov (1972), has dealt, in his Ph.D. Thesis, with proper
classes related with complements (closed submodules) and supplements in R-modules
using relative homological algebra via the known two dual proper classes géompl and
r7uppl of short exact sequences in R-#od, and related other proper classes like g feat
and g6o-Veat. The main related proper classes of short exact sequences of R-modules

are the proper classes generated projectively, injectively or flatly by simple modules.

In this thesis, we mainly obtain results over commutative rings. Over a commutative
ring R, we shall see in Chapter 3 some properties of these proper classes generated

by simple modules. We deal with the proper classes rP-Pure = T~ ({R/P |



P is left primitive ideal of R}) and gAeat = n~'({all simple R-modules}). Over a

commutative ring R,
rP-Pure = 7~ ({all simple R-modules}) = 1! ({all simple R-modules})

. The natural question is when these proper classes g2?-Pure and g Veat are equal over

a commutative ring, and this is the main problem for our thesis.



CHAPTER TWO
PROPER CLASSES

In the first section of this chapter, we will see the definitions of a pull back and a
push out of a short exact sequence of R-modules. In the second section, will see the
definition, some equivalent conditions and some properties of proper classes of short
exact sequences of R-modules. See Stenstrom (1967b) and Sklyarenko (1978). For the
definition of proper classes of short exact sequences of objects in an abelian category,
see Maclane (1963, §4 of Ch. 12). In the third section, we will give the definitions
of relative projective, relative injective and relative flat R-modules with respect to a
proper class. In the fourth section, we will give the definitions of classes of short exact
sequences of R-modules that are projectively, injectively or flatly generated by a class
of R-modules. For completeness, we shall also give detailed proofs to show that these
classes are proper classes. In the last section, we will give the definitions of direct limit
of a direct system and the proper class pZure (the smallest inductively closed proper

class).

2.1 Pull Back and Push Out of a Short Exact Sequence

Let us start with definitions of pull back and push out.

Definition 2.1.1. Given a pair of R-module homomorphisms o : C' — C and B :
B — C, an R-module P together with R-module homomorphisms f : P — C’ and
g : P — Bis called a pull back of the pair o and 8 of R-module homomorphisms if
the following conditions hold:

(1) the diagram
e

Y

8 o
L

<

oo

commutes.

(2) If X is another R-module with a pair of R-module homomorphisms 4 : X — C’,

|



J : X — B such that the diagram

commutes, then there exists a unique R-module homomorphism 6 : X — P such

that fo 8 = h and go 0 = j, that is, the following diagram

\

b
c—%-cC
commutes.

Shortly we say that (P, f, g) is a pull back of the pair o and f3.

Definition 2.1.2. Given a pair of R-module homomorphisms @ :A — B, 3 : A — A/,
an R-module P together with the R-module homomorphisms f:B— Pand g: A’ —
P is called a push out of the pair of @ and f if foa = gof and if X is another R-
module with a pair of R-module homomorphisms f': B — X, g’ : A’ — X such that
f' oo = g’ o B, then there exists a unique R-module homomorphism ¢ : P — X such
that ¢ o f = f and ¢ o g = ¢’. In terms of diagrams, we say that P together with f, g is
a push out if the diagram

A—%-B

s

A—2-p
commutes and if X is another R-module with R-module homomorphisms f’: B — X,

g : A’ — X such that the diagram

A—%-B

|

Al-S.x

commutes, then there exists a unique R-module homomorphism ¢ : P — X such that



the diagram

commutes.

Shortly we say that (P, f, g) is a push out of the pair o and f3.

We will give some properties of pull back and push out; for these properties, see for

example Vermani (2003) and Maclane (1963, Ch. 3).

Every pair of R-module homomorphisms ¢ : C' — C and 8 : B — C has a pull

back.

If (P,f,g) and (P, f’,g’) are two pull backs of the R-module homomorphisms « :
C' — Cand 3 : B— C, then there exist a unique R-module isomorphism 6 : P — P’
such that /o0 = f and g’ 0 8 = g. Dually these properties also holds for a push out of

a pair of R-module homomorphisms.

We also know that if (P, f,g) is a push out of the pair B and o where o is a
monomorphism, then g is a monomorphism, that is we can construct the following

commutative diagram:

0—=A—%-B

A
0—A"—*~P
We can complete this diagram with the cokernels to the following commutative

diagram, that is,

0—>A—%~B—"~Coker(a) = B/Im(ct)—=0
|
P
;8 () i

0 A P Coker(g) = P/Im(g)—0

where o7 and 0, are canonical epimorphisms, by properties of push out, Coker()

and Coker(g) are isomorphic via f : Coker(a) = B/Im(a) — Coker(g) = P/Im(g)



defined by f(b+Im(a)) = f(b) +Im(g) for all b € B. So we can modify the above

diagram to the following commutatively

0—=A—2%-B- % c .9
lﬁ jf e
0— A —2.p 2 0 .

where C = Coker(ct), 0] = 0}, 05 = floo.
We know that if (P, f,g) is a pull back of the pair B and @ where B is an

epimorphism, then f is an epimorphis. So we can construct the following diagram:

Lo .o

8 o

B

B——C——0

we can complete this diagram with the kernels to the following commutative diagram:

0——Ker(f) P oC'— 0
|
K
. 5 )

Vb
0——=Ker(f) B 0

where i; and i, are inclusion monomorphisms. By the properties of pull back, we
know that Ker(f3) and Ker(f) are isomorphic via g : Ker(f) — Ker(p) defined by
g(x) = g(x) for all x € Ker(f). So we can modify the above diagram to the following
commutatively:

P

0— A2 P b g

where A = Ker(B), i, =i and iy =ij0 g

If we have a short exact sequence E : 0 At.p o ¢ 0 of R-modules

and R-module homomorphisms with a given R-module homomorphism o : A — A’,

then we have the following diagram

E: 0

10



by the construction of push out we can obtain the following commutative diagram of

R-module homomorphisms with exact rows

X o ~

o b
0— A" X (A ©B) K- ~C—0
where K = {(at(a),—x(a)) | a € A}, B(b) = (0,b) +K for every b € B, ¥ (a) =
(¢ ,0)+K foralld € A’ and & ((a ,b) +K) = &(b) for all (d’,b) € A’ ® B. We denote
by aE the short exact sequence in the second row of the above diagram, and we call
aE the push out of the short exact sequence E with the R-module homomorphism

a. If the following diagram

0— >A—*-B %.C
o
E: 0—sA— >B— ~C— >0

is commutative with exact rows, then E' = oE. [’ is also called a push out of the

short exact sequence [E.

If we have a short exact sequence E : 0 A-—*.B-%.C 0 of R-modules
and R-module homomorphisms with a given R-module homomorphism y: C' — C,

then we have the following diagram

<

C
14

X B %C— 0

E: 0 A
by the construction of pull back, we can obtain the following commutative diagram of

R-module homomorphisms with exact rows

0 n Xop o g

1a lﬁ jV
E: 0—>A-Z*+B-%.C— >0

where B' = {(b,c') e B&C' | 6(b) =y(c')}, & (b,¢') = ¢ forevery (b,') € B, x (a) =
(x(a),0) for all a € A and B(b,c’) = b for all (b,c’) € B'. We denote by Ev the short

exact sequence in the first row of the above diagram, and we call [Ey the pull back of

11



the short exact sequence E with the R-module homomorphism y. If the following

diagram

E: 0 A B’ (od 0

.
E: 0—-A*-B %.C -0
is commutative with exact rows, then E' = Ey. E’ is also called a pull back of the

short exact sequence [E.

2.2 Proper Classes

Let o7 be a class of short exact sequences of R-modules. If

E:0— At B %.-Cc— 0

belongs to o7, then we say f is an .o/ -monomorphism, g is an .<7-epimorphism, both
are called o7 -proper, and E is called an .o/ -proper short exact sequence. The class
7 is said to be a proper class of short exact sequences if the following six conditions

hold:

(P1) If Eis in o7, then .o/ contains every short exact sequence isomorphic to [E.
(P2) The class .7 contains all splitting short exact sequences.

(P3) The composite of two .oZ-monomorphisms is an .@7-monomorphism, if this

composition is defined.

(P4) The composite of two .o/ -epimorphisms is an .7 -epimorphism, if this composition

is defined.

(P5) If g and f are monomorphism and g o f is an .«/-monomorphism, then f is an

&7/ -monomorphism.

(P6) If g and f are epimorphism and go f is an .&/-epimorphism, then g is an .<7-

epimorphism.

12



By (P2), 0—0—>A—*~A— 0 and 0—=A—*~A—~0—~0 are proper

short exact sequences, and hence 14 : A — A and 0 : 0 — A are .<7-monomorphisms

and 14 :A —> A and 0 : A — 0 are &/ -epimorphisms.

Lemma 2.2.1. (Montaiio (2010, Ch.2) and Maclane (1963, §4 Ch. 12))
Proper classes of short exact sequences of R-modules are closed under pull backs and

push outs.

Proof. Let o7 be a proper class of short exact sequences of R-modules. Let E be a
short exact sequence in .7 and E7y a pull back of E (that is (D, G/,ﬁ) a pull back of o,
7), that is, we have the following commutative diagram of R-module homomorphisms
with exact rows:

X

E:0 A B—2-C 0

! /

Ey:0—=A—*-D-9-(C

1a lﬁ Y
E:0 A~ o, C

Here 8 need not be a monomorphism. If 8 is a monomorphlsm, then by (P5) we can

obtain the proof easily: f o x’ = x and Y is an .o/-monomorphism implies that xl is
an .«/-monomorphism by (P5). But 8 need not be a monomorphism. By property
of pull backs, P = {(b,c') € B&C | y(c') = 6(b)} with the projection R-module
homomorphisms onto B and C’ is a pull back of the pair ¢ and ¥, and by uniqueness of
pull back up to isomorphism, there exists a unique isomorphism 6 : D — P. We can
embed P into BHC' by the inclusion homomorphism A——B @ C . Thenforv=io6

we obtain the following exact sequence

/ OO —7YoTm
_—

0——=D—=B®C C

where 7, : B&C —s Band m : B&C — C are the projection epimorphisms. By
the the pull back property we have myov =3 and mov = o, that is, we have the

following commutative diagram:

Ey:0 A

Q.
o

\/




The R-module homomorphisms v = io 0 is clearly a monomorphism but need not
be an .«/-monomorphism. But vox' = lggc © (vox') =(ijjom +irom) ovoxl =
iloﬂ:lovox/—l—izon'zovox/ =iof o)(,—l—igoclox, :iloﬁoxl—f—izOO:ilox
where i : B— B ®C and i : C' — B®C are inclusion monomorphisms. By (P2),
i1 is an .@/-monomorphism and by (P3), i; o y is also an .o/-monomorphism. Hence
vo x' = ij o ¥ is an &/ -monomorphism and since v, xl are monomorphisms we obtain
by (P5) that x/ is an .7-monomorphism. Thus Ey is a proper short exact sequence.
This shows proper classes are closed under pull backs.

Now let us show that proper classes are closed under push outs. By the construction
of push out, we can construct the following commutative diagram of R-module
homomorphisms with exact rows for a given short exact sequence E € o/ and for a

R-module homomorphism o : A — A’:
4 o

B
=

o A @B 1C

/\/

(A ®B)/K—~C—0

E:0 A

@)

where K = {(a(a),—x(a)) | a € A}, B(b) = (0,b) +K for every b € B, ' (a) =
(a',0)+K forall ' € A’ and & ((¢',b) +K) = &(b) for all (d’,b) € A’@® B and 7 is
the canonical epimorphism. We have com=com by commutativity of the diagram.
Since o and m, are ./ -epimorphisms, 6 om=0omisan o -epimorphism by (P4).

Then by (P6), o is also an & -epimorphism. Hence we aE is in the class 7. [

For a class 7, the properties (PB), (PO), (P5 ) and (P6') are defined as follows:
(PB) <7 is closed under pull backs.
(PO) < is closed under push outs.
(PSI) If go f is an .&7-monomorphism, then f is an .27 -monomorphism.

(P6) If go f is an &7 -epimorphism, then g is an .27 -epimorphism.

Theorem 2.2.2. (Montario (2010, Ch.2), (Maclane, 1963, §4 Ch. 12) and Stenstrom
(1967a)) Let <7 is a class of short exact sequences of R-modules. We have then the

following equivalences for the definition of proper classes of short exact sequenses:
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(1) < is a proper class of short exact sequences, that is, </ satisfies (P1), (P2), (P3),
(P4), (P5) and (P6) in the definition of proper class.

(2) o satisfies properties (P1), (P2), (P3), (P4), (PB) and (PO).
(3) o satisfies (P1), (P2), (P3), (P4), (P5') and (P6).

Proof. (1) = (2) Follows from Lemma 2.2.1.
(2) = (3) : We want to show that if go f is an .o/-monomorphism, then f is also an
&7/ -monomorphism. Suppose g: D — Band f:A — D and gof:A — B are

R-module homomorphisms. Costruct the following commutative diagram:

E:0—A—-D—% -D/Im(f)—0
]A 8 B/
E:0— A5 B . B/Im(g0 f)—=0

where ¢ and ¢ are canonical epimorphisms and B’ : D/Im(f) — B/Im(go f) is
defined by B'(d 4+ Im(f)) = B(d) +1Im(go f) for all d +Im(f) € D/Im(f) (where
d € D). Then E' is a the pull back of E and by the property (PB), E’ is also in the
class .o/ so f is an .o/-monomorphism. Similarly if go f is an .o/ -epimorphism where
g:D— C and f: B — D are R-module homomorphisms, we can construct the

following commutative diagram:

E: 0——=Ker(0o) B C 0

fl
E' : 0—=Ker(g)—=D—5~C—0

where f' : Ker(o) — Ker(g) is defined by f' (x) = f(x) for all x € Ker(c). This is a
push out diagram, that is ' is a push out of E. Then by the property (PO), ' is in the
class of .27, and so g is an ./ -epimorphism.

(3) = (1) is trivial since (PSI) implies (P5) and (P6/) implies (P6) clearly. L]

An important example for proper classes in abelian groups is z%ure: The proper
class of all short exact sequences of abelian groups and abelian group homomorphisms
such that Im(f) is a pure subgroup of B, where a subgroup A of a group B is pure in

B if ANnB = nA for all integers n (see Fuchs (1970, §26-30) for the important notion
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of purity in abelian groups). The short exact sequences in zZure are called pure-exact
sequences of abelian groups. The proper class zZure forms one of the origins of
relative homological algebra; it is the reason why a proper class is also called purity

(as in Mishina & Skornyakov (1976), Generalov (1972, 1978, 1983)).

The smallest proper class of R-modules consists of only splitting short exact
sequences of R-modules which we denote by r#plit. The largest proper class of R-
modules consists of all short exact sequences of R-modules which we denote by raZbs

(absolute purity).

For a proper class .o/ of R-modules, call a submodule A of a R-module B an /-
submodule of B, if the inclusion monomorphism iy : A — B, ia(a) = a, a € A, is an

<7/ -monomorphism. We denote this by A< _B.

2.3 Projective, Injective and Flat Modules with Respect to a Proper Class

Let o7 be a class of short exact sequences of R-modules and homomorphisms.

An R-module M is said to be .o7-projective (or relative projective with respect to

the proper class .&7) if any of the following equivalent conditions hold:

(1) Every diagram

E: 0—-A—'-B-%.C 0
\?\TY
AN
M

where E is any short exact sequence of R-modules in ./ and y: M — C is
an R-module homomorphism can be embedded in a commutative diagram by
choosing an R-module homomorphism ¥ : M — B; that is, for every R-module
homomorphism y: M — C, there exits an R-module homomorphism y: M — B

such that go 7 =1.
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(2) The sequence
Homg(M,E) : 0—>H0mR(M,A)i>H0mR(M,B)i>HomR(M,C)—>O

isexactforall K € «.

The class of all .o -projective R-modules is denoted by 7(.<7):

n(«/) ={M | M is an R-module and Homg (M, E) is exact for all E € o/}

Dually, an R-module M is said to be .o7-injective (or relative injective with respect

to the proper class &) if any of the following equivalent conditions holds:

(1) Every diagram

E: 0 A—L-B f.c_ .0
“
M

where [E is any short exact sequence of R-modules in &/ and o : A — M is
an R-module homomorphism can be embedded in a commutative diagram by
choosing an R-module homomorphism & : B — M; that is, for every R-module
homomorphism o : A — M, there exists an R-module homomorphism & : B —
M such that & o f = «. In this case we say that the module M is projective relative

to the short exact sequence [E.

(2) The sequence
Homg (E,M) : 0—>H0mR(C,M)LHomR(B7M)L>H0mR(A,M)—>O

isexactforall E € .«

The class of all .o/ -injective modules is denoted by

1(o/) ={M | M is a R-module and Homg(E, M) is exact for all E € <7}
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Also a right R-module M is said to be o7 -flat (or relative flat with respect to the

proper class ) if the sequence
M&RE: 0—=MorAZLM 0 B2EM 0 C——0
is exact for all E € 7. The class of all <7-flat R-modules is denoted by

1(o/) = {M | M is aright R-module and M Qg E is exact for all E € o/}

Note also the following elementary property that we shall use:

Proposition 2.3.1. Let <7 be a proper class of short exact sequences of R-modules. An
R-module P is <f -projective if and only if every short exact sequence in </ which ends

with P splits.

Proof. Suppose P is an .o/ -projective R-module and take any short exact sequence E

in &/ which ends with P, that is,

E:0—-=A B—S.p 0

Let 1p : P — P be the identity R-module homomorphism. Since P is an .<7 -projective
R-module, there exists an R-module homomorphism 4 : P — B such that goh = 1p,

that is, the following diagram

P
h/
//LIP

0—=A——=B-S P .0

commutes. So E is a splitting short exact sequence.
For the converse, suppose that every short exact sequence in </ which ends with P
splits. We want to show that P is <7 -projective, that is, Homg(P,E) is exact for all E

in o7, or equivalently, if

X

E:0 A B—2-C 0

is any short exact sequence in </ and f is any R-homomorphism from P to C, then

there exists an f : P — B such that 6 o f = f. We have a short exact sequence E and
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a R-module homomorphism f. By the construction of pull back, we can obtain the
following commutative diagram with exact rows:

!

XDG’

A P
| b
X o

E:0 A B C

Ef:0

By Lemma 2.2.1, we can say that the pull back Ef of the short exact sequence E
in o/ is also in 7. Then by hypothesis Ef splits, that is, there exists a R-module
homomorphism j : P — D such that 6’ o j = 1p. If we choose f = B o j,then 6o f =
co(Boj)=(coB)oj=(foc’)oj=fo(0'0j)= folp= f. Hence we obtain
oo f = f,soPis .a/-projective. O

2.4 Projectively, Injectively and Flatly Generated Proper Classes

For a given class .# of R-modules, denote by 7~ !(.#) the class of all short exact
sequences E of R-modules and R-module homomorphisms such that Homg(M,E) is

exact for all M € ., that is,
n V(M) = {E crerbs | Homg(M,E) is exact for all M € .4}

n~1(.#) is the largest proper class .27 for which each M € .# is .o/-projective. It is
called the proper class projectively generated by .#. Of course, all these can be done
for short exact sequences of right R-modules. If .# is a class of right R-modules, we
denote by 77:_1(.// ) the class of all short exact sequences E of right R-modules for
which Homg (M, E) is exact for every M € ./ .

For a given class .# of R-modules, denote by 1~!(.#) the class of all short exact
sequences E of R-modules and R-module homomorphisms such that Homg(E, M) is

exact for all M € ., that is,
171 (#) = {E eparbs | Homg(E, M) is exact for all M € .4}
1=!1(#) is the largest proper class .7 for which each M € .# is /-injective. It is

called the proper class injectively generated by .7 . Of course, all these can be done
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for short exact sequences of right R-modules. If .# is a class of right R-modules,
we denote by 17! (.#) the class of all short exact sequences E of right R-modules for

which Homg (E, M) is exact for every M € /.

For a given class .# of right R-modules, denote by 7! (.#) the class of all short
exact sequences £ of R-modules and R-module homomorphisms such that M @z E is

exact forall M € .4 :
TN (#) = {F cretbs | M QR is exact for all M € .4}

t= (L) is the largest proper class .7 of R-modules for which each M € . is o7 -flat.
It is called the proper class flatly generated by the class .# of right R-modules. Of
course, all these can be done for short exact sequences of R-modules. If ./ is a class
of R-modules, we denote by 7! (.#) the class of all short exact sequences I of right

R-modules such that E @z M is exact for every M € . .

For each R-module M, let T (M, .) : R-#od — <7b be an additive functor (covariant
or contravariant), that is left or right exact. If .Z is given class of R-modules, we denote
by t~!(.#) the class of short exact sequences . of R-modules such that T'(M,E) is
exact for all M € .#. By the below theorem, it follows that the above three classes
(), 17 () and T~ (L) are proper classes.

Theorem 2.4.1. (Sklyarenko (1978, Lemma 0.1)) t =\ (.#) is a proper class for every
class M of R-modules.

For completeness, in the following three propositions, we shall give the proof
of the above theorem for special functors which are important for us: the functors

Homg (M, —), Homg(—,M) and M ®g —.

Proposition 2.4.2. (by Sklyarenko (1978, Lemma 0.1)) n~\(.#) is a proper class for

every class # of R-modules.

Proof. We know that Homg (M, —) is an additive covariant left exact functor for every
R-module M.
Proof of (P1): Let E: 0O A B C 0 be a short exact sequence in
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n~'(.#) and let E’ be an isomorphic short exact sequence, that is, the following

diagram is commutative with vertical R-module homomorphisms being isomorphisms:

so &, B y are isomorphisms and B o f = foa, yog=4g ofB. Let M € .#. Since
E € 7~ ! (.#) and Homg (M, —) is a covariant left exact functor, we have the following

commutative diagram with exact rows:

Homg (M. f) Homg (M,g)

0——Homg(M,A) Homg(M,B) Homg(M,C)——0
Homg (M, ) Homg(M,f3) ) Homg(M,y)

Homg (M, f /. Homg (M,
O—>HomR(M,A’)MH0mR(M,B) ol g)HomR(M,C’)

It suffices to show that Homg(M,g') is an epimorphism. We have Homg(M,g') o
Homg(M,B) = Homg(M,g o B) = Homg(M,y o g) = Homg(M,y) o Homg(M, g).
Since ¥ is an isomorphism, the homomorphism Homg (M, ) is also an isomorphism.
By exactness of the first row, Homg(M, g) is an epimorphism. Thus Homg(M, 7)o
Homg(M, g) is an epimorphism. So neccessarily Homg (M, g/) is an epimorphism.

Proof of (P2): LetE: 0 A / ); . 0 be a splitting short exact sequence.

So there exists an R-module homomorphisms f, and g/ such that go gl = 1¢ and
fof=14 Let M e .#. Since Homg(M,—) is a covariant left exact functor,
it suffices to show that Homg(M,g) is an epimorphism. We have Homg(M,g) o
Homg(M,g ) = Homg(M,gog') = Homg(M,1¢) = THomg(M,c)> and so Homg(M, g)
is an epimorphism. Hence E € 7~ !(.#), that is, all splitting short exact sequences are
int 1 (4).

Proof of (P3): Let f: B— C and g : C — D be 7~ ! (.#)-monomorphisms. We
want to show that go f is also a 7~ ! (.#)-monomorphism. Consider the following

short exact sequences

gof

0 B D—2>Coker(go f)—=0

where the o is canonical epimorphism. Let M € .# . Since Homg (M, —) is a covariant

left exact functor, it suffices to show that Homg(M, o) is an epimorphism. We have
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short exact sequences

0——B—L -2 Coker(f)—0

and

0—>C—4~D—"-Coker(g)—=0

where 07 and 0, are canonical epimorphisms. We then obtain long exact sequences by

using the first long exact sequence for Ext:

0 — Homg (M, B) i>HomR(M,C) &HomR(M,Coker(f)) >
13

Exth(M,
C_) Exth (M, B) ML, 0)

where y, denotes Homg(M, y) for every R-module homomorphism y in the above

Exth(M,Coker(f)) — - -

and below diagrams

0 — Homg(M,C) —2= Homg(M, D) —2> Homg (M, Coker(g)) >
$

Exth(M,
<—> Exth(M,C) 2 M It (M, D) — Exth(M, Coker(g)) —— -

By the assumption Homg(M, 61) = 0} is an epimorphism and so Ker(8) = Homg (M,
Coker(f)). Thus § = 0. From exactness Ker(ExtL(M, f)) =Im(8) = 0, so Exty(M, f)
is a monomorphism. Similarly we obtain that easily Exts(M,g) is a monomorphism.
Since Exth(M,—) is a functor, the homomorphism Exth(M,g o f) = Exth(M,g) o

Ext,le (M, f) is also a monomorphism. We then use the following long exact sequence

0 —— Homg (M, B) %HomR(M,D) —% > Homg (M, Coker(go f)) >

6/

<—>Ext}3(M,B) —h>Ext}3(M,D) — = Exth(M, Coker(go f)) — -

where h = Exth(M,go f). Since Exth(M,g o f) is a monomorphism, Im(§') =
Ker(Exth(M,go f)) = 0. Thus § = 0, and so Ker(8') = Homg(M,Coker(g o f)).
Then Im(o,) = Ker(8') = Homg(M, Coker(go f)). Hence o, = Homg(M, o) is an
epimorphism. This shows that go f is also a 7~ ! (.#)-monomorphism.

Proof of (P4): Let f: A — Band g: B— C be n~ ! (.#)-epimorphisms. We shall
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show that go f : A — C is also a &~ ! (.#)-epimorphism. Consider the following short

exact sequence where Ker(go f) — A is the inclusion homomorphism:

0—Ker(go f)——A2Lc—0

Let M € .. Since Homg(M,—) is a covariant left exact functor, it suffices to show
that Homg(M, g o f) is an epimorphism. We have Homg(M,g o f) = Homg(M,g) o
Homg(M, f). By the hypothesis Homg (M, f) and Homg(M, g) are epimorphisms since
f and g are w~!(.#)-epimorphisms. So their composition is also an epimorphism.
This go f is a 7! (.#)-epimorphism.

Proof of (P5): Let o« : A— B and 3 : B— C be monomorphisms. Suppose that o o

is a 77! (_#)-monomorphism. We can construct the following commutative diagram:

0 A—2%.p 2 Coker(a)—0
14 B LB
0— =A% C—2Coker(B o ) —=0

where o7 and 0, are canonical epimorphisms and B is the R-module homomorphism of
the R-module homomorphism induced by f: f(b+Im(c)) = B(b) +Im(p o cx) for all
b € B. 1t is easily checked 8 is a monomorphism since 3 is a monomorphism. By the
properties of pull backs, (B, 3,01) is a pull back of B and 0y. Let M € .# . If we apply
the covariant left exact functor Homg(M, —), we obtain the following commutative

diagram with exact rows:

Homg (M,) Homg(M,0)
_ >

0——Homg(M,A) Homg (M, B) Homg (M, Coker(a))
H Homg(M,f3) HomR(M,B)
(

0——Homg M,A)PM:}—IomR(M7 C)HomR—(MmlHomR(M,Coker(ﬁ oa))—=0

The second row is exact because 8o « is a 7~ !(.#)-monomorphism. Since we
want to show that a is a 7~ !(.#)-monomorphism, so it suffices to show that the
map Homg(M,01) is an epimorphism which means that if we have an R-module
homomorphism f : M — Coker(c), then there exists a R-module f : M — B
such that 6 0 f = f. Since the bottom row is exact, the R-module homomorphism
Homg(M, 03) is an epimorphism. So for f o f : M —s Coker(B o &), there exists a

R-module homomorphism g : M — C such that 6 0g = f o f. Since (B,f,01) is a
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pull back of  and o> and o f = 0, o g, by the definition of pull back there exists a
unique R-module homomorphism 6 : M — B such that o0 = g and 6, 0 0 = f, that

is, we have the following commutative diagram:

p |5
C —22> Coker(f o t)
So for f = 6, we have 6] o f = f and this ends the proof of (P5).
Proof of (P6): Let f: A — B and g : B— C be epimorphisms. Suppose that go f is

a ! (.4 )-epimorphism. We can then construct the following commutative diagram:

0
Ker(g)
A—L . p 0

14 8
AL 6 0
0

where the R-module homomorphism Ker(g) — B is the inclusion homomorphism.
We need to show that the short exact sequence in the last column is in 77! (.#). Let
M € .Z. By applying the covariant left exact functor Homg(M, —), we obtain the

following commutative diagram with exact rows and columns:

0

Homg(M,Ker(g))

MHomR (M,B)
Homg(M,g)

Homg(M,C)

Homg(M,A)

Homg (M ,gof) 0

Homg (M, A)
The last row is exact is exact because go f is a 7! (.#)-epimorphism. It suffices

to show that Homg(M,g) is an epimorphism. Take any x € Homg(M,C). Since
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Homg(M, go f) is an epimorphism, there exists an element a € Homg (M, A) such that
Homg(M,go f)(a) = x. So Homg(M, g)(Homg(M, f)(a)) = Homg(M,go f)(a) = x.
Let y =Homg(M, f)(a) € Homg(M,B). Then Homg (M, g)(y) = x. So Homg(M, g) is

an epimorphism. This ends the proof of (P6). U

Proposition 2.4.3. (by Sklyarenko (1978, Lemma 0.1)) 1~ (.#) is a proper class for
every class .# of R-modules.

Proof. We know that Homg(—, M) is an additive contravariant left exact functor for
every R-module M.

Proof of (P1): Let E: 0— ~A—"

8 .
B C 0 be a short exact sequence in

1~ Y(#). Let E' be an isomorphic short exact sequence to the short exact sequence

E, that is,

E:0—A—t B % ¢

)

E :0— A ’

B -4~C'—0
where a, B and y are R-module ismorphisms and 8o f = f/ o, yog = g/ of. Since
E € 17! (.#) and Homg(—,M) is a contravariant left exact functor, we obtain the

following commutative diagram with exact rows:

Homg(g' M) Homg(f',M)

0——=Homg(C',M) Homg(B',M) Homg(A', M)
Homg(7,M) Homg(B,M) Homg(a.,M)

0——Homg(C, M)~ M) ome (B, M) 22 M) Homp(A, M) ——0
It suffices to show that Homg(f’,M) is an epimorphism. From the commutativity we
have Homg (ot, M) oHomg(f",M) = Homg(f oo, M) =Homg(B o f,M) = Homg(f, M)
o Homg(fB,M). Since o, B are isomorphisms, so Homg(o,M) and Homg (B, M)
are also isomorphisms. By the hypothesis Homg(f,M) is an epimorphism, so
Homg(f,M)oHomg(fB,M) is an epimorphism. Since Homg (@, M) is an isomorphism,
thus Homg(f’, M) is an epimorphism.

Proof of (P2): LetE: 0 A / B—%-C 0 be a splitting short exact sequence.

So there exists an R-module homomorphisms f, and g/ such that go gl = l¢ and
f/ of =14. Let M € .#. Since Homg(—,M) is a contravariant left exact functor,

it suffices to show that Homg(f,M) is an epimorphism. We have Homg(f,M) o
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Homg(f',M) = Homg(f" o f,M) = Homg(1a,M) = lyomg(am), and so Homg(f, M)
is an epimorphism. Hence E € 1~!(.#), that is, all splitting short exact sequences are
int~ ().

Proof of (P3): Let f: B— C and g : C — D be 1~ ! (.#)-monomorphisms. We can

construct the following short exact sequences

0——B—L %' Coker f——0

0——~C—5~D—2-Coker g—=0

and since f, g are 1~ ! (.#)-monomorphisms, the maps Homg(f,M) and Homg(g, M)
are epimorphisms. We want to show that go f is a 1~ (.#)-monomorphism, that is, we
want to obtain a short exact sequence if we apply the contravariant left exact functor

Homg(—, M) to the following short exact sequence

0 B gof

D—%>Cokergo f—=0

So it suffices to show that Homg(g o f,M) is an epimorphism. The homomorphism
Homg(f,M) oHomg(g,M) = Homg(g o f,M) is an epimorphism, since Homg(f, M)
and Homg(g, M) are epimorphisms.

Proof of (P4): Let f: A — B and g: B — C be 1~!(.#)-epimorphisms. We
shall show that go f : A — C is also a 1~ !(.#)-epimorphism. We can construct

the following short exact sequences of R-modules and R-module homomorphisms:

A—Lop— .0

i

0——Ker(f)

0—Ker(g)—2~B—4~C——0

0—Ker(go f)——=A=2Lc—0

If we apply the contravariant left exact functor Homg(—, M) to these short exact
sequences, then by hypothesis the first two short exact sequences are also short exact,
that is Homg(i;, M) and Homg(ip,M) are epimorphisms. So it suffices to show that

Homg (i, M) is an epimorphism. We have

Ly )

0——Ker(f) A

26



and

0—Ker(g)—2~B—4~C——0

short exact sequences and so we can obtain long exact sequences by using the second

long exact sequence for Ext, that is,

0 — Homg(B,M) —~ Homg(A, M) —"~ Homg(M,Ker(f)) >
6

Exth(f.M
C—) Exth(B,M) MQExt}e (A,M) — Exth(Ker(f),M) — ---

where y* denotes Homg(y, M) for every R-module homomorphism y in the above
diagram.  Since Homg(ij,M) epimorphism, so Exth(f,M) (and also same way

Ext}g (g,M)) is a monomorphism. By the same way if we use the short exact sequence

0—Ker(go f)——=A=2Lc—0

we obtain the following long exact sequence:

0 —> Homg(C, M) MHomR(A,M) —" Hompg(Ker(g o f),M) >

5/

C—) Exth(C,M) —~ Extk(A,M) — Ext} (Ker(g o f),M) — - -

where h = Exth(go f,M). Since Exty(f,M) and Extk(g, M) are monomorphisms and
Ext is a functor so their union Extk(go f,M) is a monomorphism. So Ker(Extx(g o
fyM)) =0=1Im(J’). Thus 6’ = 0 and so Ker(8’) = Homg(Ker(go f),M) and from
exactness Ker(8') = Homg(i,M). Hence Homg(i,M) is an epimorphism.

Proof of (P5): Let @ : A — B and 8 : B— C be monomorphisms and 3 o & be a
1~ (_.#)-monomorphism. We can construct the following commutative diagram with

exact rows:

0 A—2%.p 2 Coker(a)—0
|l L
Afer b o o

©

oker(oa)——=0
where o7 and 0, are canonical epimorphisms and ﬁ is the R-module homomorphism
induced by B where B(b+Im(a)) = B(b) +Im(B o ) for all b € B. It is easily

checked that B is a monomorphism. If we apply the contravariant left exact functor
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Homg(—, M) to the above diagram, we obtain the following commutative diagram with

exact rows:

Homg(0,,M) Homg (Boo,M
=

0——Homg(Coker(B o), M) Homg (C, M) )HomR(A,M)
Homg (B,M) Homg(B,M) H
0—Homg(Coker(ct), M)~ (B, ) 2ome M) (4,

HomR

M)

It suffices to show that Homg(o,M) is an epimorphism. Take any x € Homg(A,M).
Since Homg (3 o o, M) is an epimorphism, so there exists an element ¢ € Homg(C, M)
such that Homg(B o a)(c) = x. So Homg(ot,M)(Homg(B,M)(c)) = x. Let y =
Homg(B,M)(c) € Homg(B,M). Then Homg(o,M)(y) = x. So Homg(ax,M) is an
epimorphism.

Proof of (P6): Let f : A— Band g: B— C be epimorphisms and go fisa 1~ (.#)-

epimorphism. We can construct the following commutative diagram with exact rows:

c

0—Ker(f) 2=a*Lc— 0
|7 ;
0—Ker(g)——=B—5~C—0

Ic

where f induced R-module homomorphism by the R-module homomorphism f. So
B together with the R-module homomorphisms f and i; is a push out of the pair
in, f . We want to show that Homg(i;,M) is an epimorphism which means if we
have an R-module homomorphism % : Ker(g) — M, then there exists an R-module
homomorphism % : B—s M such that hoi; = h. Since Homg (ip, M) is an epimorphism
so for ho f: Ker(go f) — M there exists an R-module homomorphism 6 : A — M

such that 6 0i = ho f, that is,

So B together with the R-module homomorphisms f and i is a push out of the pair iy,

f. By the push out property there exists a unique R-module homomorphism y : B —
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M such that yoi; =hand yo f = 0, that is,

A Ker(go f)

2

If we choose 2 = y then we complete the proof. [

Proposition 2.4.4. (by Sklyarenko (1978, Lemma 0.1)) = (.#) is a proper class for

every class .# of right R-modules.

Proof. We shall follow the proof by (Demirci, 2008, p. 13). We know that M ®g — is
an additive covariant right exact functor for every right R-module M.

Proof of (P1): Let E: 0O A f B—*-C 0 be a short exact sequence in

7! () and let [E’ be an isomorphic short exact sequence, that is,

E:0— -A—l B % . c .0
ey
E:0— A B 5. .0

where «, B, ¥ are R-module isomorphisms and B o f = f’ oq, Yyog = gl o . Since
E € t-!(.#) and M ®g — is a covariant right exact functor, so we can construct the

following commutative diagram with exact rows:

1 1
0— Mg A" LM @ B4 M @ C—0
1y®o , l’lM@ﬁ , j1M®7
1u®f 11y ®g

M®RA/—>M RQrB ——M ®p C'——=0

It suffices to show that 1y ® f is a monomorphism. (1 ® f )o(1y®a) = 1y @ (f o
o) =1y (Bof)=(1y®P)o(lpy®f) since B is an isomorphism then 1), @ fB is also
an isomorphism and by assumption 1 ® f is an epimorphism then (17 ® ) o (1 ® f)
is an epimorphism. Hence 1, ® f, is an epimorphism.

Proof of (P2): LetE: 0—~A—"

B—t-C 0 be a splitting short exact sequence.
So there exist R-module homomorphisms f/ and g/ such that go g/ = l¢cand f’ of =1yu.

Let M € .# . Since M ®g — is a covariant right exact functor, it suffices to show that
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1 ® f is a monomorphism. We have (1@ f')o (1@ f) = Iy @ (f of) = 1y @14 =
13104 80 1y ® f is a monomorphism. Hence E € 7! (.#), that is, all splitting short
exact sequences are in T~ (.Z).

Proof of (P3): Let ¢ : A — B and 3 : B— C be /-monomorphisms. So 1y ® a
and 1y ® B are monomorphisms and 1y ® (Booa) = (Iy@P)o(ly @ &) is a
monomorphism. So 8 o & is an .&7-monomorphisms.

Proof of (P4): Let h: B — C and g : C — D be 7~ !(.#)-epimorphisms and
A’ =Ker(goh). Then the mapping derived functors

Tor® (M, B)—Tork (M,C)——=TorX (M, D)

is epimorphic, therefore TorX (M,A’)——Torf (M, B) is a monomorphism hence g o/
is a 7! (.#)-epimorphism.

Proof of (P5): Let & : A — B and 8 : B— C be monomorphisms and 3 o @ be a
©~!(_#)-monomorphism. We can construct the following commutative diagram with

an exact row:

1y®a

M®RA M QrB
o
1 o
0— M @p AP p&pC

IfxeKer(ly®@a),then Iy @Poa(x) =1y @Poly@c(x)=0. Then x € Ker(1y ®
Boa)=0.SoKer(ly ® o) =0 which means 1y ® & is a monomorphism.

Proof of (P6): Let 4 : B— C and v: C — D be epimorphisms and vo isa 7! (.#)-
epimorphism. We can construct the following commutative diagram with exact rows

where A, u, f and w are R-module homomorphisms:

(f 0

0O— Ao X— 4 N— 0
| e, )

0—s=A—Y-B . .0
]
T:l)
0 0

Applying the functor M ®g — to this diagram, we see that the second column of the
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diagram

MR AEL M @0 X EL M 00 N—0

ly®g IM®f

1 ly®
M®RAM—®¥M®RBM—M>M®R C——=0
1y ®@vou 1y ®v

M RprD——=M Qr D

0 0

is exact, since vo u is a 77! (.#)-epimorphism. In order to show that v is a t~! (.#)-
epimorphism, we have to show that 1) ® f is a monomorphism. Let n € Ker(1 ® f).
n= (1y ®@u)(x) for some x € M ®g X since 1y @ u is an epimorphism. ((1yy ® p)o
(Iy2g)(x) = ((Iy @ f)o(lyy@u))(x) =0. Then (1 ®g)(x) € Ker(lyy @ u) =
Im(1y @w), thatis, (1 ® g)(x) = (1yy @w)(a) for some a € M Qg A. (1 ®g)(x) =
(Iy@w)(a) = ((1y®g)o(lyy®@h))(a) implies x — (1yy @ h)(a) € Ker(lyy @ g) = 0.
SoKer(1yy® f) =0 and vis a 7! (.#)-epimorphism. O

2.5 Inductively Closed Proper Classes

For the definitions and properties in this section, see for example Sklyarenko (1978,

§6), Vermani (2003, §1.6), Rotman (2009, §5.2) and Lam (1999, §41J).

Definition 2.5.1. A set S is called a directed set if there is a relation < defined on S

such that;

(1) < isreflexive.
(i1) < is transitive.
(iii) for every pair o, B € S, there exist y € S such that, « < yand 8 < 7.

Definition 2.5.2. A direct system of sets {X, 7} over a directed set S is a function
which attaches to each o € S, a set X%, and, to each pair a, f with &« <  in S, a map
7:3 : X% — XP such that for each « € S, mZ is the identity map from X% to X%, and

foralla < B <7yinsS, ngng =n}.
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Definition 2.5.3. Let {M,n}s be a direct system over a directed set S, such that for
each a € §, M%* is an R-module and for every a < 8 in S, ng : M% — MP is an R-

module homomorphism. Let Q be the submodule of & M% generated by all elements
oEeS

of the type n'g (x) —x,x €M%, a, B € Sand @ < B. The quotient module (&M%*)/Q
aes
is calded direct limit of the direct system {M, 7} and is denoted by lim{M, 7} or

li4n>1M°‘, acs.

Observe that we are here identifying M with its canonical image in the direct sum
®M?. The natural projection PM% — l_ug{M ,T}s restricted to the submodule M%

oEes oEeS
of ®M?* defines homomorphism 7y : M* — hﬂ{M , T} called projection and given
acs
by o (x) =x+Q, x € M*.

Next consider an axiomatic description of direct limit.

Definition 2.5.4. Given a direct family {M,7}s of R-modules, an R-module M

together with homomorphisms 7y : M* — M is called direct limit of the family if

(i) 7o = 7 ﬂ:g for every a < 3.

(i) when N is another R-module with a family of R-module homomorphisms A :
M% — N such that 1q = Ag 7:5 for every a < 3, then there exist a unique R-

module homomorphism A : M — N such that Amy = A for every a € S.

We know that direct limit of any direct system {M, m}s over a directed set S exists.
Let M with R-module homomorphisms 7y, : M* — M, o € S and N with R-module
homomorphisms A4 : M* — N, a € S, be two direct limits of the given direct family.

Then there exist an isomorphism 6 : M — N such that O, = A, for every o € S.

A directed set S, when viewed as a category, has as its objects the elements of S
and as its morphisms exactly one morphism ﬂg when o < . It is easy to see that
direct systems in R-.Zod over S are merely covariant functors M : S — R-.od; in our

original notation M(a) = M%* and M(n'g) :M% — MP.

Definition 2.5.5. Let {A,7}s and {B,A}g be direct systems of R-modules over the

same directed set S. A morphism of direct systems of R-modules is a natural
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transformation r : A — B.

In more detail, r is an indexed family of R-module homomorphisms
r= (ra:Aa —>Ba) s oacsS
making the following diagrams commute for all o < 3:

A% po
v,
AB_P_pB
A morphism of direct systems r: {A,n}s — {B,A}s over a same directed set
S determines a homomorphism 7 : ligA“ — lingO‘ by 7 : (Z Ya(aa) + Q1) =
Z Uo(re(ag)) + Q2 where Q) < GA%* and QO < @B? are the relation submodules in
the construction of l;ugA“ and li_n;Ba, respectively, and Yy and i are the injection of

A% and B?, respectively, into their direct sums.

Let us note that some properties which we will use later about direct limits.
(1) If A is a right R-module, then the functor A ®g — preserve direct limits. Thus
if {B,m}s is a direct system of R-modules over a directed set S, then there is a
natural isomorphism

ARpg ligB“ = lig(A ®gr BY)

(2) Let S be a directed set. Let {A,m}s, {B,A}s and {C, y}g be direct systems of R-
modules. If r: {A,n}s — {B,A}sand ¢t : {B,A}s — {C, y}s are morphisms

of direct systems, and if

E%: 0— =A% e pa o _co____

is exact for each o € S then there is an exact sequence

—
limE* : 0——limA® v lim B ~lim €% ——0

(3) A flatly generated proper class is always inductively closed since the tensor

product and a direct limit of a direct system commute.
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A proper class <7 is said to be inductively closed proper class if for every direct
system {EE,}g over a directed set S in <, the direct limit ligE“ is also in o7 (see
(Sklyarenko, 1978, §8)).

Definition 2.5.6. A short exact sequence

f

E:0 A B C 0

of R-modules is said to be pure-exact if M ®g[E is exact for every right R-module
M. If this is the case, we say that Im(f) is a pure submodule of B. We denote all
pure short exact sequences by gZure = v~ ({ all right R-modules}). A submodule A
of an R-module B is said to be a pure submodule of B if the inclusion monomorphism

is : A —> Bis a g%ure-monomorphism.

Let us note some properties which we will use later about purity:

(1) Any split short exact sequence is pure-exact.
(2) Any pure short exact sequence is a direct limit of splitting short exact sequences.

(3) For every module M, there exists a pure exact sequence, ends with M; more

precisely, for each R-module M, there exists a short exact sequence

0 K H M 0

that is in g%ure, where H is a direct sum of finitely presented modules. So by
Proposition 2.3.1 a gZure-projective R-module is a direct summand of a direct
sum of finitely presented R-modules. For the definition and properties of finitely

presented modules, see Section 4.1.

(4) gPure is the smallest inductively closed proper class. Since any proper class
contains all splitting short exact sequences and any pure short exact sequence is

a direct limit of splitting short exact sequences.

Two functors that we shall use frequently are the R-dual functor

(—)" = Homg(—,R) : R~#od — Mod-R
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and the character module functor
(=)’ = Homgz(—,Q/Z) : R~#lod —> Mod-R.

For an R-module M, its R-dual M* = Homg(M,R) is a right R-module. The character
module functor (=)’ : R-#od — .ModR uses the injective cogenerator Q/7Z for
Z-Mod: For a R-module M, M’ = Homy(M,Q/Z) is a right R-module.

For a functor T from a category % of left or right R-modules to a category % of
left or right S-modules (where R, S are rings), and for a given class .% of short exact
sequences in %, let T~!(.#) be the class of those short exact sequences of ¢ which
are carried into .% by the functor 7. If the functor 7 is left or right exact, then T ! (%)

is a proper class; see Stenstrom (1967b, Proposition 2.1).

Example 2.5.7. The third purity example below (generalized from pure subgroups of
abelian groups) is the main motivation for relative homological algebra; this is the
reason why proper classes are also called purities.

(1) pplit is the smallest proper class consisting of all splitting short exact sequences

of R-modules.

(2) re/bs is the largest proper class consisting of all short exact sequences of R-

modules

(3) gPUre is the classical Cohn’s purity:

xPure = m'({all finitely presented R-modules})

= T_l

({all finitely presented right R-modules})
= ¢ !({all right R-modules})
= (=) (eplit).

= 1 ({M’ | M is a finitely presented right R-module})
See for example (Facchini, 1998, §1.4) for the proof of the first four of these
equalities. See (Sklyarenko, 1978, Proposition 6.2) for the last equality. The

second equality above that allows us to pass from a proper class projectively

generated by a class of finitely presented R-modules to a flatly generated proper
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class is a general idea; what is being used in this passage is the Auslander-Bridger

transpose of finitely presented R-modules. See Section 4.2.
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CHAPTER THREE
THE PROPER CLASSES Aeat and P-Pure

Lasz16 Fuchs has characterized the commutative domains for which neatness and
rY-purity coincide; see Fuchs (2012). Fuchs calls a ring R to be an N-domain if R
is a commutative domain such that neatness and g%?-purity coincide. He proved that
a commutative domain R is an N-domain if and only if all the maximal ideals of the
commutative domain R are (finitely generated) projective R-modules. Motivated by
Fuchs’ result for commutative domains, we wish to extend this result to a class of
commutative rings larger than commutative domains. In this chapter, we will give the
definitions of our main objects which are neatness and gZ?-purity. These give us the
proper classes gpfteat and gP-Pure of short exact sequences of R-modules. We will

see some properties of these proper classes.

3.1 Proper Classes Generated by Simple Modules

A submodule A of a module B is said to be a complement in B or is said to be a
complement submodule of B if A is a complement of some submodule K of B, that
is, KNA =0 and A is maximal with respect to this property. A submodule A of a
module B is said to be closed in B if A has no proper essential extension in B, that
is, there exists no submodule A of B such that A g Aand A <A AL A means that A
is essential in A , that is, for every non-zero submodule X of A, we have ANX # 0).
We also say in this case that A is a closed submodule and it is known that closed
submodules and complement submodules in a module coincide. See the monograph
Dung, N. V. and Huynh, D.V. and Smith, P. F. and Wisbauer, R. (1994) for a survey
of results in the related concepts. Dually, a submodule A of a module B is said to be a
supplement in B or A is said to be a supplement submodule of B if A is a supplement
of some submodule K of B, that is, B= K + A and A is minimal with respect to this
property; equivalently, K+A =B and KNA < A (KNA < A means that K NA is
small (=superfluous) in A, that is, for no proper submodule X of A, KNA+X = A).
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For the definitions and related properties, see (Wisbauer, 1991, §41); the monograph

Clark et al. (2006) focuses on the concepts related with supplements.

Mermut (2004) deals with Complements (closed submodules) and supplements in
R-modules using relative homological algebra via the known two dual proper classes
géompl and rZuppl of short exact sequences in R-Zod, and related other proper
classes like pteat and géo-Veat. The proper class gompl [gZuppl] consists of all
short exact sequences

0—A—T-B 8.0

in R-Zod such that Im(f) is a complement [resp. supplement] in B. The proper class
pVeat [g6o-Veat] consists of all short exact sequences in R-#od with respect to which

every simple module is projective [resp. every module with zero radical is injective].

The notations of the proper classes related with complements and supplements are

the following:

(1) g6 =gGompl
(2) R =rSuppl

(3) rteat™ =g Neat = n~'({R/P | Pis a maximal left ideal of R}) is the proper

class projectively generated by all simple R-modules

(4) pteat®™ =t~ ({R/P | P is a maximal right ideal of R}) is the proper class flatly

generated by all simple right R-modules.

(5) rteat' =171 ({R/P| P is a maximal left ideal of R}) is the proper class injectively

generated by all simple R-modules.

(6) gbo-Neat = 17" ({M € R-lod | Rad(M) = 0}) is the proper class injectively

generated by all R-modules with zero radical.

(1) RP-Pure =t ({R/P| P € 2}), where 2 is the collection of all left primitive
ideals of R.
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Note that when R is a commutative ring, the proper classes in (4), (5) and (7) coincide,
that is,
pVeat' =g Neat®™ =g P-Pure.

The last equality is obvious since the collection of all left primitive ideals of a
commutative ring R coincide with the collection of all maximal ideals of a commutative

ring R. For the first equality, see Proposition 3.3.2 and Corollary 3.3.3.

With this terminology of proper classes, Laszl6 Fuchs’ result for N-domains is that:

Theorem 3.1.1. Fuchs’ characterization of N-domains. (Fuchs (2012, Theorem 5.2))
For a commutative domain R, pVeat =g PP-Pure if and only if all the maximal ideals
of the commutative domain R are (finitely generated) projective modules (that is, they

are invertible ideals).

For a commutative domain R, Fuchs has proved that pteat =rP-Pure it and
only if the projective dimension of every simple module is < 1. We always have
geompl Cpeat and g%uppl Cgo-NVeat Cr.Neat'; see Stenstrom (1967a, Proposition
5), Mermut (2004, Ch. 3), Alizade & Mermut (2004), Al-Takhman et al. (2006) or
Clark et al. (2006, §10 and 20.7). If the ring R is commutative, then we have;

gbo-Neat CrNeat' =g Neat® =g P-Pure

The proper classes in (3), (4) and (5) that are projectively, flatly or injectively
generated by simple (left or right) modules are natural ways to extend the concept
of neat subgroups to modules; so we have named all of them using ‘neat’. Note that
Fuchs (2012) calls the short exact sequences in g2?-Pure co-neat but we reserve the
word co-neat as defined in (6) above because it has also been used for its relation with
supplements. Being a co-neat submodule looks like being a supplement; see Mermut
(2004, Proposition 3.4.2) or Al-Takhman et al. (2006, 1.14) or Clark et al. (2006, 10.14)
for the following characterization of co-neat submodules: A submodule A of a module
B is a co-neat submodule of B if and only if A is a Rad-supplement of some submodule

K of B, thatis, K+A = Band KNA C Rad(A).
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3.2 The Proper Class . feat

f g

A short exact sequence E : 0 A B C 0 of R-modules is said to be

a neat-exact sequence if for every simple R-module S, the sequence
Homg(S, E) : 0—~Homg(S,A)—L~Homg(S, B)—*"~Homg(§, C)—0

is exact. Observe that [E is a neat-exact sequence if and only if Im(f) is a neat
submodule of B. A submodule A of an R-module B is neat in B if and only if

the short exact sequence 0 A2-B-%-C=B JA——=0 (where i4 is a inclusion

monomorphism) is a neat-exact sequence. We denote the proper class of neat-exact

sequences of R-modules by pAeat.

For completeness, we shall prove the following useful lemma.

Lemma 3.2.1. (see for example Fuchs & Salce (2001, Lemma 1.8.4) or Sklyarenko
(1978, Lemma 1.2, without proof)) Let

0 A A

k K Y
aL /;"a LB/? To

/
0 szE&C 0

be a commutative diagram of R-modules and R-module homomorphisms with exact
rows. There exists an R-module homomorphism & : B— D with the upper left triangle
commutative if and only if there exist an R-module homomorphism ¥ : C — E with

the lower right triangle commutative.

Proof. Suppose we have a commutative diagram as above and there exist an R-module
homomorphism & : B — D with the upper triangle commutative, that is, & o f; = .
We want to show that there exists an R-module homomorphism ¥ : C — E where
g209=17. Define ¥ as follows: For ¢ € C, there exists an element b € B such that
g1(b) = ¢ (since g; is an epimorphism) and define ¥(c) = B(b) — fo(&(b)). 7 is a
well defined R-module homomorphism, because, if ¢ = g1(b) = g1(b') where b, b
are in B, then b — b’ € Ker(gy) = Im(f}) implies b — b’ = f(a) for some a € A. If
we apply &, then we obtain & (b —b') = (& o f1)(a) = a(a). Applying f>, we obtain
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H(a(b—b")) = fala(a)) = (Bo fi)(a) = B(fi(a)) = B(b—b'), that is, fo(a(b—
b)) = B(b—b). Hence B(b) — fo(&(b)) = B(b') — fo(a(p')). This shows that ¥
is a well defined R-module homomorphism. Since f3, f>, & and g; are R-module
homomorphisms, it is easily checked that ¥ is also an R-module homomorphism. Let
c € C. Then (g207)(c) = g2(B(b) — fo(&(D))) for some b € B where g;(b) = ¢, so
82(B(b)) — (820 f2)(&(b)) = (820 B)(b) = (Yo 21)(b) = ¥(g1(b)) = ¥(c) since gz 0
f> = 0 by exactness of the second row and g o B = Yo g1, by the commutativity of the
diagram. Hence g, o ¥ = 7. Conversely, suppose we have a commutative diagram as
above and there exists an R-module homomorphism ¥ : C — E with the lower right
triangle commutative, that is, g o ¥ = 7. We want to find a homorphism & : B — D
such that & o fi = a. For b € B define &(b) = d where d € D is choosen such that
7(b) = f2(d) for T =B — Jog;. To prove that & is well defined, we need to show
that such a d is unique. 7 is an R-module homomorphism since 3, ¥ and g| are R-
module homomorphisms. Firstly Im(7) < Ker(g,) = Im(f>) because g, 07 = g2(B —
Jogi1) =g20B —g20(¥og1) =g20B—7yog1 =0. Soforb € B t(b) = fo(d) for some
d € D, and this d is unique since f> is a monomorphism. This shows that & is a well
defined function. Let’s check that & is an R-module homomorphism. For any r € R
and b, b’ € B, 0(rb+b') = d where ©(rb+b") = fo(d). Let r € R and b, b’ € B. Say
o(b) =d and &(b') = d’, that is, by definition of &, 7(b) = f2(d) and 7(V') = fo(d').
Then ©(rb+b") = rt(b) + t(b') = rfa(d) + fo(d’") = fo(rd +d"). So by the definition
of &, a(rb+b") =rd+d = ré(b)+ &(b'). It remains to show that & o f; = a.
Leta € A. Let b = fi(a). We have 7(b) = (B —7081)(b) = B(b) — (Yog1)(b) =
B(f1(a) — 7o g1 0 fi(a) = (B o fi)(a) = f(e(a)) since gy o fi = 0 and the diagram
commutative. By the definition of &, 7(b) = f>(a(a)) implies that &(b) = a(a), that

is 0o fi = o(a) as required. O

We shall also give the detailed proof of the following:

Proposition 3.2.2. Mermut (2004, Proposition 3.2.4). For a left ideal I in a ring R, the

ollowing are equivalent for a short exact sequence E : 0 At .p 8 C 0
g q q

of R-modules and R-module homomorphisms where A is a submodule of B and i4 is

the inclusion map:
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(1) Homg(R/I,B)—X~Homg(R/I,C) is an epimorphism, that is, R/I is projective

relative to the short exact sequence .

(2) Foreveryb € B, if Ib < A, then there exists an element a € A such that I(b—a) =
0.

Proof. Suppose g is an epimorphism, that is, given an R-module homomorphism # :

R/I — C, there exist & : R/I — B that makes the following diagram commute:

Let b € B be such that Ib < A. Then we can define & : 1 — A by a(r) =rbforall r € I.
Also define ' : R— Bby o (r) = rb forall r € R. Then a(r) = o (r) forall r € I. Let
f1 : 1 — R be the inclusion map and g; : R — R/I be the canonical epimorphism.
Define the R-module homomorphism f : R/I —s C by B(r+1) = g(a/'(r)) for all
r+1 € R/I(r € R). By our hypothesis, R/I is projective with respect to E. So there
exists an R-module homomorphism ﬁ : R/I — B such that go ﬁ = . By Lemma
3.2.1, there exists an R-module homomorphism & : R — A such that & o f; = «, that

is, the upper left triangle commutes in the following diagram:

R—=R/I—0

Let a = @&(1g) € A. Then for each r € I, we have rb = o(r) = &(fi(r)) = a(r) =
ré(1g) =ra. Sor(b—a) =0forall r € I, thatis I(b—a) = 0. Conversely, suppose that
for every b € B, if Ib < A, then there exists an element a € A such that /(b —a) = 0. Let
B :R/I — C be a given R-module homomorphism. Let f; : I — R be the inclusion
map and g; : R — R/I the canonical epimorphism. Since R is projective, there exists
an R-module homomorphism o : R —> B such that go o = P ogi, that is we can

construct the following commutative diagram:

0— 1R B RiI——0
la, lﬁ
0 A-—2-B C 0
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By commutativity, g(o//(1)) = B(g11) = B(0) =0, and so &' (I) < Ker(g) =Im(is) = A.
Hence, we can define o : I — A by a(r) = o/ (r) for all r € I and then we obtain the

following commutative diagram diagram with exact rows:

fi 81

0 I R R/I 0
e
0 A-2.B C 0

Let b = a/(1). For every r € R, &/(r) = rb and so o(I) = Ib < A. Hence by our
hypothesis, there exists an element a € A such that I(b —a) = 0, that is, for all r € 1
rb = ra. So define & : R —» A by @&(r) = ra for all r € R. Then & o f; = o because
forall r €1, (6o f1)(r) = &(r) =ra=rb= o(r) = a(r). Thus the upper left triangle

commutes in the following diagram:

0—1—LRrERiI——0
al Q&ﬁ la/ lﬁ
b
0—>A—>B—>C—>0

By Lemma 3.2.1, there exists an R-module homomorphism ﬁ : R/I — B such that

go B = B. This proves that g, is an epimorphism. [

The proof of the following corollary follows easily from the above proposition.

Corollary 3.2.3. Let R be a commutative ring. For a maximal ideal P in a ring R, the

following are equivalent for a short exact sequence

E:0— A 4B f.c .0

of R-modules and R-module homomorphisms where A is a submodule of B and iy is

the inclusion map:

(1) Homg(R/P,B)—~Homg(R/P,C) is an epimorphism.
(2) Forevery b € B, if Pb < A, then there exists an element a € A such that

P(b—a)=0
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For commutative rings, another equivalent formulation of neatness is given by using
M(S], the S-socle of M, where S is a simple R-module, M is an R-module and R is a
commutative ring, and where P is the unique maximal ideal of the commutative ring R
such that S = R/P and so P = ann(S):

M) = YT
T<M
TS
= {xeM|P-x=0}
= {xeM]|ann(S) -x=0}

= {xe M |ann(x) =P}U{0}.

Let us see how can we show the last equation. It is clear that if x € M and ann(x) = P
or x = 0, then Px = 0. Conversely let x € M and Px = 0. Then P < ann(x), and
since P is a maximal ideal of R, we obtain P = ann(x) or ann(x) = R. In other words
P = ann(x) or x = 0. By this equation if 0 # x € M[S] = JZ<7A:1’ then we can say Rx =
R/ann(x) = R/P = S. Observe also thatif f : A — Bis anT Ig?fmodule homomorphism
of R-modules, then f(A[S]) < B[S] because if a € A[S], then P-a=0and so P- f(a) =

f(P-a) = f(0) = 0 which implies that f(a) € B[S].

Proposition 3.2.4. (see p. 2 of Fuchs (2012)) Let R be a commutative ring. Let A be a

submodule of an R-module B. Consider the short exact sequence

0—=A—L-B t.c=B/A—0

where f is the inclusion monomorphism and g is the natural epimorphism. The
submodule A is a neat submodule of B if and only if for every simple R-module S,

the sequence

0——A[S|—L~ B[S]—*~C[$]|—0
is exact where f'(a) = f(a) for all a € A[S] and g'(b) = g(b) for all b € B[S].

Proof. Firstly observe that the map f” is well defined because f(A[S]) < B[S] as pointed
out before the proposition. Similarly g’ is well defined. Suppose A is neat in B, that

is, every simple R-module S is projective with respect to the short exact sequence

0 A / B—f-C= B/A——=0. Let S be a simple R-module. It is clear that f’ is a
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monomorphism since f’(x) = f(x) for all x € A and f is the inclusion monomorphism.
Let’s show that g’ is an epimorphism. Take 0 # ¢ € T where T < C and T = S. Since
T = S is a simple R-module and 0 # ¢ € T, we have c € Rc =T = S, and for some
b € B, we have g(b) = c since g is an epimorphism. Then g(Rb) = R(g(b)) = Rc =
T = S = R/P where P is a maximal ideal of the commutative ring R. Since always
Rc = R/ann(c) where ann(c) = {r € R | rc = 0} is an ideal of the commutative ring
R, and since Rc = R/P, we must have P = ann(R/P) = ann(R/ann(c)) = ann(c) since
we are in a commutative ring. Thus Pc = 0. Then g(Pb) = P(g(b)) = Pc =0, and
so Pb < Ker(g) = Im(f) = A since f is the inclusion homomorphism. By hypothesis,
A 1s neat in B. By Corollary 3.2.3, Pb < A then implies that there exists an element
a € Ker(g) such that P(b—a) = 0. Thus P < ann(b —a). Since g(b) = ¢ # 0 we have
b¢ A.Buta €A, and so b # a. Thus ann(b —a) # R because 1 ¢ ann(b —a) as b # a.
Now P < ann(b—a) # R implies P = ann(b — a) since P is a maximal ideal of R. Then
R(b—a) = R/P = § which implies R(b —a) < B[S]. Sob—a € B[S] and g'(b—a) =
g(b—a)=g(b)—g(a)=g(b) =csince g(a) =0. Thus T <Im(g) and so C[S] = TZ<TC <

TS
Im(g). Hence g’ is an epimorphism. For ending the proof of this part, it suffices to show

that Im(f") = Ker(g’). Take any a € A[S]. Then (g’ o f')(a) = &' (f'(a)) = ¢ (f(a)) =
g(f(a)) = 0 from exactness and this shows Im(f") < Ker(g'). For the other part, take
any 0 # b € Ker(g') < B[S]. We want to find an element a € A[S] such that f/(a) =
f(a) =b. Since 0 # b € Ker(g'), g'(b) = g(b) =0, so b € Ker(g) = Im(f). Then we
have f(a) = b for some 0 # a € A. Furthermore, f(Pa) = Pf(a) = Pb =0 since b €
BIS]. So Pa < Ker(f) =0since f is a monomorphism, which implies that P < ann(a) #
R (since a # 0). Hence by the maximality of P, we have ann(a) = P and so a € Ra =
R/ann(a) = R/P = S which implies that a € Ra < A[S]. Thus Ker(g") <Im(f’). Hence
Im(f’) = Ker(g’). We showed that 0 AlS] ! BIS] ¢ CIS] 0 is exact.

f B[S] g

Conversely, suppose that 0 A[S] CI[S] 0 is exact. Then

B[S]—5~C[S]—=0

is onto, that is for each 0 # ¢ € C[S] = ZT, ¢ € T = Rc = S there exists an element

T<C
T=S
beB[S|=) T whereb € T = Rb = S such that g’ (b) = g(b) = c and g(T") = g(Rb) =
T<B
TS
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Rg(b) =Rc=T. Let 0 #x € S. Since S is simple, S = Rx. Let h: S = Rx — C be
an R-module homomorphism that is not the zero homomorphism. Then, since S is a
simple R-module, 4(S) & S. So S = h(S) = h(Rx) = Rh(x). Thus h(x) € C[S]. Since g
is an epimorphism there exists an element b € B[S] such that g’(b) = g(b) = h(x). Then,
¢ (T)=g(T) = g(Rb) = Rg(b) = Rh(x) = h(S). Define /1 : S = Rx — B by h(rx) = rb.
h is well defined because r, ¥’ € R, rx = r’x implies r — 7’ € ann(x) = ann(b) so rb = r’b.
h is an R-module homomorphism because 7 (r1x + rox) = h((r; +r2)x) = (r1 + )b =
r1b + rab = h(r1x) + h(ryx) and h(r(r'x)) = h((r)x) = (r')b = r(r'b) = rh(r'x) for
all r1, ro, r ¥ € R. The R-module homomorphism £ satisfies g o h = h because for
all r € R, (goh)(rx) = g(rb) = rg(b) = rh(x) = h(rx). This shows that A is a neat
submodule of B. U

We can also rephrase the definition of neatness in terms of systems of equations.
If the maximal ideal P is generated by the elements r; (i € I), then we consider the
system of equations

rix=a; €A (i€l
with the single unknown x and constants in A.

Proposition 3.2.5. (Fuchs (2012, Lemma 2.2)) Let R be a commutative ring. A
submodule A of an R-module B is neat in B if and only if such systems are solvable

in A, whenever they are solvable in B.

Proof. Suppose A is neat in B and the sysrem of equations rix =a;, a; €A (i € I) is
solvable in B. This means that there exists b € B such that ;b = a;, a; € A. Since the
elements r; (i € I) are generators for P, we obtain Pb < A. By Corollary 3.2.3, since
A is neat in B there exists a € A such that P(b—a) = 0. So rb = ra for every r € P.
Thus ria = rib = a;, a; € A, and so this system is solvable in A. Conversely, suppose
if such systems solvable in B, then they are also in A. So for every b € B, if Pb <A,
then r;b € A for every i € I. Let a; = r;b. Thus the system rix = a;, (i € I) is solvable in
B. So it is solvable in A by hypothesis, that is, there exists a € A such that r;a = q; for

everyi €. Then ri(b—a)=rib—ria=a;—a;=0foreveryi€l. SoP(b—a)=0
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since P is generated by the elements r; where i € I. Thus by Corollary 3.2.3 A is neat
in B. [

We obtain a proper class of short exact sequences is closed under pull-back and

push-out. For completeness, let us see this observation for neatness:

Proposition 3.2.6. (Fuchs (2012, Lemma 2.3)) Let R be a commutative ring. If
the middle sequence in the following commutative diagram of R-modules and R-
homomorphisms with exact rows is neat-exact, then same holds for the top and the
bottom exact sequences for every R-module homomorphism y : C' — C and for every

R-module homomorphism o : A — A”.

/ /

E:0 A B -

|
4

o

~—Q
<

E:0 A B—%-C 0
.
B0 A" g o

Proof. By hypothesis E : 0 A-—*.p-9.C 0 is a neat-exact sequence, that

is, every simple R-module S is projective with respect to [E; equivalently, the sequence
Homg(S,E) : 0——=Homg(S,A)——=Homg(S, B)——=Homg(S,C)——0

is exact. We want to show that Homg(S,E’) and Homg(S,E”) are exact for every
simple R-module S. Since Homg(S, —) is a left exact covariant functor, we have the
following commutative diagram with the exact rows: where the middle row is exact

since [ is neat-exact sequence sequence.

Homg(S,x’) Homg(S,0")

0——=Homg(S,A) Homg(S,B’) Homg(S,C)
1HomR (S.A4) L Homg(S,y)
0——Homg(S,A) 20 _Homp (S, B)—2" ) Homg(S,C)—=0

Homg (S, ) ‘

H S, i H S, 1
0—Homg($,A”) 252 ome (8, B") 2257 Homg(s,C)
We will show that the top and the bottom rows are short exact. It suffices to show that

Homg(S,0’) and Homg (S, 0”) are epimorphisms. So we want to show that if § : S —
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C’ is an R-module homomorphism, then there exists an R-module homomorphism 6 :

S — B’ such that B = 6’ 0 0, that is the following diagram

S

9 /
d lﬁ
G/

Lo o0

commutes. Let us try to find 6. Since yo f3 is an R-module homomorphism and by

B/

hypothesis Homg(S, o) is an epimorphism (since E is a neat-exact sequence), there
exists an R-module homomorphism f : § — B such that 6o f = yo 3. So we have

the following commutative diagram:

S
x
'L/. ,
f B C
bl
B—2-C

Since (B', B’,0”) B’ is a pull back of the pair ¢ and 7, there exists a unique 6 : S — 8’
such that 6’00 = 8 and ' 0 6 = f. This shows that Homg(S, ”) is an epimorphism. It
remains to show that Homg (S, 6”) is an epimorphism. Let 8 : § — C be an R-module
homomorphism. To satisfy the epimorphism property of Homg(S, 6”), we have to find
h:S — B" such that 6" o = 3. Since S is projective with respect to E, there exists an
R-module homomorphism f: S — Bsuchthat of=f. Leth=B"of:S — B’.
Then 6" oh=06"0(B"of) = (6"0B")of = (lcoc)of =0o0f = asrequired.

Indeed that result always hold for a proper class of short exact sequences of R-
modules. pteat = n~'({all simple R-modules}) is a projectively generated proper
class (generated by all simple R-modules). By Lemma 2.2.1, proper classes are closed
under pull back and push out. Hence neat-exactness of E implies that E' and E” are

also neat exact sequences. [

By the terminology for proper classes, remember that by a pfeat-projective R-
module, we mean an R-module H which has the projective property with respect all

neat-exact sequences of R-modules; equivalently, if

0 A B C 0
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is a neat-exact sequence of R-modules, then exactness holds for the sequence
0——Homg(H,A)——Homg(H,B)—Homg(H,C)—0.

Theorem 3.2.7. (Fuchs, 2012, Theorem 2.6) Let R be a commutative ring.

(1) Every R-module M can be embedded in a neat-exact sequence

0 K H M 0

of R-modules where H is a direct sum of a projective and a semisimple R-module.

(2) Every pfteat-projective R-module is a direct summand of a projective and a

semisimple R-module.

Proof.

(1): Let {S; | j € J} be a set of representatives of all simple R-modules, that is, each
simple R-module is isomorphic to §; for a unique j € J. Given M, consider the R-
module H = (B R,) & [P (DS;)] where the modules R, are copies of R, while ¢;
runs over the n(?rel;/lero eléli{er(ft]s of Homg(S;,M). The map ¢ : H — M is defined by
mapping 1, € R, to a € M and acting on S; as ¢;. Let K = Ker(¢). It is obvious that ¢

is surjective. To show that the arising exact sequence

0 K H M 0

is neat-exact we must show that all simple R-modules have projective property with
respect to it. So we must show that for each R-module homomorphism 4 : § — M,
there exists an R-module homomorphism g : § — H such that g og =h. If h =0,
take g = 0. Suppose i # 0. Since {S; | j € J} is a set of representatives of
all simple R-modules, the simple R-module S isomorphic to §S;, for some jy € J
via say the isomorphism f :S;) — §. Thus ho f:§;, — M is an element of

Homg(S;,,M). Lety:S;, — DS be the inclusion monomorphism of direct

¢j0 GHomR (SjU 7ZW)

sums corresponds to the term for 4o f € Homg(S;,,M) defined for every x € S, by

’Y(‘x> = (y¢]0 )¢j0 EHOII]R (SJO 7M) Where

0, if¢j, #hof

Yoy, =
" x, if¢j,=hof
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Let v : PSj, — P (PS;) be the inclusion monomorphism of the joth component.

Djy JET ¢,
Let 0 : @(PS;) — (PR, ® [P (DS;)] be the inclusion monomorphism into the
J€l g, acM jel o;

direct sum. Leti = 0oyoy:S;, — H. By the construction of H and by the definition
of ¢ that we have ¢ oi = ho f. So we have the following commutative diagram:
¢
0——K——H = (PR, & [P (BS;)|—M—0
aeM jel ¢
h
' S
l
-
So
Letg=iof '. Thenpog=go(iof ) =go(iof ') =(poi)of ' =(hof)of ' =
ho(fof~!) =h. Hence S is projective relative to this exact sequence. Note that
@R, = PR is a free R-module and so projective, and @ (PS;) is a semisimple R-
aeM aeM JEJ ¢;
module.
(2): Let M be a gpAteat-projective R-module. From (1) it follows that there exists a

neat-exact sequence

0 K H M 0

where H = F @ L, F is a free R-module and L is a semisimple R-module. Since M
is pteat-projective, by Proposition 2.3.1 this short exact sequence splits. Hence M is
isomorphic to a direct summand of H = F & L. Thus M is a direct summand of a direct

sum of a projective and a semisimple R-module. O

3.3 The Proper Class Z-Zure

An ideal P in R is said to be a left primitive ideal if P is the annihilator of a simple
R-module. If S is a simple R-module and P = ann(S), then we can write S = R/M
for some maximal left ideal M of R. It is easily seen that ann(S) < M, but the equality
may not hold in the noncommutative case. If R is a commutative ring, then neccessarily

M=P.

Denote by & the collection of all left primitive ideals of the ring R. A short exact
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sequence K : 0 A B C 0 of R-modules is said to be g77-pure-exact

if for every left primitive ideal P of R, the sequence
(R/P)RrE : 0——=(R/P) @k A——=(R/P) g B——=(R/P) @ C——0

is exact, that is, E € T /({R/P | P € P}) =g P-Pure. By for example Osborne
(2000, Proposition 2.2), for right ideal / of R, we have (R/I) g B = B/IB where IB is
the submodule of B generated by all rb, r € I, b € B. So for each P € &, (R/P) @gE
is exact if and only if 0 A/PA B/PB C/PC 0 is exact if and only

if 0 A/PA B/PB is a monomorphism (since tensor product is a right exact

functor) if and only if PA = (PB) NA. We say that a submodule A of an R-module B is
rZ-pure in B if PA = (PB)NA for all P € &, or equivalently the short exact sequence

0 A2 p C 0 of R-modules is g7-pure-exact (where i4 is the inclusion

monomorphism).

If the ring R is commutative, then & is the collection of all maximal ideals of R. In
this case, a short exact sequence [E of R-modules is g77-pure-exact if for every simple
R-module S, the sequence S ®g E is exact. A submodule A of an R- module B is zg7?-
pure in B if PA = (PB) N A for all maximal ideals P € &2. So in the commutative case
rP-Pure = 7' ({all simple R-modules}). Now let us see some further properties in

the commutative case:

Proposition 3.3.1. If R is a commutative ring, P is a maximal ideal of R, and M is an
R-module annihilated by P, that is, PM = 0, then M is isomorphic (as an R-module) to

a direct sum of copies of R/P: M = @ R/P for some index set T..
Aell

Proof. Since M is annihilated by P and P is a (two-sided) ideal of the commutative
ring R, M can be considered as an (R/P)-module also. Since P is a maximal ideal of
R, R/P is afield. So M is a vector space over the field R/P. Hence M is a free (R/P)-
module (every vector space has a basis, so it is a free module). Thus M = @ (R/P)
for some index set I'. This is an isomorphism of (R/P)-modules but the R—m%ﬁgle and

(R/P)-module structures of M and R/P are the same. So this is an isomorphism of

R-modules also. [

Proposition 3.3.2. (Fuchs (2012, Proposition 3.1)) Let R be a commutative ring. For
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a short exact sequence

E:0 A B C 0

of R-modules, and for a simple R-module S, the sequence
SRRE: 0—=S @pA—"+=S@p—=S g C—0
is exact if and only if the sequence
Homg(E,S) : 0——=Homg(C,S)——Homg(B,S)—Homg(A,S)—0
is exact.

Proof. We shall give a detailed proof by following the proof in Fuchs (2012,
Proposition 3.1). The simple R-module S = R/P for some maximal ideal P of R.
Observe that for every R-module M, we have a natural isomorphism Homg(M,S) =

Homg(M/PM,S) from which we obtain the isomorphism
Homg(M,S) = Homg(M/PM,S) = Homg(S ®r M, S)

Note also that since R is a commutative ring, S ®gr M is a homogeneous semisimple
R-module (with all simple submodules isomorphic to S) because it is annihilated by
P: P(S®rM) = (PS)@rM =0®@rM = 0. If S®gE is exact, then it is splitting since
the modules in this short exact sequence are semisimple. Since proper classes contain
all splitting short exact sequences, this sequence S ®r £ must be in the proper class

1~ !({all simple R-modules}). Thus
0——Homg(S ®g C,S)—Homg(S ®g B,S)—Homg(S ®gA,S)—0

is exact. So by the above natural isomorphism Homg(M,S) = Homg(S @z M, S), the

sequence
0——Homg(C,S)——Homg(B,S)——Homg(A,S)—0

is also exact.

Conversely suppose that for the simple R-module S, the sequence

0——=Homg(C,S)——=Homg(B,S)——Homg(A,S)—0
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is exact. So by the above natural isomorphism Homg(M,S) = Homg (S ®gr M, S) the

sequence
0—Homg (S ®x C, S)—Homg (S ® B, S)—*~Homg(S @z A, §)—=0

is also exact. This implies that a* = Homg(@,S) is an epimorphism, that is, if we
have an R-module homomorphism f : S ®gr A — S, then there exists an R-module
homomorphism g : S ®g B — S such that go o = f, that is, the following diagram is
commutative:
0—SQRA—>S@r B
f l Y

e

Si
We want to show that 0 SRrA—2-8 @r B—=S @p C—=0 is exact. It suffices

to show that o is a monomorphism since tensor product is a right exact functor.
Suppose to the contrary that ¢ is not a monomorphism, so Ker(a) # 0. Firstly note that
S®grA is ahomogeneous semisimple R-module with all simple submodules isomorphic
to S. Since S®g A is a semisimple R-module, Ker() is a direct summand of S ®gA,
that is, S®grA = Ker(ot) & U for some submodule U of S®@gA. Also Ker(o) =T GV
where 7T is a simple submodule of Ker(¢t) isomorphic to S and V is a homogeneous
semisimple submodule of Ker(a) since Ker(a) # 0 is a homogeneous semisimple R-
module with all simple submodules isomorphic to S. Consider the following R-module
homomorphisms: S®RAL/>KGI‘(OC)—7T>T—;>S where 7' and 7 are projections
onto the direct summands, and £ is an isomorphism. Let f' = homon' : S®@rA — S.
Then f’ does not vanish on T, that is, f'(x) # 0 if 0 # x € T. By the hypothesis, as
observed above, there exists an R-module homomorphism g’ : S ®g B — S such that

f' = g o, that is the following diagram commutes:

0——S@rA'—*~S@r B

But for any 0 # x € T < Ker(a), we have f'(x) = ¢/(a(x)) = ¢(0) = 0 which
contradicts with f’(x) # 0. O

This proposition gives us the following corollary:
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Corollary 3.3.3. If R is a commutative ring, then

= ({all simple R-modules}) = 1~ ({all simple R-modules}).

By Fuchs (2012, Examples 3.1 and 3.2), we see that the proper class g77-Zure is not
equal to the proper class g #eat; furthermore neither is contained in the other. Although
for the commutative rings R, neither of the concepts g77-purity and neatness implies
the other, we have some connections between them. Recall that the character module

of an R-module M is defined as the right module M’ = Homgz,(M,Q/Z).

Theorem 3.3.4. (Fuchs (2012, Theorem 3.4)) Let R be a commutative ring. The exact

sequence

0 A B C 0

is R -pure-exact if and only if the sequence

0—>C——B——>A"——0
of character modules is neat-exact.

Proof. The short exact sequence

E:0 A B C 0

being g¥-pure-exact, means that for every simple R-module S, S ®r E is exact (also
splitting). So for the additive contravariant functor Homgz(—,Q/Z), S ®g E is exact
if and only if Homz(S @z E,Q/Z) is exact. It is well known that there is a natural
isomorphism Homz (A ®g B,G) = Homg(B,Homz (A, G) for each right R-module A,
R-module B and an abelian group G. For the proof of this well known isomorphism;
see Osborne (2000, Theorem 2.4). Thus the sequence Homy (S ®g E,Q/Z) is exact if
and only if

0 — Homg (S, Homy(C,Q/Z)) Homg(S,Homz(B,Q/Z)) >

C—»HomR(S,HomZ(A,Q/Z)) —0

54



is exact, that is,
0——=Homg(S,C*)—=Homg(S, B)—=Homg(S,A”)—=0

is exact. The exactness of this last sequence for every simple R-module S means that,

0—=C’ B AP 0 is neat-exact. L]

Theorem 3.3.5. (Fuchs (2012, Theorem 3.5)) Let R be commutative ring such that the

simple R-modules are finitely presented. The sequence

0 A B C 0
is neat-exact if and only if the sequence

0—-=C’ B AP 0

of character modules is g%?-pure-exact.

Proof. The sequence 0 A B C 0 is neat-exact if and only if for every

simple R-module S, the sequence
0——Homg(S,A)——Homg(S, B)—Homg(S,C)—0
is exact. By Theorem 3.3.4 the following sequence
0—(Homg(S,C))’— (Homg(S, B))’— (Homg(S,A))’—=0

R -pure-exact, means that for every simple R-module S,

0—=S ®g (Homg(S,C))’—=S Qg (Homg(S, B))’—=S ®r (Homg(S,A))’—=0
is exact (also splitting). So for the additive contravariant functor Homz(—,Q/Z),

0—=S @ (Homg(S,C))’—=S Qg (Homg (S, B))’—=S @ (Homg(S,A))’—=0
is exact if and only if

0 —— Homz(Homg(S,C),Q/Z)

Homgy(Homg(S,B),Q/Z) >

C—» Homyz(Homg(S,A),Q/Z) —0
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is exact. As S is finitely presented we can make use of the natural isomorphism S ®g
Homy(C,D) = Homyz(Homg(S,C),D) with injective abelian group D ( see Rotman
(1979, Lemma 3.59)) to obtain that the exactness of the above sequence is equivalent

to exactness of the sequence
0—=S R C'—=S R B—=S g A"—0

The exactness of this last sequence for every simple R-module S means that

is gZ-pure-exact. This completes the proof. [

By Theorems 3.3.4 and 3.3.5 we can easily obtain the following corollary.

Corollary 3.3.6. (by Lemma 2.4, Theorem 3.4 and Theorem 3.5 of Fuchs (2012)) Let
R be a commutative ring.
(1) If RP-Pure Crheat, then every simple R-module is finitely presented and
RP-Pure =g NVeat.

(2) If pheat CrP-Pure and every simple R-module is finitely presented, then
RP-Pure =g Neat.

Proof. (1): Suppose g7-Pure Creat. The proper class g77-Pure is a flatly generated
proper class and so it is inductively closed. Thus gZ-ZPure contains gFure which is
the smallest inductively closed proper class (see the notes for purity at the end of
Section 2.5). So we obtain gFure CrP-HPure Cpheat. But, by Proposition 4.5.2,
rPure Cpteat implies that every maximal ideal of R is finitely generated. So every

simple R-module is finitely presented. Furthermore if the sequence

is neat-exact, then by Theorem 3.3.5 and by hypothesis the sequence
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is also neat-exact. So by Theorem, 3.3.4 the sequence

0 A B C 0

is gZ-pure-exact. We obtain gpteat CrP-Pure. Hence gP-Pure =g Veat.
(2): Suppose pteat CprP-Hure and every simple R-module is finitely presented. Take

any rZ-pure-exact sequence

By Theorem 3.3.4 and by our hypothesis, the short exact sequence

is also pZ2-pure-exact. Then by Theorem 3.3.5, the sequence

is neat-exact, that is, p2-Pure CpVeat. Hence gRP-Pure =g Veat. O
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CHAPTER FOUR
WHEN DO NEATNESS AND &-PURITY COINCIDE?

In the preceeding chapter, we have seen some properties of neatness and gZ?-purity
over a commutative ring R. By Corollary 3.3.6, if neatness and r%?-purity coincide
over a commutative ring R, then the simple R-modules must be finitely presented.
In general, over a commutative ring, Fuchs pointed out that these two proper classes
pYeat and gP-Pure are not equal. In the first section, we just remind the definition
and some properties of finitely presented R-modules. In Section 4.2, we will give the
definition of ‘the’ Auslander-Bridger transpose of a finitely presented R-module and
see some of its properties that we shall use. The main known result that we shall use
is that a proper class projectively generated by a set of finitely presented R-modules
is flatly generated by ‘the’ Auslander-Bridger transpose of these finitely presented R-
modules (see for example Sklyarenko (1978, Section 8)); for completeness we shall
also give the proof of that in Section 4.3. We shall prove, in Section 4.4 that for a
commutative ring R, an Auslander-Bridger transpose of a finitely presented simple R-
module § of projective dimension 1 is isomorphic to S. This enables us to prove the
main result of our thesis in Section 4.5: if R is a commutative ring such that every
maximal ideal of R is finitely generated and projective, then neatness and gZ?-purity
coincide. We still do not know if the converse neccessarily holds over a commutative
ring. But we will show that the converse holds for commutative rings with zero socle,
that is, if R is a commutative ring with zero socle and if g feat =g P-Pure, then every
maximal ideal of R is finitely generated and projective. In the last section, we will give

some examples of these commutative rings with zero socle.

4.1 Finitely Presented Modules

Let us start with the definition of finitely presented R-module.

Definition 4.1.1. An R-module M is said to be finitely presented if there is an exact

sequence 0 K F M 0 of R-modules such that F is finitely generated
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and free, and K is finitely generated.

Proposition 4.1.2. (Bland, 2011, Lemma 5.3.13) The following are equivalent for an
R-module M:

(1) There exists an exact sequence Fi F M 0 where Fy and Fy are

finitely generated free R-modules.

(2) There exist positive integers m and n such that the sequence

R™ R" M 0

Is exact.

(3) M is finitely presented.

Proof. (1) = (2) : Suppose there exists an exact sequence F) F M 0
where F| and Fy are finitely generated free R-modules. Since Fyp and F; are finitely
generated free, they have a finite basis, say with n and m elements respectively. Then

Fo = R" and F; = R™, so we obtain an exact sequence R" R" M 0.
g

2) = (3) : Suppose we have an exact sequence R f R" M 0 where m, n
pp q

are positive integers. Let K = Ker(g). By the exactness, we have K = Ker(g) = Im(f).

The submodule K of R" is finitely generated since K is a homomorphic image of the

finitely generated R-module R™. Hence 0 K R" M 0 is a short exact
sequence, where K — R" is the inclusion map. By our definition, this means that M
is finitely presented.

(3) = (1) : Suppose M is finitely presented. Then by the definition, there exists a

short exact sequence 0 K—~F—>M 0 such that F is finitely generated
and free, and KX is finitely generated. There exists a finitely generated free R-module F;
and an epimorphism ¢ : /| — K since K is finitely generated. For the homomorphism
uo¢ : F — F, we have Im(uo ¢) = Im(u) and by the exactness we have Im(u) =

Ker(v). Thus we can obtain the desired exact sequence:
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Note also the following elementary characterization for finitely presented R-

modules.

Proposition 4.1.3. An R-module M is finitely presented if and only if there exists an

exact sequence Py Py M 0 such that Py and Py are finitely generated and

projective R-modules.

Proof. (=) : Suppose M is finitely presented. By Proposition 4.1.2-(1) there exists

an exact sequence Fj Fo M 0 where F| and Fj are finitely generated free

R-modules. Since free R-modules are projective, we are done.

f

(<=) : Suppose there exists an exact sequence P; s Py M 0 where Py and

Py are finitely generated and projective R-modules. We want to show that M is a
finitely presented R-module. Since P, is a finitely generated projective R-module, it is
a direct summand of a finitely generated free R-module Fy; say, Fo = Py P(; for some
submodule P(/) of Fy. Define o : Fy — Py to be the projection onto the direct summand
Py. Similarly, there exists a finitely generated free R-module F; with F; = P @P{
for some submodule P{ of F1 and with the projection ; : F; — P;. Construct the

following sequence:
Fi&Fy= (P &P) & Fy—=Py @& P)—L~M——0

by defining g(p; —|—p'1,a) = (g(p1), 7 (a)) for p; € P, p/1 € Pl/, a € Fy where 1’ : Fy —>
P(; is the projection onto the direct summand P(l) of Fy. Define f(py, pz)) = f(po) for
po € Ry, pz) € P(/). This sequence is exact because Ker(f) = Ker(f) EBP(I) and Im(g) =
Im(g) GBP(; are equal since Ker(f) = Im(g), and f is onto since f is. Let F| = F| © K.

g f

Then we have the desired exact sequence F F M 0 where Fy and Fj

are free and finitely generated R-modules. So by Proposition 4.1.2, M is a finitely

presented R-module. ]

The exact sequences which are given in the above propositions are called
presentations of the finitely presented R-module M. More precisely, for a finitely

presented R-module M, an exact sequence

F——=Fy——=M——=0
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where Fy and F) are finitely generated free R-modules is called a free presentation of

M, and an exact sequence

P Py M 0

where Py and P; are finitely generated projective R-modules is called a projective

presentation of M. Similarly one defines finitely presented right R-modules.

Note also the following well known properties of finitely presented R-modules:

Proposition 4.1.4. (Schnauel’s Lemma, by for example Rotman (2009, Proposition
3.12))

Given exact sequences

and

0— K —Lop 9y

where P and P’ are projective R-modules, then there is an isomorphism
KeP 2K @P

Proof. Consider the diagram with exact rows:

0 I|<i1|DGM 0
| o Iﬁ
\

Y /
0 K-‘t-pP % M 0

1y

Since P is projective R-module, there is a map 8 : P — P’ with 6’ o B = o, that is,
the right square in the diagram commutes. A diagram chase shows that there is a map
o : K — K’ making the other square commute (see Rotman (2009, Proposition 2.71)).

This commutative diagram with exact rows gives an exact sequence

0 [4

0—=K—2-PaK P —>0,

where 6(x) = (i(x), a(x)) and y(u,x') = B(u) —i'(x’), forallx e K,u € P, and X' € K'.
Exactness of this sequence is straightforward calculation. So by Proposition 2.3.1, this

sequence splits because P’ is projective R-module. Thus KQp = P Qg K’ [
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Corollary 4.1.5. (Rotman (2009, Corollary 3.13)) If M is finitely presented R-module
and

0 K F M 0

is an exact sequence, where F is a finitely generated free R-module, then K is a finitely

generated R-module.

Proof. Since M is finitely presented R-module, there is an exact sequence

0 K’ F' M 0

with F' free and with both F’ and K’ finitely generated R-modules. By Proposition
414, KOF' 2K ®F. Now K' ®F is finitely generated R-module because both
summands are, so that the left side is also finitely generated. But K, being a direct

summand, is a homomorphic image of K & F’, and hence it is finitely generated. [

Before the ending this section note that the following well known results;
Direct sum of finitely many finitely presented modules is finitely presented.

Direct summand of a finitely presented module is finitely presented.

4.2 The Auslander-Bridger Transpose of Finitely Presented Modules

Let us start this section with the definition of Auslander-Bridger transpose.

Definition 4.2.1. Let M be a finitely presented R-module. Take a projective presentation

of it, that is, take an exact sequence

f g

Y. P P M 0

where Py and P are finitely generated projective R-modules. Apply the functor (—)* =
Homg(—, R) to this projective presentation:

*

0—Homg (M, R)—*~Homg(Py, R)—.—~Homg (P, R)
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Fill the right side of this sequence of right R-modules by the module Try(M) =

Coker(f*) = P} /Im(f™) to obtain the exact sequence

v Py ——=Pf —=Try(M)—=0, (4.2.1)
where o is the canonical epimorphism. Since Py and P are finitely generated
projective right R-modules, the exact sequence (4.2.1) is a projective presentation
for the finitely presented right R-module Tr,(M) which is called the Auslander-
Bridger tranpose of the finitely presented R-module M with respect to the projective

presentation 7.

The meaning of the transpose is comes from a free presentation of a finetely
presented R-module. Let we take a free presentation F of a finitely presented R-module
M, that is,

F: FR-1-F-*

M 0

where F| 22 R* and Fy = R". We can denote the R-module homomorphism from RF to
R" is given by an n X k rectangular matrix A. It can be easily check that the R-module
homomorphism f* given by an k x n rectangular matrix A”. Hence the Coker(A”) =

Coker(f*) = Trp(M).

See Auslander & Bridger (1969), Auslander et al. (1995, §IV.1) and Masek (2000).

Definition 4.2.2. Two R-modules A and B are said to be projectively equivalent if
there exist projective R-modules P and Q such that A® P = B® Q. Denote this by A ~
B.

Proposition 4.2.3. (Masek (2000, p. 5786)) The relation = is an equivalence relation

on the class of (finitely generated) R-modules.

Proof. Let A be an R-module. Then of course A & P = A & P for any projective R-
module P. So = is reflexive. Let A and B be R-modules. If A =~ B, then it is clear that
B ~ A with the same projective R-modules. Let A , B and C be R-modules. If A =~ B
and B =~ C, then there exist projective R-modules P, P», P3 and P, such that A & P
“BoPandBO P3s=C®Py. Thenitisclearthat AP, S P3s=ZBP P, P P =

63



BeoPoP,=C®P,®P. Hence A = C. So = is transitive. This shows that ~
is an equivalence relation on the class of R-modules, and also on the class of finitely

generated R-modules. 0

We shall give the detailed proof of the following result by following the proof given
in Masek (2000, Proposition 4):

Theorem 4.2.4. (Auslander & Bridger (1969), Auslander et al. (1995), Masek (2000))
An Auslander-Bridger transpose of a finitely presented R-module M is unique up to
projective equivalence, that is, if Y and p are two projective presentations of a finitely

presented R-module M, then Try(M) = Trp(M).

Proof. Let M be a finitely presented R-module and let

and

p: 01——=0y

be two projective presentations of M. We say that y strictly dominates p if there
are R-module homomorphisms ¢;:P; — Q; for i = 0,1 satisfying the following three

conditions.

(i) ¢; is surjective, fori =0, 1.

(i1) ¢o is a lifting of 15, and ¢; is a lifting of ¢@p, that is, the following diagram

commutes:
P—“p—L om0
N
01—=Q0—+M

(i11)) The R-module homomorphism &#:K; — Ky induced by u is surjective where K;=

Ker(¢;) fori =0, 1.
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In other words, we should have a commutative diagram with exact rows and columns:

0 0 (4.2.2)
Ki—"~Ky—0

P—pP— o0

01 o) H

01—~0p—>M——0

We prove the proposition in two steps:

Step 1: If y strictly dominates p, then Try(M) ~ Trp (M)

Step 2: If v and p are given two projective presentations of M, then there exists a
projective presentation 1 of M such that 7 strictly dominates y and p, that is, Try (M)
~ Try(M) and Try(M) =~ Tr,(M). Since = is an equivalence relation on R-modules,
we obtain Try(M) ~ Tr,(M).

Proof of Step 1: Assume that ¥ strictly dominates p. Then we have the diagram
(4.2.2). Since Q;’s are projective, the columns are split exact, P, = Q; & Ki, and so
K;’s are projective (and finitely generated since P,;’s are finitely generated). Therefore
K —ﬁ>K0—>0 splits since Ky projective. Dualizing the diagram (4.2.2), that is,
applying the left exact functor (—)* = Homg(—,R) to the diagram (4.2.2) we obtain

the following diagram with exact rows:

0 0

0—M* 0501
At

0— ML pr " p

0——K;—~K;
Since the columns in the diagram (4.2.2) are split exact, they remain split exact after

we apply the functor (—)* = Homg(—,R). So we have the following diagram with

exact columns. Similarly since K; —ﬂ>K0—>O is splitting, 0——Kj LKT is also
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splitting, and K* and K| finitely generated projective R-modules.

Rt
0— M+ P p;
i *

Complete the right side with Coker(v*), Coker(u*) and Coker(i#*) with natural

epimorphism onto them to obtain the following commutative diagram with exact rows:

0 0 (|)
|
* g* x Vv * Y *
0 05 0i- - >Cokelr(v )--=0
e e
f* *

Y
P;——=Pj- - =Coker(u*)- - =0
|
|
i \
0—K;—"~K#~ — ~Coker(@*)- - =0
|
|
y
0 0 0

The exactness of the last column, follows by the Snake-Lemma (Ker-Coker sequence)

applied to the columns of the above diagram. By the definition of the Auslander-
Bridger transpose, Try, (M) = Coker(v*) and Try (M) = Coker(u*). Let K = Coker(ii*).

The last column above exact, that is, the following sequence is exact:
0——Coker(v*) = Trp(M)——=Coker(u*) = Try(M)——Coker(ii*) = K—0

Since @* splits, the last row in the above diagram is splitting and so K{ = Kj © K. Then

K is projective since K is projective. Thus the short exact sequence
0——Try(M)—Try(M)—K——0
is splitting since K is projective. Then Try(M) = Tr,(M) ® K, and so Try(M) &0 =

Tr, (M) ® K where 0 and K are projective R-modules. Hence Try(M) ~ Trp(M). This
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ends the proof of the first step.

Proof of Step 2: Now let ¥ and p be two projective presentations of M, which are as
given in the beginning of the proof. We shall construct a new projective presentation
N which strictly dominates both y and p. Define 4 : Py® Qo — M by h(po,qo) =
f(po)+g(qo) forall (po,qo) € Py® Qyp. Clearly h is surjective since f and g are. Let ot :
E — Py Qp be an R-module homomorphism from a finitely generated projective R-
module E onto Ker(h), that is, Im(a) = Ker(h). Such an « exists because M is finitely
presented, so Ker(%) must be finitely generated by Corollary 4.1.5. Since Ker(h) is a
submodule of Py ® Qy, let us embed Ker (%) to the R-module Py & Q¢ with an inclusion

homomorphism i. We have the following commutative diagram with exact rows:

% L Py®Qy M —=0

i

Ker(h)

Extend the projective presentations ¥y and p one more step in a projective resolution
of M, that is, take homomorphisms ' : P, — Py, V' : O — Qy such that Im(«/) =
Ker(u) and Im(v") = Ker(v) where P, and Q; are projective R-modules; these give the

following exact sequences:

p-Y.p_.pt

and
/ g

0,——=01——=0y

Define the projective presentation 11 of M as follows:
n: EGP® 0" —~P® 0y —~M—0

where w(e, p2,q2) = a(e) for all (e, pr,q2) € E® P> ® Q. It is clear that Im(w) =
Im(o) = Ker(h), so n is exact. We claim that 1 strictly dominates ¥ and p. Since
the construction of 1 is symmetric with respect to ¥ and p, we will only show that
N strictly dominates p. Lift 1y, to ¢g : P —> Qo (since Py is projective, for the R-
module homomorphism 170 f : By — M, there exists an R-module homomorphism

0o : Pp — Qo such that go ¢g = f o 1)), that is, obtain the following commutative
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diagram with exact rows:

v PPy ——0
|, |
p:OI——=00—>M 0
Define xo : Py & Qo — Qo by 20(Po.q0) = ¢o(po) + qo for all (po,qo) € Py @ Qo.
For each ¢g € Qp, we have x0(0,40) = ¢0(0) + go = qgo, S0 Xo is surjective, and also

go Xo = hsince go x0(po,q0) = &(do(po) +q0) = g(9o(po)) +&(q0) = f(po) +&(q0) =

h(po,qo). Hence we have the following commutative diagram:

E-%*-pPaQ)—">M—-0

leQl:)mgl\‘LO

Lift o to 6 : E — (1, that is, construct the following commutative diagram:

E—%-P@®Qy—>M—>0
N
0 ——=Qy—2—=M—0

We can do this as is done with projective resolutions in the following way. Let 1 :

E — Im(v) = Ker(g) be defined by 11 (x) = (0o )(x) for all x € E; it is well defined
because (xoo a)(x) € Im(v) for all x € E since g()oo a)(x)) = (hoa)(x) =0 as
goxo=hand hoa = 0. We have then the following diagram where v(x) = v(x) for
all x € O

A

01 —~Im(v)—0
Since E is projective, there exists an R-module homomorphism 6 : E — Q; such that

vod=m1n. Soforallx € E, (yooa)(x) =n(x) = (¥0d)(x) =v(6(x)) =v(d(x)) =

(vod)(x). This gives xoo & = vod as required. Finally define y; : EG P, & Q2 — Q)
by 21(e, p2.q2) = 8(e)+Vv (g2) forall (e, p2,q2) € E® P& Q5. Thenvoyy (e, p2,q2) =
v(8(e) +v (q2)) = v(8(e)) +vov (q2) = xoo ae) +0(q2) = xo© w(e, p2,q2) since

o(e) =w(e, p2,q2), that is, 1 and p sit in the following commutative diagram:

EGP,®Q =P Qy—>M—=0

|

.
) i Qlo £ .M 0
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We want to show that 1 strictly dominates p. By the above commutative diagram,
the second condition of strictly domination holds. So we must show that the first
and the third condition of strictly domination hold. For the first condition, we must
show that ¥y and )| are surjective. For the third condition, we must show that the
induced R-module homomorphism w : Ker(p) — Ker(y;) is also surjective. Above
we have seen that Y is surjective. Let’s show that ; is also surjective. Take any g €
Q1. Then v(q;) € Qo,(0,v(q1)) € Py® Qo and h(0,v(q1)) = f(0) +gov(g1) =0, so
(0,v(q1)) € Ker(h) = Im(a) which implies that there exists an element e € E such that
a(e) = (0,v(q1)). Then vod(e) = o0 ale) = x0(0,v(q1)) = ¢o(0) +v(q1) = v(q1),
s0 g1 — 8 (e) € Ker(v) = Im(v') which implies that there exists an element ¢, € Q; such
that v'(¢2) = g1 — 8(e). Thus ¢; = 8(e) +v (¢2) = %1(e,0,¢2) € Im();). This shows
that y; is surjective. Let’s now show the last condition of strictly domination property
to finish the proof. Let K; = Ker(y;) for i = 0,1. The homomorphism w : K; — Kj
which is induced by w must be surjective, that is, we want to construct the following

commutative diagram with exact rows:

K Ld Ko——->0

EGP,GQ Y —~PdQy—>M—0
X1 X0 H
01 - Qo £ .M 0

Let (po,q0) € Ko. By commutativity of the diagram g o xo = h and so Ky = Ker()o) <
Ker(h). We also have Ker(h) = Im(a) by the construction of a. Thus (pg,qo) € Im()
which means that there exists an element e € E such that &t(e) = (po, qo). We also have
vod(e) = xooale) = %(po.q0) = 0 which means &(¢) € Ker(v) = Im(v') and so
there exists an element ¢, € Q, such that v (¢;) = 8(e). Thus ¥;(e,0,—¢2) = 8(e) +
vV (—g2) = 8(e) — v (g2) = 0. Hence (e,0,—g>) € Ker(x1) = K| and w(e,0,—qy) =
w(e,0,—¢2) = a(e) = (po,qo). We showed that w is onto as required. Hence 1) strictly

dominates p, and similarly 7 is strictly dominates y. These imply by the first step of
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the proof that
Trp (M) ~ Try(M) and Try(M) ~ Try (M)

By Proposition 4.2.3, the relation ~ is an equivalence relation; so we obtain Tr, (M) ~

Try(M). O

See Auslander & Bridger (1969) or Masek (2000, §1) for some other properties
that we shall use. We shall just write Tr(M) for an Auslander-Bridger transpose
of the finitely presented R-module M keeping in mind that this is unique up to
projective equivalence. Similarly, the Auslander-Bridger transpose of right R-modules
are defined and with the above notation for ¥ and y* in the beginning of the section,
we obtain Try«(Try(M)) = M (because P; = P;* and u** is identified canonically with
u). If we drop the subscript for the dependent projective presentations y* and 7y in
Try-(Try(M)) = M, then we can only say that Tr(Tr(M)) is projectively equivalent to
M. Note that Try«(Try(M)) = Coker(f**) is defined by the exact sequence

v PR e (Try (M) ——0,

where ¢ is the canonical epimorphism. On the other hand, applying the functor (—)*
to the exact sequence:

*

Y P——=P—"=Try(M)—>0,

we obtain the following exact sequence:

% f**
O——(Try(M))*——=P{*——F;"

We have natural isomorphisms P = P** for every finitely generated projective R-
module P, see Theorem 4.2.7, so we obtain (Try(M))* = Im(c*) = Ker(f**) = Ker(f).

This proves:

Proposition 4.2.5. (Angeleri Hiigel & Bazzoni, 2010, Lemma 6.1-(2)) For a finitely

presented R-module M, pd(M) < 1 if and only if there exists a projective presentation

Y: P Py M 0

of M such that (f is monic and) (Try(M))* = 0.
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The properties of the Auslander-Bridger transpose that we shall use are the

following:
Theorem 4.2.6. (Sklyarenko, 1978, Proposition 5.1, Remarks 5.1 and 5.2) Let M be a
finitely presented R-module and let 'y be a projective presentation of M:

v Plfpog

M 0

(1) For every R-module N, there is a monomorphism Bxty(M,N) — Try(M) ®g N
and an epimorphism Homg (Try(M),N) — TorX (M, N). Both are natural in N.

(2) If pd(M) < 1, then the R-module homomorphism f : P — Py in the above
projective presentation Y can be taken to be a monomorphism and in this case
the monomorphism and epimorphism in the previous part become isomorphisms.

Moreover by taking N = R, we obtain
Try (M) = Extk(M,R) and ~ (Try(M))* = Homg(Try(M),R) =0

for the projective presentation y of M where the R-module homomorphism f :

Py — Py is a monomorphism.
(3) If pd(M) < 1, then Tr(M) is projectively equivalent to Exty(M,R).

(4) If M* = Homg(M,R) = 0, then in the projective presentation

Y

v B—LP S Tr, (M)—0

we necessarily have that f* : Py — Py is a monomorphism and so pd(Try(M)) <
1 which implies

M = Try (Try(M)) = Extg(Try(M),R).

(5) If M is not projective, then Try(M) # 0.
Note that the isomorphisms above containing Ext or Tor are abelian group isomorphisms
but because of the naturality in (1), when the ring R is a commutative ring, then all
these isomorphisms become R-module isomorphisms. Even when R is not commutative,
Ext}e(—,R) has a right or left R-module structure using the bimodule structure gRRg and

the isomorphisms containing those are left or right R-module isomorphisms.
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Proof. Let M be finitely presented R-module and let y be a projective presentation of

M:
S

y: P P2 -M—>0

Proof of (1): Let N be a R-module. Let us extend this projective presentation Y to a

projective resolution of M, that is, we obtain the following commutative diagram with

exact row:

Ps 1) Py Fo
Jo
Ker(f)
For Exth(M,N), apply Homg(—,N) to this projective resolution of M, to obtain the

sequence
0——Homg(M,N) L>H0mR (Py,N) L>H0mR(P1 ,N) L>H0mR (Py,N)—---
By the definition of Ext (M, N) using a projective resolution of M, we have Extk(M,N)
= Ker(¢*)/Im(f*) < Homg(P,N)/Im(f*) = (Pf @& N)/(Im(f* @ 1y)) = Try(M) @
N. The first isomorphism Homg (P, N)/Im(f*) = (P ®gN)/(Im(f*® 1x)) is coming

from the following commutative diagram and the five lemma

I{ornR(}b,IV)—4£—>I{0rnR(fﬁ,PJ)

*®1
&Pfk@RN

fBW®R)V
where the isomorphisms in the above diagram is natural, that is, if we say the
isomorphism § from P* ®g M to Homg(P,M), then it is defined by [(f @ m)](a) =

f(a)m for all f € P*, for all m € M and for all a € P. Since the sequnce

s

Py ——=P;—"=Try(M)—=0

is exact, applying the right exact functor — @ N, we obtain the exact sequence

P or N-22Pr o N2 Ty (M) g N——0

So, Try(M) ®r N =Im(c ® 1y) = (P ®gN)/Im(f*® 1y). To obtain the epimorphism
Homg(Try(M),N) — Torf(M,N), apply the left exact functor Homg(—,N) to the

exact sequence

v Bl P Ty (M)—0,
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We obtain the following commutative diagram with exact row:

Kk sk

0——Homg(Try(M),N) g—>H0mR(P1*,N) f—>HomR(P6‘ ,N)

E

P ®rN Py®rN
By the exactness of the first row, we have Homg(Try(M),N) = Im(g**) = Ker(f**),

and Ker(f**) = Ker(f,) by the commutative square of the above diagram and by the

five lemma. Now use the natural epimorphism
Ker(f,)—"~Ker(f.)/Im(@.) = Torf (M,N)

to construct Homg(Try(M),N) — TorX(M,N) as an epimorphism. Remember that
Torlf (M,N) is obtained using the projective resolution of M given in the beginning
of the proof. It can be checked from the construction of the monomorphism
Extg(M,N) — Try(M)®@g N and the epimorphism Homg(Try(M),N) — Tork (M, N)

that these are natural in V.

Proof of (2): (See (Osborne, 2000, Proposition 4.4)) Since pd(M) < 1 we can
choose a projective resolution of M such that for the projective presentation y of
M, f is a monomorphism. So we can choose ¢ = 0 which gives ¢* = 0 and so
Ker(¢*) = Homg(P,N). By part (1) and by this equality, we obtain Exth(M,N) =
Ker(¢*)/Im(f*) = Homg(P,N)/Im(f*) = (P @ N)/(Im(f* & 1)) = Try(M) &g
N. Thus Exty(M,N) 2 Try(M) @g N. Similarly from the proof of part (1) using
Im¢* = 0, we obtain Homg(Try(M),N) = TorX (M, N). Hence if we have pd(M) < 1,
then we can assume that f is monic in the presentation y of M, and Exth(M,N) =
Try(M) @g N and Homg(Try(M),N) = Tor{(M,N). Moreover by taking N = R, we
obtain Exty(M,R) 2 Try(M) ®g R = Try(M) and (Try(M))* = Homg(Try(M),R) =

Torlf (M,R) = 0 where the last equation holds since R is projective.

Proof of (3): It follows from (2) and Theorem 4.2.4: If pd(M) < 1, we have
Exty(M,R) = Try(M) and Tr(M) ~ Try(M) = Exth(M,R).

Proof of (4): The first part is obtained by applying the left exact functor (—)* =

Homg(—,R) to 7y to obtain the exact sequence

0 M*
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Since M* = 0 by hpothesis, this gives us that f* is monic and so the presentation y*

implies that pd(Try(M)) < 1. Then by part (2), we obtain
Try(Try(M)) = Extg(Try(M),R).
Since M = Try+(Try(M)), we obtain

M = Try (Try(M)) = Ext(Try(M),R).

Proof of (5): Suppose to the contrary that Try(M) = 0. Since M = Tty (Try(M)) =
Try-(0) is projectively equivalent to 0, it must be projective which contradicts with

our hypothesis. So this contradiction shows that if M is not projective, then Try (M) #
0. O

Theorem 4.2.7. (by Magsek (2000, Proposition 5)) Let M be a finitely presented R-
module. Let oy : M — M** be the natural R-module homomorphism into the double

dual. Let Ky = Ker(oy) and Cyy = Coker(oy). Then we have natural isomorphisms
Ky =2 Exty(Tr(M),R) and  Cy = Exth(Tr(M),R).

Note that the right sides do not depend on which presentation of M is used to obtain

Tr(M). That is, we have the following exact sequence:

0—Exth(Tr(M),R)—M—Y> M**—~Ext3(Tr(M),R)—0,

Note that the Ext groups here are left R-modules and the isomorphisms are R-module

isomorphisms.

Proof. Consider the projective presentation y of M as before

y: P—l-P—-M——0

Dualizing y and completing it with Coker(f*) = Try(M), we obtain the following exact

sequence:

0——m—opr

(o3
Py Try(M)—=0,
Split this exact sequence into two short exact sequences ¥; and Y}, that is,

% 0 m-E Py Po N = Coker(g*)——0
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and

Y 0——N= Coker(g*)&Pl* L>Tr7,(M)—>()

where 1 o Bp = f*. The long exact sequence for Ext for the short exact sequence ¥;,

gives the following long exact sequence:

Bo

W 0—=N*—2-P* £~ M** —Exth(N,R)—Extk(P,R) = 0

where the last equality holds since Fj is projective. The long exact sequence for Ext
for the short exact sequence ;" gives the following exact sequence:

o S By S

v 0—(Try(M)) N** Extg(Try(M),R)—=Exty(P;,R) =0

Hok
Pl

Since P is projective. Consider the following commutative diagram with exact rows:

P—l P M0

o o

Since P is finitely generated projective, the natural R-module homomorphism op, :

Py — P{* in to the double dual is an isomorphism, see Theorem 4.2.7. So we
have Coker(B; o op,) = Coker(B;) and Coker(B;) = N**/Im(B;) = N**/Ker(5) =
Extk(Try(M),R) since Im(B;) = Ker(8) and N*/Ker(8) = Exty(Try(M),R) by the
exactness of 7™ and the first isomorphism theorem. As op, is also an isomorphism, the
Snake Lemma gives Ky = Ker(cys) = Coker(; o op,). Thus Ky =2 Exth(Try(M),R).
On the other hand, in the above commutative diagram, we have oy o g = g"* o op,, g
is surjective and op, is isomorphism. Then we obtain Im(oys) = Im(g**) and therefore
Cy = Coker(oy;) = Coker(g**) = Exth(N,R) where the last isomorphism is coming
from the exact sequence ¥%;*. The isomorphism Ext}(N,R) = Extx(Try(M),R) follows
from the long exact sequence for Ext for the short exact sequence ¥;. Hence we obtain

the exact sequence

0—Exth(Try (M), R) —=M—2% M**—Ext}(Try(M),R)
since we have the following commutative diagram:

0 Ky MM e Cu 0

H oM ‘

0—=Exth(Try(M),R)——M—">M"* ——Ext3(Try(M),R)—=0

1%
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where it can be checked that the isomorphisms are natural. [

4.3 Proper Classes Generated by Finitely Presented Modules

Let us start this section with a useful lemma.

Lemma 4.3.1. (by for example Fuchs (2012, by Proposition 4.1) or Sklyarenko (1978,
Theorem 6.1)) For any finitely presented right R-module M and any short exact
sequence £ of R-modules, the sequence M Qg K is exact if and only if the sequence

Homg (Trr(M),E) is exact where F is a free presentation of M.

Proof. We shall follow the proof in Fuchs (2012, by Proposition 4.1) Let M be a
finitely presented right R-module and let F' be any free presentation of M, say F' is

the following exact sequence where F] and Fy are finitely generated free R-modules:

F: FI—=F)—>M 0

Since F] and Fy are finitely generated free R-modules, there exist positive integers n, k
such that Fy =2 R", F] = R¥, and the R-module homomorphism from R to R" is given
by an n X k rectangular matrix A. We have then the following commutative diagram

with exact rows:

F: FI—F—=M 0 (4.3.1)

]

Fy: Rk A gn M 0

By using the transpose matrix A, we obtain the following free presentation of Trz (M):
FIo R AR o Trp(M)——0
Application of Homg(*, R) functor to F, AT yields the exact sequence
0—=Homg(Trp (M), R)—=RF—2 =R (4.32)

Since (RF)* =2 R* and (R")* = R". Noting that the Rk—A. gn part is identical in the
bottom row of the diagram (4.3.1) and in the exact sequence (4.3.2), by combining

them, we obtain the following exact sequence:

0—>Homg(Trr (M),R)—=R\—2~R'— > M—0 (4.3.3)
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Applying the functor — ®g B to the exact sequence RF A R M 0 and
T
applying the functor Homg(—, B) to the exact sequence R" AR Trp (M)—=0,
we proceed to obtain the following commutative diagram with exact rows:
Rf@gr B—=R" ®g B—=M Qg B—=0
A \

BF B" M @r B—=0

and
0——Homg(Trr (M), B)—Homg(R, B)——Homg(R", B)

A

0——=Homg(Trr(M),B) B B"
The rows are exact since the functor — ®g B is right exact and the functor Homg(—, B)

is left exact. If we combine these, we obtain a new exact sequence:

0—Homg(Trp(M),B)—=B*—2~B"— M ®g B—=0 (4.3.4)

Let us now start with a short exact sequence

0, )

E: 0 A B

C 0

Consider the following commutative diagram where the vertical arrows denote R-
module homomorphisms defined by the matrix A, that is, the matrix notation of every

vertical R-module homomorphisms is A:

Ak O g B
LAa LAﬁ LAY
o1 6
A" B" c" 0
Extend this to the following commutative diagram:
0 0 0
0——Ker(Agy) Ker(Ag) Ker(Ay)
0 Ak i B i ck 0
Ay Ap Ay

oy 6

0 A" B" c" 0
Coker(A o) —Coker(Ag)—=Coker(Ay) —=0
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Taking the exact sequence (4.3.4) into consideration, we obtain that Ker(Ay) =
Homg(Trr(M),A), Ker(Ag) = Homg(Trr (M), B), Ker(Ay) = Homg(Trr(M),C),
Coker(Aq) = M ®@gA, Coker(Ag) = M ®g B and Coker(Ay) = M @g C. For example

for B, we have the following commutative diagram with exact rows:

A
0—=Homg (Tt (M), B)—=Bf—L-pn M®gB 0

~ ~

Hk Ap

0 Ker(Ag) B B" Coker(Ag)—=0

The well known Snake Lemma (Ker-Coker sequence) leads us to the following long

exact sequence:

0 ——Ker(Aq) Ker(Ag)

1)

Ker(Ay) >

<—> Coker(A ) — Coker(Ag) — Coker(Ay) —=0

So by the above isomorphism we obtain the following long exact sequence:

0 —— Homg(Trp(M),A) — Homg(Trr (M), B) — Homg (Trr (M), C) >
)

<—>M®RA MRrB MRrC

From this long exact sequence we obtain that the sequence

0

0——M prA—M Qg B——M Qr C—0
is exact if and only if the sequence
O0——Homg(Trg(M),A)—Homg(Trr (M), B)—Homg(Trr(M),C)—0
is exact. U

Theorem 4.3.2. (by for example Sklyarenko (1978, Corollary 5.1)) Let M be a finitely
presented right R-module and E a short exact sequence of R-modules. Then the

sequence M Qg is exact if and only if Homg(Tr(M),E) is exact.

Proof. This proof follows by the lemma and projectively equivalence property of any

two Auslander-Bridger transposes of a finitely presented R-module. Let M be a finitely
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presented right R-module and Y be a projective presentation, that is, we have the

following exact sequence where Py and P are finitely generatrd projective R-modules.

M 0

Y: P Py
We always have also a free presentation F' of M, that is, a short exact sequence

F: FI—=F)—>M 0

where Fy and Fj are finitely generated free R-modules. It is clear that this free
presentation is also a projective presentation of M. By the projectively equivalence
property, Try(M) ~ Trp (M), that is, there exist two projective R-module Pj and P, such
that Try(M) & P = Trp(M) @ P,. By the above lemma, for any short exact sequence E
of R-modules, we also have M ®g E is exact if and only if Homg(Trr(M),E) is exact.
Note that the following well known properties;

(1) If P is a projective R-module, then Homg(P,E) is exact.

(2) Homg(A; @A, E) =2 Homg(A(,E) @ Homg(A;,E) for R-modules A; and A,.

The sequence Homg (Trr (M), E) is exact if and only if Homg (Trr (M) ® P>, E) is exact
if and only if Homg(Try(M) & P, E) is exact if and only if Homg(Tr,(M),E) is exact.
Since this is true for any projective presentation y of M, we can say that M Qg E is
exact if and only if Homg(Tr(M),E) is exact. O

This gives:

Theorem 4.3.3. (Sklyarenko, 1978, Theorem 8.3) Let .# be a set of finitely presented
right R-modules.
Let Te( M) = {Tr(M) | M € 4 }. We may assume that Tr(Tr(.#)) = .#. Then we

have

v W) =1 (Te(#)) and 7 ' () =1 (Te(A))

Proof. Let .# be a set of finitely presented right R-modules. Take any short exact
sequence E € 771(.#). By the definition of T=!(.#), M @g E is exact for all M € .#
and so by Theorem 4.3.2, Homg(Tr(M),E) is exact for all Tr(M) € Tr(.#) which
means that E € 7~ (Tr(.#)). Thus t'(#) < n~'(Tr(.#)). Conversely, take
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any E € = (Tr(.#)). Then Homg(Tr(M),E) is exact for all M € .#, and so by
Theorem 4.3.2, M ®g [E is exact for all M € .# which means that E € t~!(.#). Thus
n N Tr(.#)) Ct' (). These give the equality T~ (.#) = = (Tr(.#)). The other

equality follows similarly. 0

4.4 The Auslander-Bridger Transpose of Finitely Presented Simple Modules

We need the Auslander-Bridger tranpose of finitely presented simple R-modules to
understand the sufficiency condition in the characterization of N-domains. See Fuchs
(2012) where free presentations are used for the Auslander-Bridger tranpose of finitely

presented simple R-modules over commutative domains.

In Angeleri Hiigel & Bazzoni (2010, Lemma 6.1-(1)), it is written that for a finitely
presented R-module U, pd(Tr(U)) < 1 if and only if U* = 0. For the ‘only if” part, we
need to assume that U has no non-zero projective direct summands, that is, what they

tacitly assume for U.

Theorem 4.4.1. Let M be a finitely presented R-module.
(1) If M* =0, then pd(Tr(M)) < 1.

(2) If pd(Tr(M)) < 1, then M* is projective and finitely generated.

(3) Ifpd(Tr(M)) < 1 and M has no non-zero projective direct summands, then M* =
0.

Proof. (1) is just Theorem 4.2.6-(4). See the proof of (Angeleri Hiigel & Bazzoni,
2010, Lemma 6.1-(1)).
Proof of (2): Suppose Tr(M) has projective dimension at most 1. Let y be a

presentation of M:

Y: Py Py

We have the following exact sequence

g PS‘ f*

0——M* P —"=Try(M)—=0
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Ker(o) is the first kernel of a projective resolution, so Ker(c) = Im(f*) is projective
since pd(Try(M)) < 1. So M* is projective and finitely generated because M* =
Im(g*) = Ker(f*). Indeed M* = Im(g*) = Ker(f™) is a direct summand of P; since

Im(f*) is projective and so the following exact sequence splits:
E: 0——Ker(f*)—P;—Im(f*) = Ker(c)—0

where Ker(f*) — P is the inclusion homomorphism and P; — Im(f™) is the R-
module homomorphism given by f*. We have that Im(f*) = Ker(o) is projective as
pd(Try(M)) < 1. So E splits, that is, Py = Ker(f*) @ Im(f*). Since Py is finitely
generated, so is its direct summand Ker(f*). Hence Ker(f*) = M* is projective and
finitely generated.

Proof of (3): By Theorem 4.2.7, we have the following exact sequence:

0—=Extk(Tr(M), R)—=M 2> M**—~Ext3(Tr(M),R)—0,

The last term Ext(Tr(M),R) = 0 since pd(Tr(M)) < 1. Since M* is finitely generated

and projective, M** is also projective and so the exact sequence

0—=Exth(Tr(M),R)—=M -2 M**—0,

splits which gives M = M** @ Exth(Tr(M),R). If we assume that M has no non-zero
projective direct summands, the projective direct summand M** = 0 must hold. This

then gives M* = M*** = 0* =0, that is, M* = 0. O

Since the only non-zero direct summand of a simple R-module is itself, we obtain:

Corollary 4.4.2. If S is a finitely presented simple R-module that is not projective, then

pd(Tr(S)) <1 <«  S§°=0

This corollary does not hold if S is projective: for a finitely generated non-zero
projective R-module P, we have Tr(P) = 0 and so pd(Tr(P)) =0 <1 but P* # 0

because otherwise P = P** = (0* = 0 would hold. Thus:

Proposition 4.4.3. The following are equivalent for a finitely presented simple R-
module S:
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(1) pd(Tr(S)) < 1.

(2) §* =0 orS is projective.
If the ring R is commutative, S* is homogeneous semisimple with every simple

submodule isomorphic to S and so these are equivalent to:

(3) S* is projective (and finitely generated).

Proof. Equivalence of (1) and (2) follows from the above corollary. (2) implies (3) for
any ring R.

Proof of (3) = (2) : When the ring R is commutative, S = R/P for a maximal ideal
P of R. So S* = Homg(S,R) is annihilated by P also and thus S* is homogeneous
semisimple with every simple submodule isomorphic to § = R/P. Thus S* = @;; Si
for some simple submodules S; = S of §* for each i € I where [ is some indexing set.
So if §* is projective, there are two cases: either §* = 0 (index set / = ) or S* # 0.
In the second case, the projective R-module S* has a direct summand isomorphic to S

which must then be also projective. [

Note also that for a commutative ring R and a simple R-module S, S* = 0 if and only

if R has no simple submodule isomorphic to S.

We can extend the results in Fuchs (2012) for the Auslander-Bridger transpose of
finitely presented simple modules of projective dimension < 1 over a commutative

domain to commutative rings:

Theorem 4.4.4. Let R be a commutative ring and P be a finitely generated maximal
ideal of R that is projective. Take the following presentation of the simple R-module

S = R/P (where f is the inclusion monomorphism and g is the natural epimorphism):

(1) If S is projective, then S* # 0 and Try(S) = 0.

(2) If S is not projective, then S* = 0 and Try(S) = Ext}e(S,R) =8
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(3) S is projective if and only if S* # 0.

Proof. For the finitely presented simple R-module S, pd(S) < 1 by hypothesis. So we
obtain Try(S) = Extk(S,R) by Theorem 4.2.6-(2). Since Ext}(S,R) is annihilated by P
(as S is annihilated by P), it must be a homogeneous semisimple R-module with every
simple submodule isomorphic to S. Since Tr,(S) is finitely generated, Extk(S, R) must
be a finite direct sum of copies of S, that is, Try(S) 2 Exty(S,R) = @}, S for some

me Z+TU{0}.
If S is projective, then Exth (S, R) = 0 and §* # 0 (because otherwise for the finitely

generated non-zero projective R-module S, § = §** = 0* = 0 would hold); this proves

(1).
To prove (2), assume that S is not projective. By Theorem 4.2.6-(5), Try(S) # 0. So

the m in Try(S) = Ext(S,R) = @, S must be positive. Since Try(S) = @}, S and
pd(S) < 1 by hypothesis, we have pd(Try(S)) < 1. Then by Corollary 4.4.2, S* = 0.
So we can use Theorem 4.2.6-(4). to obtain that S 2 Ext}(Tr,(S),R). Thus

S = Extg(Try(S),R) = Exty (és,za) @ExtR (S,R) @ [@S]

i=1 i=1 i=1 [j=1
This then implies that m = 1 by the results for the structure of semisimple R-modules.

(3) follows just by (1) and (2). ]

Nunke shows that /~! /R = R/I if I is a non-zero ideal of a Dedekind domain R (see
Nunke (1959, Lemma 4.4)). For an invertible maximal ideal P of a commutative ring
R, we show next that P~! /R =2 R/P where the invertibility is in the total quotient ring
of R, that is, the localization of R with respect to the set of all regular elements of R,

and P~! consists of all ¢ in the total quotient ring of R such that gP < R.

Proposition 4.4.5. If R is a commutative ring and P is a maximal ideal of R that is
invertible in the total ring of quotients of R, then for the simple R-module S = R /P and

for the presentation

Y: P R S 0

of S (where f is the inclusion monomorphism and g is the natural epimorphism), we
have

Try(S)= P '/R=S=R/P.
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Proof. By Lam (1999, Theorem 2.17), P must be projective (finitely generated) and
contains a regular element. So S* = 0 because if f: S — R is in §* = Homg(S,R),
then either Im(f) = 0 (and so f = 0) or Im(f) = § is simple. If Im(f) = S, then
Im(f) = Ra < R for some a € R such that P is the annihilator of a. So Pa =0 and
a # 0 (because Ra = R/P = S # 0). But by our hypothesis, every maximal ideal of
R contains a regular element, say b € P is a regular element. Then Pa = 0 implies
that ba = 0 contradicting regularity of b since a # 0. This contradiction shows that
Im(f) = S is not possible. So for every f € S*, we must have f = 0. That is, $* = 0 for
every simple R-module S. Since S = R/P and P is projective, we hawe pd(S) < 1. Then
by Theorem 4.4.4, Tr,(S) =2 S = R/P. The following exact sequence defines Try(S):

Homg(R, R)——~Homg(P,R)—~Try(S) = Hom(P,R)/ Im(f*)—=0,
where o is the canonical epimorphism. By Lam (1999, Theorem 2.14), we have P~ ! &
Homg(P,R) by the isomorphism 8 : P~! — Homg(P,R) given for each ¢ € P! by
B(q)(p) = pq for every p € P. Observe that under this isomorphism R goes onto
Im(f*). So Try(S) = Homg(P,R)/Im(f*) = P~ /R. O

4.5 Finitely Generated and Projective Maximal Ideals

Using Theorem 4.4.4 of the previous section, we obtain the following sufficient
condition for gfeat =g P-FPure over commutative rings as in Fuchs’ characterization

of N-domains:

Theorem 4.5.1. If R is a commutative ring such that every maximal ideal of R is finitely

generated and projective, then g Veat =g P-Pure.

Proof. By hypothesis, for every simple R-module S, pd(S) < 1 and § is finitely
presented. Note that in the projectively or flatly generated classes, there is no need

to put the projective ones in the generating class. By Theorem 4.3.3 and Theorem

84



4.4.4, we obtain (since R is a commutative ring):

rP-Pure = 1 ' ({all simple R-modules})
= 1 '({R/P| P is a maximal ideal of R})

= T_l

{R/P | P is a maximal ideal of R and R/P is not projective})
=1

=

(
(
(
~L({Tr(R/P) | P is a maximal ideal of R and R/P is not projective})
~1({R/P | P is a maximal ideal of R and R/P is not projective})

—

= 7 '({R/P| P is a maximal ideal of R})

= R/Veat

For completeness, let us give the following proposition with detailed proof:

Proposition 4.5.2. (Fuchs, 2012, Lemma 2.4) Let R be a commutative ring. Neatness
is an inductive property if and only if pure-exact sequences of R-modules are neat-exact

if and only if the maximal ideals of R are finitely generated.

Proof. Suppose neatness is an inductive property. We know that splitting short exact
sequences are neat-exact. Then the direct limits of splitting short exact sequences are
neat-exact since by the hypothesis neatness is an inductive property. So pure-exact
sequences are neat-exact since every pure exact sequence is a direct limit of splitting
short exact sequences (for this property of purity, see the notes at the end of Section

2.5).
Next, suppose pure-exact sequences are neat-exact. Let P be a maximal ideal of R.

Let S = R/P. Then S is a simple R-module, so gpAeat-projective which implies S is
a pZure-projective module since g:Zure Cr.teat. The pFure-projective modules are
known to be direct summands of a direct sum of finitely presented modules (for this
property of purity, see the notes at the end of Section 2.5). So § is a direct summand
of direct sum of finitely presented modules. Since the simple module S cyclic (so
finitely generated), we can assume that S is a direct summand of a direct sum of
finitely many finitely presented modules is finitely presented and a direct summand

of a finitely presented module is finitely presented. For these properties of finitely
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presented modules, see Section 4.1. Thus S itself a finitely presented. Since S = R/P

for a maximal ideal P of R, P is finitely generated by Corollary 4.1.5.
Finally, if the maximal ideals are finitely generated, then the simple R-modules S

are finitely presented. So we can obtain the following class equality by Theorem 4.3.3:
rVeat = ({R/P| P maximal ideal of R}) = 7! ({Tr(R/P) | P maximal ideal of R})

A flatly generated proper class is always inductively closed since the tensor product

and a direct limit of a direct system commute. So the inductive property of neatness

holds. u

Theorem 4.5.3. If R is a commutative ring such that gpVeat =g P-Pure, then every
simple R-module is finitely presented (that is, every maximal ideal of R is finitely

generated) and the following are equivalent:

(1) Every maximal ideal of R is projective.
(2) pd(S) <1 for every simple R-module S.

(3) For each simple R-module S, there exists a presentation Yy of S such that

(Try($))* =0.

(4) pd(Tr(S)) < 1 for every simple R-module S.

(5) S* is projective for every simple R-module S.

(6) For each simple R-module S, S* = 0 or S is projective.

Proof. When gpAeat =g P-Pure, every simple R-module is finitely presented by
Corollary 3.3.6-(1). The equivalence of (1) and (2) is clear. The equivalence of (2)
and (3) is by Proposition 4.2.5. The equivalence of (4),(5),(6) is by Proposition 4.4.3.
It suffices to prove the equivalence of (2) and (4). Let {P; | i € I} be the set of all
maximal ideals of the ring R (where I is some indexing set). Let S; = R/P; for every
i € I. Then each simple R-module will be isomorphic to one of the simple R-modules
in the set {S; | i € I}. Since every simple R-module is finitely presented, we obtain

using Theorem 4.3.3 that

RP-Pure =1 ({S;|icl}) =n \({Tx(S;) | i€ T})
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Since pteat = n~1({S; | i € I'}) by definition, pfeat =g P-Pure implies that

pheat = L({S;|icI}) =~ \({Tx(S;) | i € I}) = P-Pure.

By considering projectives with respect to a proper class projectively generated
by a set of R-modules, we obtain that each S; is p#teat-projective and so gP-Pure-
projective and so must be a direct summand of a direct sum of a projective R-module
and R-modules in the collection {Tr(S;) | j € I} (by (Sklyarenko, 1978, Proposition
2.1) for the projectives relative to a proper class projectively generated by a set of R-
modules). So if pd(Tr(S;)) < 1 for all j € I, then we must have pd(S;) < 1 for each
i € 1. Conversely, if pd(S;) < 1 forall j € I, then we must have pd(Tr(S;)) < 1 for each
icl [

Note that in the above theorem if the equivalent conditions hold then for each simple
R-module S, (2) and (6) implies that Tr(S) is either projective or projectively equivalent
to S by Theorem 4.4.4.

Corollary 4.5.4. The following are equivalent for a commutative ring R such that for

each simple R-module S, S* = 0 or S is projective:

(1) ptVeat =g P-Pure.
(2) Every maximal ideal P of R is projective and finitely generated.

Proof. (2) implies (1) by Theorem 4.5.1. Since S* =0 or S is projective for every
simple R-module S by hypothesis, (1) implies (2) by Theorem 4.5.3. U

4.6 Commutative Rings with Zero Socle

Examples of commutative rings R such that $* = 0 for every simple R-module S,

that is, Soc(R) = 0 are given below:

Example 4.6.1.
(1) Commutative domains are among such rings. So the above corollary gives also

the characterization of N-domains by Fuchs (Theorem 3.1.1).
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2)

3)

“4)

&)

Commutative rings in which every maximal ideal contains a regular element are
also among such rings. So $* = 0 for all simple R-module S (by Proposition

4.4.5)

A finite product of commutative domains are commutative rings such that every
maximal ideal contains a regular element. It suffices to prove this for R x S where
R and S are commutative rings such that every maximal ideal contains a regular
element. Since ideals of R X S are necessarily of the form 7 x J for some ideal /
of R and some ideal J of S, the maximal ideals of R x § are of the form P x S or
R x Q where P is a maximal ideal of R and Q is a maximal ideal of S. Since P
contains a regular element a in R, the element (a,1) € P x S is a regular element

of R x S. Similarly R x Q also contains a regular element.

A finite product of commutative rings in each of which every maximal ideal
contains a regular element is also a commutative ring such that every maximal

ideal contains a regular element. This is what we proved in (3.) above.

Patrick F. Smith has showed that for any nontrivial ring R (even not necessarily
commutative), the polynomial ring R[x] and the formal power series ring R|[x]] are
rings in which every maximal (two-sided) ideal contains a regular element. Let R
be any nontrivial ring (that is, 1 # 0). Let P be a maximal ideal of the polynomial
ring S = R[x]. If x € P, then P contains the regular element x. Suppose that
x ¢ P. Note that Sx is a two-sided ideal of S and hence S = Sx + P. There exists
a polynomial f(x) € S such that 1 — f(x)x € P. Note that 1 — f(x)x is a regular
element of S for every polynomial f(x) € S. Because if (1 — f(x)x)g(x) =0
or g(x)(1 — f(x)x) = 0 for some non-zero g(x) € S, then by taking a to be the
non-zero coefficient of g(x) corresponding to the lowest possible power of x, we
obtain la = 0, a contradiction. Similar proof can be adapted to show that every

maximal ideal of the formal power series ring contains a regular element.

Remark 4.6.2. By Proposition 4.4.5, if R is a commutative ring such that every maximal

ideal contains a regular element, then Soc(R) = 0. Conversely, if R is a commutative

Noetherian local ring such that Soc(R) = 0, then the unique maximal ideal of R

contains a regular element by for example (Northcott, 1960, §9.4, Proposition 6*)
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Theorems 4.5.1 and 4.5.3, and Corollary 4.5.4 do not suffice to completely
generalize Fuchs’ characterization of N-domains to commutative rings. A question
that we could not have answered is to determine if there exists a commutative ring R
such that pfear =g P-Pure (and so necessarily every maximal ideal of R is finitely

generated) but not every maximal ideal of R is projective.

For a ring R, the conditon S* = 0 for every simple R-module S means Soc(gR) = 0.
This is the dual of left small rings (where the radical of every injective module is itself)
in the sense that such rings are the rings where every projective module has zero socle.
These rings are near to domains. Over commutative domains, a direct summand of a
direct sum of a projective and semisimple module is again a direct sum of a projective
and semisimple module. This can be proved considering the torsion parts. The same

result also holds for rings with zero socle:

Lemma 4.6.3. If Soc(gR) = 0, then a direct summand of a direct sum of a projective
and a semisimple R-module is again a direct sum of a projective and a semisimple

R-module.

Proof. Let P be a projective module and N be a semisimple module. Let A be a direct
summand of PO N. Thus A® B = P® N for some submodule B of P@® N. Then
Soc(A) @ Soc(B) = Soc(P) @ Soc(N). Since Soc(R) = 0, we have Soc(P) =0 as P is
projective. Since N is semisimple, Soc(N) = N. So Soc(A) @ Soc(B) = 0@ N. Then

(A/Soc(A)) @ (B/Soc(B)) = (A®B)/(Soc(A) @ Soc(B)) = (PDN)/(0&N) =P

is projective and so its direct summand A/ Soc(A) is also projective. Thus the natural
epimorphism A — A/ Soc(A) splits and so Soc(A) is a direct summand of A. That is,
A = Soc(A) @A’ for some submodule A’ of A such that A’ = A/Soc(A) is projective.

Hence A is also a direct sum of a projective and a semisimple module. O

The structure of peat-projectives over commutative domains (given in Fuchs

(2012)) also holds for rings with zero socle:

Proposition 4.6.4. If Soc(gR) = 0, then gWeat-projective R-modules are modules

which are a direct sum of a projective R-module and a semisimple R-module.
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Proof. Since g#eat =~ ({R/P| P is a maximal left ideal of R}), a g #eat-projective
module is isomorphic to a direct summand of a direct sum of a projective module and
modules in the set {R/P | P is a maximal left ideal of R} (by Theorem 3.2.7 for the
projectives relative to a proper class projectively generated by a set of modules). Thus
every pteat-projective module is a direct summand of a direct sum of a projective and

a semisimple module. Now the above lemma ends the proof. [
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CHAPTER FIVE
CONCLUSION

The natural question was asked for a commutative ring R when “neatness=%-
purity”. Laszl6 Fuchs wished to explore when the “=" relation holds for commutative
rings R. He characterized integral domains for which these two concepts coincide, that
is:

“ For a commutative domain R, Aeat = &-Pure if and only if all the maximal ideals
of the commutative domain R are (finitely generated) projective modules (that is, they
are invertible ideals). ”

In this article, we wanted to extend Fuch’s conclusion to the commutative rings. For
the sufficiency part we gave an answer, that is, “neatness=<7-purity” holds for all
commutative rings R where all the maximal ideals are finitely generated and projective;
we proved this using the Auslander-Bridger transpose of simple modules. Furthermore

we gave an answer for the neccessary part, that is; The necessary condition holds for

commutative rings with zero socle.
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NOTATION

R
Z,Z*
Q

R-module
R-#od, #od-R
b = Z-Hod

I4:A—A

I

AN IA

A

MQrN

ann(x)

ann(M)

Ker(f)

Im(f)
Coker(f)

Soc(M)

an associative ring with unit unless otherwise stated

the ring of integers, the set of all positive integers

the field of rational numbers

left R-module

the categories of left R-modules, right R-modules

the categeory of abelian groups (Z-modules)

the identity R-module homomorphism from the R-module A
to the R-module A defined by 14(x) =xforallx € A
isomorphic

submodule

subset or equal

o/ -submodule

neat submodule

small (=superfluous) submodule

essential submodule

M is a submodule of the R-module N

the direct sum of the R-modules M and N

the tensor product of the right R-module M and the left R-
module N

the annihilator of an element x of an R-module M; ann(x) =
{r€R|rx=0}is aleftideal of R, and Rx = R/ ann(x)

the annihilator of the R-module M, that is, ann(M) = {r € R |
rm =0 forallm € M}

the kernel of the R-module homomorphism f

the image of the R-module homomorphism f

the cokernel of the R-module homomorphism f : M — N is
N/Im(f)

the socle of the R-module M
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Soc(gR)
Rad(M)
Homg(M,N)
£

f
Exth(C,A)
oE

Ey

Tor® (A, B)

Try(M)

rPure

the socle of the ring R consider as a left R-module

the radical of the R-module M

all R-module homomorphisms from M to N

Homg(f,R) = f*

Homg(R, f) = fx

all equivalence classes of short exact sequences starting with the R-module
A and ending with the R-module C

the pushout of a short exact sequence [E with an R-module homomorphism
o

the pullback of a short exact sequence E with an R-module homomorphism
Y

for a right R-module A, apply A ®g — to any projective resolution of the

R-module B, and drop the last A @ B term to obtain the complex

14®@dy 11 14®d,
o ——>AQR Py — A Qg B -

14®d 14Qd,
A®RP1&>A ®RP0A®—O>0

Ker(14 ®d,)/Im(14 ®d,+1) (the nth homology of this complex), will be
isomorphic to Tor%(A, B)

the Auslander-Bridger transpose of the finitely presented R-module M with
respect to its projective presentation y

an Auslander-Bridger transpose of the finitely presented R-module M with
respect to a projective presentation of it

the R-module M is projectively equivalent to the R-module N

the projective dimension of the R-module M

a proper class of R-modules

the smallest proper class of R-modules consisting of only splitting short
exact sequences of R-modules

the largest proper class of R-modules consisting of all short exact
sequences of R-modules (absolute purity)

the proper class projectively generated by all finitely presented R-modules
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rNeat

RP-Pure

géompl
rRZuppl
géo-Neat
7Aure
zNeat
s6ompl

the proper class of neat-exact sequences of R-modules, that is, the class of
all short exact sequences E of R-modules such that Homg(S,E) is exact
for every simple R-module S

the proper class of gZ-pure-exact sequences of R-modules, that is, the
class of all short exact sequences E of R-modules such that (R/P) Qg E is
exact for every P € & where & is the set of all left primitive (two sided)
ideals of R

the proper class defined using complement submodules of R-modules

the proper class defined using supplement submodules of R-modules

the proper class injectively generated by all R-modules with zero-radical
the proper class of pure-exact sequences of abelian groups

the proper class of neat-exact sequences of abelian groups

the proper class defined using complement subgroups of abelian groups
all .o7-projective R-module

all .o7-injective R-modules

all .o7-flat right R-modules

a class of left R-modules or a class of right R-modules

the proper class of R-modules projectively generated by a class .# of R-
modules

the proper class of R-modules injectively generated by a class .# of R-
modules

the proper class of R-modules flatly generated by a class .# of right R-

modules
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o7 -epimorphism, 12

o/ -flat R-module, 18

</ -injective R-module, 17

&/ -monomorphism, 12

o/ -projective R-module, 16

o -proper, 12

o/ -proper short exact sequence, 12

1=, the proper class injectively

generated by a class .# of R-modules, 19

Z-pure-exact sequence, 51

n~ (), the proper class projectively
generated by a class .# of
R-modules, 19

4/ -submodule (<), 16

=), the proper class flatly generated
by a class .# of R-modules, 20

absolute purity, 16

Auslander-Bridger tranpose, 63

closed submodule, 37

complement submodule, 37

direct limit of a direct system, 32
direct system, 31

directed set, 31
essential submodule, 37

finitely presented module, 58

free presentation, 61

inductively closed, 34

isomorphic short exact sequence, 21

left primitive ideal, 50
morphism of direct systems, 32

neat subgroup, 1

neat-exact sequence, 40

presentation, 60

projective presentation, 61

proper class of short exact sequences, 12

pull back of a short exact sequence, 12

pull back of a short exact sequence with a
given R-module homomorphism,
12

pure short exact sequence of abelian
groups, 15

pure short exact sequences of R-modules,
34

pure subgroup of an abelian group, 15

pure submodule, 34

pure-exact sequences of abelian groups,
16

purity, 16

push out of a short exact sequence, 11

push out of a short exact sequence with a
given R-module homomorphism,

11
relative homological algebra, 16

strictly dominates, 64

supplement submodule, 37
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