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NUMERICAL ANALYSIS OF SOIL – PILE INTERACTION USING FINITE 

ELEMENT METHOD 

 

ABSTRACT 

 

A nonlinear finite element algorithm has been developed in this study. The 

motivation behind this attempt was the investigation of seismic inertial soil-pile-

structure interaction effects on the response of the surrounding soil to the laterally 

deforming pile. Emphasis has been given to the understanding of excess pore pressure 

development since this parameter governs the mechanism by determining effective 

stress field around the pile. A state of the art strain space plasticity constitutive model 

has been employed in the finite element program. It should be noted that both 

contractive and dilative soil behavior are accounted for in the utilized model. Besides, 

the model involves numerical robustness features enabling computation of the soil 

response near failure line where the soil attains small strength and stiffness. The finite 

element discretization and solution of dynamic governing differential equations were 

made using well established FEM solution procedures. The developed program has 

proved to be applicable to dynamic soil response applications although some 

convergence problems, which could be overcome by further studies, were met in the 

analysis of SPSI problems. The algorithm can also be used in the study of pure soil 

dynamics problems in addition to the soil-pile-structure interaction cases. 

 

 

Keywords: finite element method, soil plasticity, soil-pile-structure interaction  
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ZEMİN-KAZIK ETKİLEŞİMİ PROBLEMİNİN SONLU ELEMANLAR 

YÖNTEMİ İLE SAYISAL ANALİZİ 

 

ÖZ 

 

Bu çalışmada doğrusal olmayan bir sonlu elemanlar algoritması geliştirilmiştir. Bu 

gayretin arkasındaki motivasyon zemin-kazık-yapı etkileşiminin sismik yükler altında 

yatay yönde deforme olan bir kazığın etrafındaki zemin üzerindeki etkilerinin 

araştırılmasıdır. Aşırı boşluk suyu basıncının araştırlımasına özel önem verilmiştir 

çünkü bu parametre, kazık etrafındaki zemin davranışını belirleyen efektif gerilme 

dağılımını kontrol etmektedir. Sonlu elemanlar programında mevcut bilgi düzeyini 

yansıtan birim deformasyon uzayı tabanlı bir plastisite modeli kullanılmıştır. Kullanılan 

bu modelin zeminde sıkışma ve genleşme davranışlarını modelliyebildiği göz önüne 

alınmalıdır. Ayrıca modelde zemin göçme zarfına yakınken ortaya çıkan sayısal 

hesaplama zorluklarını aşmaya yarayan özelikler bulunmaktadır. Bilindiği gibi göçmeye 

yakınlaşıldığında zeminin dayanım ve rijitliği oldukça düşmektedir. Problemi 

tanımlayan diferansiyel denklemlerin dinamik sonlu elemanlar çözümlemeleri bilinen 

ve oturmuş yöntemler kullanılarak yapılmıştır. Zemin-yapı-etkileşimi probleminin 

analizinde bir takım yakınsama problemleri yaşanmasına rağmen, geliştirilen algoritma 

dinamik zemin davranışı problemlerinin incelenmesinde yararlı olduğunu ortaya 

koymuştur. Bu algoritma etkileşim problemlerinin yanısıra yalnızca dinamik zemin 

davranışından oluşan konuların araştırılması için de kullanılabilir.  

 

 

Anahtar kelimeler: sonlu elemanlar yöntemi, zemin plastisitesi, zemin-kazık-yapı 

   etkileşimi  
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CHAPTER ONE 

INTRODUCTION 

 

1.1  Seismic Soil-Pile-Structure Interaction 

 

The development of analysis methods for seismic-soil-pile-structure interacti

has been primarily driven by offshore oil production and the nuclear pow

industries. The research studies, which started with the needs of these secto

continued in a more dedicated manner following observed damaged pile foundatio

due to liquefaction problems in large scale earthquakes such as 1964 Alask

Earthquake and 1995 Kobe Earthquake (Mizuno, 1987; Hamada and O’Rour

1992; Ross et al., 1973; Seed and Idriss, 1967; Kagawa and Kraft, 1981). The degr

of damages to pile foundations in these earthquakes surprised many engineers sin

the civil engineers believed that piles that were designed properly against ax

loading would also perform well during earthquakes. This belief may have com

from the misconception that the movements of foundation soils during earthquak

are not so large and that piles move essentially with foundation soils witho

receiving excessive soil resistance or loading (Kagawa and Kraft, 1980). 

 

Seismic soil-structure interaction for structures supported by shallow foundatio

has been studied since 1970’s. For this type of soil-structure interaction (i

structures with shallow foundations), the superstructure is excited by the seism

waves at the foundation level. However, in case of soil-pile-structure interactio

seismic waves excite the pile at all levels until they arrive at the foundation pad. T

means, in SSPSI, the response of the superstructure depends on how piles respond

soil movements both on the foundation level and also along the pile length (Kagaw

1983). Hence, it can be stated that seismic soil-pile-structure interaction (SSPS

problem involves two mechanisms: kinematic interaction and inertial interaction. 

The kinematic interaction corresponds to the interplay between soil and pile d

to the deformations of the soil solely. It represents seismic effects on piles in t

absence of the superstructure. During seismic excitation, stiffer structural foundati

cannot conform to the distortions of the soil and incompatibility between the pile a
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soil arises inevitably resulting in the generation of bending and shear forces, which 

reach to their maximum at sections where the stiffness contrast between the pile and 

the soil profile is highest. The geometry of the foundation and the travel path of the 

waves across the soil-structure interface for ideally rigid structures control the degree 

of kinematic interaction. For example, kinematic effects are not pronounced for the 

foundations that are located on the ground surface with zero embedment depth and 

subjected to vertically propagating shear waves. 

 

The inertial interaction, on the other hand, is due to the super structural dynamic 

loads being generated as a result of pile head level seismic excitation. During inertial 

interaction, relative motions of the foundation with respect to the surrounding soil 

generate the inertial interaction. An idealized soil-pile-superstructure system under 

seismic excitation is given in Figure 1.1 where m1, mf and k1 stand for the structural 

mass, foundation mass and equivalent stiffness of the structure. 

 

 
               Figure 1.1 Soil-pile-structure system under seismic excitation 

mf
k1

m1

seismic waves 
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1.2  Piles in Liquefied Soils 

 

It is a known fact that pile foundations perform better than shallow foundations 

under seismic loads in soils with low bearing capacity. However, it is possible to find 

a lot of cases in the literature in which the pile foundations failed due to the poor 

understanding of kinematic and inertial effects. Mizuno (1987) reported cases 

encountered in the earthquakes between 1923-1983 in Japan. Some of the cases 

involved damaged piles in liquefied soils. Accordingly, basic sources of damage in 

pile foundation in liquefied soils can be reported as follows: 

 

a) Forces transferred from the superstructure (inertial effects) 

b) Kinematic forces acting on pile foundations due to shear deformation of soils 

under seismic excitation 

c) Lateral spreading of soils occurring while the pile foundation is in passive 

condition 

 

Under seismic loading conditions, the effective stress state of the soil around the 

pile with which the stiffness of the soil is closely related has a major effect on the 

magnitudes of inertial and kinematic forces. Liquefaction of saturated cohesionless 

soils is a major phenomenon frequently encountered in previous large-scale 

earthquakes. During liquefaction, effective stress in the soil around the pile reduces 

down to zero due to the increase in pore water pressure leading to the decrease in soil 

strength and stiffness. This takes place, however, in loose to medium dense sands, 

which tend to contract under dynamic loading. Saturated dense sands, on the other 

hand, dilate when sheared resulting in negative excess pore water pressure 

generation. Therefore, the difference between saturated loose to medium dense and 

dense cohesionless soils is that, in dense sands, effective stress does not stay at zero 

level even if it reduces down to this value at a discrete time during the earthquake, 

and the soil does not liquefy. Such soils, however, exhibit stiffness degradation and 

produce plastic strains, which might be called as cyclic mobility instead of 

liquefaction. 
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Loose to medium dense sands cause loss of lateral support to dynamically loaded 

piles when they liquefy during earthquakes or they load the pile in passive mode as 

they flow and demonstrate permanent deformations at the ground surface. In some 

cases both mechanisms would take place at the same time. Damages near ground 

surface are caused by either inertial or lateral spreading forces (Figure 1.2) whereas 

kinematical interaction effects generate damages well below the surface since inertial 

forces are in general damped out at such depths (Figure 1.3). Negative influence of 

loss of lateral soil support to pile foundation may also be noticed in Figure 1.3.  

                      Figure 1.2 Pile damage near ground surface (Kobe Earthquake, 1995) 
 

It may be stated that realistic design of pile foundations in cohesionless soils 

against seismic loads requires definition of effective stress state of the soil around the 

pile since soil deformation and strength characteristics both depend on effective 

stress. This, in turn, necessitates determination of excess pore water pressure due to 

kinematic and inertial interaction effects, which is a complex problem of soil-pile-

structure interaction area. 
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               Figure 1.3 Effect of loss of lateral soil support on pile response (Hamada, 1992) 

 

1.3   Goal of the Study 

 
It has been shown in past studies that excess pore water pressure around a laterally 

deforming pile is under the control of kinematical and inertial interplay between soil 

and pile (Kagawa, 1981; Ashour and Norris, 1998). Kinematical effects on excess 

pore water pressure field in the immediate neighborhood of the pile, however, are 

negligible compared with the free field soil response. Therefore, it is reasonable to 

pay more attention to the influence of inertial interaction on excess pore water 

pressure generation and distribution within a zone of 16 to 20 pile radii in diameter. 

Numerical and experimental studies (Ozden and Kagawa, 2000) demonstrated that 

inertial mechanism alone has been capable of producing pore water pressure that 

would control soil resistance to the laterally displacing pile. Analytical and numerical 

models proposed to handle this mechanism do not cover many aspects of the 

inertially generated excess pore water pressure such as influence of cross sectional 

shape of the pile, loading frequency and group interaction. The problem demands 

both experimental and numerical work from the researchers. 

 

This dissertation, however, aims to study influence of inertial interaction on 

excess pore water generation using a preferred constitutive model, which has been 
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coded into an FEM algorithm and advanced enough to simulate both contractive and 

dilative soil behavior. 

 

The main goal has been to develop a specific finite element code that would 

enable study of the several aspects of this phenomenon such as extent of the zone 

where excess pore water pressure generation is significant, influence of pile cross 

sectional shape and loading frequency as well as the wave form, and group 

interaction for a single pile undergoing undrained cyclic loading in saturated 

cohesionless soil. 

 

1.4  Organization of the Dissertation 

 

This dissertation consists of eight chapters in addition to the introduction. The 

statement of the problem is made in the second chapter where the essence of the 

numerical model has been introduced to the reader. The third chapter covers 

governing differential equations for dynamic behavior of the porous medium (i.e. 

cohesionless soil). The following chapter is about the finite element discretization of 

the governing equations. In the fifth chapter, verification of the finite element code 

with several examples is presented. The sixth chapter is devoted to the explanation of 

the soil constitutive model. General characteristics of the finite element code 

developed during this study with the results of numerical experiments and their 

discussions are presented in the seventh, which is followed by the final chapter of 

conclusions and recommendations. The print outs of the FEM code are given in the 

Appendix B. 
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CHAPTER TWO 

STATEMENT OF THE PROBLEM 

 

 

2.1  Statement of the Problem 

 

In the previous chapter, it has been stated that, both the liquefaction and cyclic 

mobility mechanisms in saturated cohesionless soils occur due to the change in 

effective stress of the soil which is caused by the increase or decrease of pore water 

pressure under seismic loading conditions. As a result of the changes in effective 

stresses, strength and stiffness of the soil are altered as well. So, this means, the 

resistance to deformation at any point in the soil deposit is a function of effective 

stress, which in turn depends on the contemporaneous rates of generation and 

dissipation of pore water pressure. Both mechanisms, sometimes in sequence, take 

place under dynamic loading. Liquefaction and cyclic mobility of saturated sands 

causes poor performance of pile foundations under inertial and kinematic effects. In 

soil-pile interaction, the controlling parameter is the effective stress state of the soil 

in the vicinity of the pile which changes according to the generation or dissipation of 

pore water pressure. Therefore, pore pressure development mechanism is the key 

factor on pile response in saturated soils under dynamic loads. 

 

It is expected that the effective stress state of the soil near the pile is different 

from that of the free field. This is natural because soil-pile interaction effects which 

are inertial and kinematic forces are effective in the close neighborhood of the pile. 

So, pore pressure build up occurs mostly due to these inertial and kinematic effects 

near the pile. Mostly, inertial loads are effective up to 15-pile diameter depth along 

the pile and kinematic loads are effective at deeper depths. It is expected that pile 

response is governed by the inertial excess pore water pressure build-up since pile 

deformations at deeper elevations are not large enough to alter free field excess pore 

pressure field. Consequently, degradation of soil-pile springs at those depths is 

governed by pore pressure accumulated in the free field. 

7 
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FEM modeling of both soil and the pile under seismic loading is an expensive 

way of estimating pile response since this approach requires utilization of three-

dimensional solid finite elements (Trochanis, 1988). Among approximate methods 

such as boundary element (Sanchez, 1983; Kaynia and Kausel, 1982), and plain 

strain (Novak, 1974) solutions, nonlinear soil response is preferably modeled using 

accordingly established soil-pile springs (Kagawa and Kraft, 1980; Wang and Reese, 

1998; Ashour and Norris, 1998). Modeling of soil response using nonlinear springs 

may be considered as an extension of the well-known Winkler foundation approach 

to dynamic method is more feasible and enables finer modeling of the pile 

foundation and superstructure using finite elements. 

 

The researcher, however, has to employ one of the more elaborate methods that 

are briefly mentioned above in order to gain insight regarding influence of inertial 

interaction effects so that a procedure would be established to determine nonlinear 

soil-pile springs, which are defined in such a manner that the model of the soil 

resistance to the laterally deforming pile is coupled with an appropriate pore pressure 

generation-dissipation model (Kagawa and Kraft, 1981; Özden, 1999; Finn et al., 

1977). It can be said without too much hesitation that preferred method of numerical 

analysis for the investigation of dynamic soil-pile-structure interaction (SPSI) is the 

nonlinear dynamic finite element method.  

 

2.2 Scope of the Dissertation 

 

In order to comply with the above-mentioned requirements of the research on 

inertial interaction influence on excess pore water pressure development in the 

immediate neighborhood of the pile of a dynamic SPSI problem, a dynamic 

nonlinear finite element code that would operate in the time domain has been 

planned. The focus of the research has been on the investigation of the stiffness and 

strength change in saturated cohesionless soil around the pile due to the changes in 

effective stress state occurring as a result of pore pressure generation originating 

from the dynamic displacement of the pile.  It has been assumed that fully undrained 
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conditions are valid within the soil body (i.e. dissipation and redistribution has not 

been taken into consideration). 

 

The finite element program considers a plain strain rigid section of a pile subject 

to dynamic lateral head loading. This kind of modeling consideration is reasonable 

since at a effective overburden stress the section of the pile may be considered as 

rigid with respect to the soil if the problem is solved for displacement boundary 

conditions assigned along the perimeter of the pile section. Such assumptions were 

previously made during model tests (Ozden, 1999) and numerical analysis studies 

(Iai, 2002). 

 

For instance the geometry and loading considerations of the problem to be 

investigated by the FEM algorithm are similar to the design considerations of the 

model pile section (MPS) testing system of Ozden (1999). Therefore, numerical 

simulation and verification of the MPS testing system data would be possible with 

the development of the algorithm. A brief introduction of the design considerations 

and the capabilities of the MPS testing system would give more information about 

the boundary conditions for the FEM algorithm (Ozden, 1999): 

  

a) A short rigid pile placed in a test chamber filled with saturated loose sand, 

was used in MPS tests.  For practical purposes, a small portion of the laterally 

deforming pile at a particular depth may be considered as infinitely rigid and 

vertical. So, it was reasonable to represent that portion with a relatively short 

and stiff vertical model pile section. 

b) The rigid pile is moved with respect to the sand specimen in the test chamber 

to simulate pile-head loading conditions. This pile head dynamic excitation in 

the form of displacement is applied at different sinusoidal and triangular 

waveforms having different frequencies and displacement amplitudes.   

Hence, MPS test can be called as a displacement controlled test. The MPS 

system does not allow the generation of free-field strains inside the test 

specimen and is only suitable for the investigation of pile-head loading 

conditions and inertial effects. 
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c) The simulation of field effective stress levels can be achieved with the MPS 

testing system. 

d) The MPS testing system was designed in such a way that the excess pore 

water pressure development at and near the pile section surface was detected 

with the transducers placed along the vertical length of the pile and on the 

horizontal level at a certain distance from the pile. Additionally, simultaneous 

recording of soil resistance-pile displacement data can be made during the 

tests. 

e) The goal of the development of the model pile section (MPS) testing system 

was to study soil-pile interaction in loose submerged cohesionless soils. With 

this system, effects of excess pore water pressure build up on the load-

deformation behavior of laterally loaded pile can be investigated.  Soil-pile 

interactions, loading rate and effective overburden stress have a great effect 

on the development of excess pore water pressure.  Additionally, effects of 

soil damping on load-deformation behavior can be studied with the 

production of real time cyclic hysteresis loops. 

 

The purpose of developing a dynamic nonlinear finite element code is to analyze 

inertial soil-pile interaction for the above-mentioned boundary conditions with an 

emphasis on excess pore water pressure development. Proposed FEM model can also 

be illustrated by the help of Figure 2.1. The plan view of the meshed area is shown in 

Figure 2.2. Boundary conditions of the system are specified as in the following: 

a) Nodes lying on the outermost circle are constrained against displacements along x 

and y-axes. 

b) The rigid pile section behavior is represented through application of sinusoidal 

displacement boundary conditions to the global X direction degree of freedoms of 

the nodes on the perimeter of the pile while the global Y direction degree of 

freedoms of these nodes are constrained against movements in this direction. That is, 

the rigid pile section makes cyclic displacements in the global X direction. If the sign 

of sinusoidal prescribed displacements is positive, this means the pile moves in the 

positive global X direction to the right generating compressive strains (having 



11 

negative sign) on the right hand and extension strains (having positive sign) on the 

lefthand soil medium. 
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         Figure 2.1 Proposed finite element model for soil-pile interaction 

 

               Figure 2.2 FEM mesh of a plain strain section 
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c)  Initial effective stress state of the soil medium is represented by K0 conditions 

which is equal to vertical effective stresses at the depth of exploration multiplied by 

lateral earth pressure coefficient at rest (K0=1-sin∅). 

d)  Constraint 1: When the rigid pile section moves, the soil medium in front of the 

pile attains passive state of stress while, the soil medium in the back is in the active 

state of stress. It is a known fact that failure due to active lateral stresses occur earlier 

than the failure due to passive lateral stresses. In other words, greater amount of 

shear stress should be mobilized for failure due to passive lateral stresses than the 

amount needed for the failure due to active lateral stresses. Hence, it is natural for the 

shear strength to be greater for the passive case than the active case as shown in 

Figure 3. When failure occurs in an element in the active part, the stiffness 

parameters of this element stay the same until it is loaded in the passive state. 

Physically, failure of the element in the active part means, the sand medium follows 

the pile.  

 

 
                       Figure 2.3 Stress paths for triaxial tests (Lambe and Whitman, 1969) 
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e)  Constraint 2: In addition, in sands, pore water pressure should not be less than -1 

atm. If the pore pressure falls below this limit, the pore water will cavitate. When it 

cavitates, the sand medium will no longer remain at constant volume even though it 

is undrained. 

 

The 2D strain space plasticity constitutive model (Iai et al., 1990 and 1992) to be 

employed in the FEM algorithm allows use of two dimensional plane strain elements. 

The version utilized in this study is appropriate for undrained loading conditions. Iai 

soil constitutive model enables determination of the mean effective stress state of the 

sand medium through shear work correlations. This procedure also allows 

computation of pore water pressure accumulation. Once the change in effective stress 

state is obtained, strength parameters, stiffness and stress state of the system can be 

updated for the next time step.  
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CHAPTER THREE 
 

GOVERNING DIFFERENTIAL EQUATIONS FOR 
 DYNAMIC POROUS MEDIUM 

 
 
3.1 Introduction 
 

All researchers dealing with soil mechanics accept that the concept of effective 

stress is essential for the interpreting of real soil behaviour. However, practical 

engineering calculations are traditionally based on total stress approaches. When the 

researchers like Zienkiewicz, started applying numerical procedures in soil 

mechanics and soil dynamics, they have seen that a realistic prediction of the 

behaviour of the soil masses could only be achieved if the total stress approaches 

were abandoned. However, engineers continue to use the methods based on total 

stress for earthquake response analysis, often introduced with the linear 

approximations which can sometimes lead to erroneous results. Hence the correct 

approach was to consider the coupled interaction of the soil skeleton and the pore 

fluid parts. Especially, the liquefaction and cyclic mobility in saturated sands under 

seismic loading conditions can only be explained by considering this two-phase 

action and a sophisticated computation procedure. So, simple limit methods applied 

in statics are no longer useful.  

 

Zienkiewicz et al (1999) stated that, since 1975, large number of researchers have 

studied on establishing the foundations of numerical predictions and approximations 

based on concepts introduced by Biot (1941). In the following sections brief 

documentation of these relations are introduced. 

 
3.2 Coupled Systems 
 

In practice, it is too common to see two or more physical systems interacting with 

each other. In this case, solution of one system cannot be independent of the 

simultaneous solution of the other system. Such systems are known as coupled 

systems. The coupling may be weak or strong depending on the degree of interaction. 

14 
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The definition of coupled systems may be generalized to include a wide range of 

problems and their numerical discretisation as: 

 

Coupled systems and formulations are those applicable to multiple domains and 

dependent variables which usually (but not always) describe different physical 

phenomena and in which 

 

a) neither domain can be solved while seperated from each other; 

b) neither set of dependent variables can be explicitly eliminated at the 

differential equation level (Zienkiewicz and Taylor, 1991). 

 

In coupled systems, the solution of any single system is a well-posed problem and 

is possible when the variables corresponding to the other system are prescribed.  

Coupled systems can be classified in two categories: 

 

Class 1: This class contains problems in which coupling occurs on domain 

interfaces via the boundary conditions imposed there. Generally the domainsdescribe 

different physical situations but it is possible to considercoupling between domains 

that are physically similar in which different discretisation processes have been used. 

Fluid-structure interaction problems are good examples for this class of coupled 

systems. 

 

Class 2: This class contains problems in which the various domains overlap 

(totally or partially). Here the coupling occurs through the differential governing 

equations describing different physical phenomena. Examples for this category may 

be listed as:  

 

a) Metal extrusion where the plastic flow is strongly coupled with the 

temperature field while at the same time the latter is influenced by the heat 

generated in the plastic flow. 
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b) Earthquake response of a dam in which seepage flow and pressures interact 

with the dynamic behaviour of the soil skeleton (Zienkiewicz and Taylor, 

1991). 

 

3.3 Derivation of the Governing Differential Equations for the Saturated Porous 
Media 
 

Current interest in geomechanics is focused on transient phenomena occuring in 

earthquakes, wave loading and consolidation. For all of these, the coupling between 

the deformation of the solid skeleton of the soil or rock and the motion of the pore 

fluid is of primary importance. 

 

The basic equations of motion for porous media were first established for quasi-

static phenomena in 1941 by Biot who then extended them to dynamics. Later on 

Biot’s original equations were rederived with some minor modifications and even 

some rederivations were obtained. For example, mixture theory introduced in 1957 

by Trusdell and improved by many others provided a new basis for such coupled 

equations. However, no rational change was achieved compared to the ones obtained 

by Biot.  

 

Later on, owing to increasing interest in non-linear applications, a generalised 

incremental form was derived by Zienkiewicz et al, Prevost and others in which large 

strain and nonlinear material behavior are included (Zienkiewicz and Shiomi,1984).  

 

In the following sections, stress and strain concepts as defined for soils will be 

given and then the basic differential equations governing the statics and dynamics of 

a deforming porous medium will be presented. As stated in the preceding paragraphs, 

all the governing equations root from Biot’s theory. The basic assumptions of this 

theory regarding the formulations which will be presented for the porous medium  

can be stated as follows: 

- The solid phase is a porous skeleton of particles surrounded by one or more 

fluids. 
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- The shear stresses in the fluid phase are small . Fluid phase applies an all-round 

pressure on the solid phase. 

- Small strain theory is considered and so Darcy’s law is assumed valid in terms of 

absolute fluid velocity.  

Another important point to be stated is that, the governing equations  presented in the 

following sections are derived at the macroscobic level.(Lewis,Schrefler,1987). The 

microscobic level of  expressing the phenomena is out of  the targets of this thesis. 

 

3.3.1 Stresses and Strains In a Soil Mass 
 

Figure 3.1  shows a two dimensional element of soil of which the sides are 

parallel with the coordinate axes. This element may be considered as homogeneous 

because the soil element is taken to be large enough compared to the size of the 

pores. In addition, the same soil element can be taken as infinitesimal because it is 

small enough compared to the macroscopic phenomena considered (Biot, 1940). 

 

 

                        Figure 3.1  Various idealised structures of fluid saturated porous solids  

 a) a granular material b) a perforated solid with interconnecting voids.  

 (Zienkiewicsz, Chan, Pastor, Schrefler, Shiomi, 1999) 

 

The average stress state of the two dimensional soil element under any kind of 

loading condition, either static or dynamic, is represented by the total stress vector . 

When the soil element is subject to a total stress of σ, some part of the total stress 
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will be carried by the soil skeleton (porous skeleton) itself and the rest of it will be 

carried by the pore water present in the pores of the soil skeleton. Contribution of 

stress carried by the soil skeleton is called the effective stress (σ′) which governs the 

major deformation of the porous skeleton. This deformation may be linear or 

nonlinear and the failure states can only be adequately expressed in terms of such 

effective stresses. The rest of the total stress is carried by the pore water pressure (p). 

Effective stress relation is expressed by (3.1). In this relation, negative sign is 

introduced in front of the pore pressure part because pressures are generally defined 

as being positive in compression, while it is convenient to define stress components 

as positive in tension. 

 

                                                                                                       (3.1) 
mp−=
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p : represents the part of the total stress vector carried by pore water. 
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m  : represents Kronecker delta. (m is equal to unity for the normal stress 

components and zero for the shear stress components. This is understandable due to 

the fact that pore water  can only transmit normal stresses). 

      

In the theory of water-saturated porous media, equations of motions are first 

established by considering stresses and forces which act on the solid portion and 

fluid portion of the two-phase media. However, these stresses and forces are different 

in definition from the effective stresses σ′x, σ′y, σ′z, and the pore water pressure p, 

commonly used in the discipline of soil mechanics (as mentioned in the preceding 

paragraph). It is essential to show the relationships between them.  The pore water 

pressure acting on the solid portion is (1-n)p and that on the fluid portion is np, 

where n is the porosity of  soil.  Therefore following equations can be written 

between total and effective stresses. These relationships are summarised in Table 3.1. 
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                                         (3.3) 

               
Table 3.1.  Relationships Between Two Stress Systems (Ishihara and Towhata, 1982) 

 Effective Stress Pore Water Pressure Total 
Stresses acting on 
the solid phase σ′ (1-n)p σ 

Stresses acting on 
the fluid phase 0 np P 

Total  σ′ p σ* 
 

 

     It is further possible to seperate the effective stress vector into deviatoric and 

volumetric components as follows: 
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     If  the displacements of a two dimensional soil element are u and v, in the x and y 

directions respectively, then the total strains of the soil element are defined as 

follows: 
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The total and incremental strain vectors are expressed as: 
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Here,  { }ε : total strain vector. 

           { }εd  : total strain vector (in incremental form). 
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           xε , yε : strains in x and y directions. 

            xyγ : shear strain in the x-y plane. 

 

 

     The total strain vector can be expressed in incremental form as follows: 

 

                                                { } { } { } { }0' εεεε
σ

dddd c ++=                                     (3.7)                        

Here, 

{ }εd : incremental total strain vector 

{ }'σ
εd  : incremental strain vector component dependent on effective stresses 

{ cd }ε  : incremental strain vector component due to creep effects 

{ 0}εd  : incremental strain vector component due to autogeneous volumetric strains 

 

     Autogeneous volumetric strains reflect the compaction of grain configuration due 

to cyclic loading in liquefaction phenomena. This volumetric strain vector has elastic 

and plastic parts too. Changes occuring in autogeneous volumetric strains reflect 

themselves in pore pressure changes. The most important problem is how to quantify 

this kind of strain. The solution is to follow the laboratory stress paths and connect 

them to the variables of the real problem.  

 

                                           { } { } { } { }0' εεεε
σ

dddd c −−=                                           (3.8) 

                                                { } [ ]{ }''
σ
εσ dDd =                                                      (3.9) 

                                        { } [ ]{ } { } { }( )0
' εεεσ dddDd c −−=                                  (3.10) 

D : tangent stres-strain matrix 

 

Excluding the strain contribution for creep; 

 

                                             { } [ ] { } { }( )0
' εεσ ddDd −=                                           (3.11) 
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is obtained. (3.8)-(3.11)  states that increment in effective stresses are completely 

related with the changes in effective stress dependent strain vector (Zienkiewicz et 

al.,1999; Zienkiewicz et al.,1991).   

 

3.3.2 Biot’s Formulations for the Static and Dynamic Behaviour of Fully 

Saturated Porous Medium with a Single Pore Fluid (Water) 

 

     According to Biot’s theory, the formulations governing the behaviour of the soil-

pore fluid system can be stated as follows: 

 

1. Overall equilibrium or momentum balance relation for the soil-fluid mixture. 

2. Equation for the momentum balance of the fluid. 

3. Equation for the mass balance of flow (flow conservation equation)   

 

     These governing equations with the addition of appropriate constitutive relations 

and the boundary conditions related to the nature of the problem ,define the 

behaviour of the soil-fluid system under both static and dynamic loading conditions. 

Biot formulations are defined in different forms for both saturated and partially 

saturated soil conditions and even,including more than one fluid, however,   only the 

relations dealing with fully saturated behaviour with a single pore fluid (water) will 

be included in the context of this thesis. 

 

     The variables of this system are the displacements of the solid matrix (u), the 

velocity of the fluid flow (w) and the pressure of the fluid (p). So, the boundary 

conditions of the whole system can be defined in terms of these variables. In the 

derivation of the following governing differential equations, control volume of soil 

+pore fluid ( dx.dy.dz) is assumed.   
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     3.3.2.1 Overall equilibrium or momentum balance relation for the soil-fluid  

mixture 

 

     Overall equilibrium must exist between the total stress-tensor gradients, body 

forces and inertia forces. This relation is defined in tensor (3.12) and matrix (3.13) 

forms as follows:  

                                            0][ ,

...

, =++−− ijijifijij bwwwu ρρρσ                          (3.12) 

                                            0][
...

=+∇+−− bwwwuS T
f

T ρρρσ                           (3.13) 

 

In these equations, the underlined terms represent the fluid acceleration relative to 

the solid and convective terms of this acceleration. This acceleration is usually small 

and can be omitted. 

 

Here (for two dimensional case); 
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                                                     sf nn ρρρ )1( −+=                                            (3.14)                      

ρ : density of the whole soil-fluid mixture 

fρ :  density of the fluid 

sρ :  density of the solid particles 

 

 

     3.3.2.2 Equation for the Momentum Balance of the Fluid (Equation of Fluid 

Flow) 

 

     The following governing equation is related with the momentum balance of the 

fluid. In the derivation of this equation, fluid phase is assumed to move with the solid 

phase and also the same control volume dx.dy.dz is used.  

 

     In quasi-static flow through a porous medium, the resistive forces due to the fluid 

viscosity balance the pressure gradient as follows: 

 

                                             ii Rp =− ,  (tensoral form)                                         (3.15) 

                                             Rp =∇− (matrix form)                                            (3.16) 

Here;  

R: viscous drag forces 

P : pressure of the fluid (water) 

Introducing Darcy’s seepage law (3.17) and (3.18) into (3.15) or (3.16) in tensoral 

and matrix forms ;  

                                                    ijij wRk =  (tensoral form)                                 (3.17)          



                                                                                                                                              25 

                                                    wkR =  (matrix form)                                       (3.18) 

 

and (3.19) is obtained for the quasi-static case. 

                                                                                                         (3.19) wkp 1−=∇−

where; 

k: permeability of the soil medium (length3time/mass), but in these equations, its 

definition is different from the one in classical soil mechanics as: 

                                                             ''

'

g
kk
fρ

=                                                   (3.20) 

'k : permeability in the soil mechanics convention (length/time) 
'
fρ : fluid density 

'g : gravitational acceleration at which the permeability is measured.                                                  

     Taking into consideration the contribution due to dynamic effects, (3.15) for 

tensoral form and (3.16) for matrix form; 

                            0/][ ,

...

, =++−−−− ifjijififii bnwwwuRp ρρρ                         (3.21) 

 

                             0/][
...

=+∇+−−−∇− bnwwwuRp f
T

ff ρρρ                         (3.22) 

In these equations, the underlined terms represent the convective fluid acceleration 

and can be omitted as they are small. 

 

     3.3.2.3  Equation for the mass balance of flow (flow conservation equation)   

 

     Equation for the ‘Mass balance of flow’ states that the divergence of the flow 

velocity must be equal to the rate of decrease of the pore space and the fluid 

expansion rate. In other words, the flow divergence wi,i occuring in time dt is 

balanced by the storage in the pores of a unit volume of soil in that time increment. 

The components of this balance are:  

 

- the increased volume due to a change in strain:  
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                                                                                             (3.23) εεεδ dmT== iiijij dd

- additional volume stored by compression of void fluid due to fluid pressure 

increase: 

  
fK

ndp                                                                                                                      (3.24) 

- additional volume stored by the compression of grains by the fluid pressure 

increase: 

sK
dpn)1( −                                                                                                               (3.25) 

- the change in volume of the solid phase due to a change in the intergranular 

effective contact stress: 
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In these equations, 

Kf : Bulk modulus of the pore fluid 

Ks : Bulk modulus of the solid phase 

KT : Average bulk modulus of the solid skeleton 

 

Therefore, the flow conservation equation can be written as: 
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Therefore, full set of relations defining the behaviour of saturated porous medium 

can be stated once more as follows: 

 

1. Biot’s formulations governing the behaviour of saturated porous medium 

2. Appropriate constitutive relation defining the behaviour 

3. Boundary conditions defined according to the nature of the problem. These 

boundary conditions are imposed on the variables u (displacement), p(pore 

pressure), w(velocity of the fluid flow). 

(Zienkiewicz et al.,1999; Zienkiewicz et al.,1991) 

 

3.3.2.4 Some Approximations to the Full Biot Theory 

      

     It is reasonable to use the full set of Biot’s equations (3.13, 3.22 and 3.27) in 

numerical solution process because this set gives the exact results. However, the full 

set is suitable for explicit time integration procedures. In implicit time integration 

procedures, large equations systems arise and the size of these equations can be 

decreased by omitting the underlined terms which include the variable w (velocity of 

the fluid) (Zienkiewicz et al.,1999).  

Full set of equations (including all the variables which are u, w and p): 
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u-p Approximation (for dynamics of lower frequencies, exact for consolidation): 

Elimination of w can be achieved in the following manner: 

1. Omitting the terms related with w in (3.13); 

                                                                                        (3.32a) 0
..

=+− buS T ρρσ

 

2. By coupling (3.22) and (3.27) , in addition using (3.18) and omitting the 

density changes; 



                                                                                                                                              28 

                                         0mb)u(k
.

.
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=++++−−∇∇ s
Q
pp ff

T εαρρ           (3.32b) 

In the discretisation process, contribution of the solid acceleration term is neglected  

in (3.32b) resulting in (3.32c), because it is revealed by Leung (Leung,1984) that 

inclusion of this term makes the system non-symmetric. Later on, the effects of this 

omission was investigated by Chan (Chan, 1988) and was found to be insignificant. 

The same researcher (Chan, 1995) included it in the force term in the FEM code 

SWANDYNE-II (Zienkiewicz et al.,1999). 

                                        0mb)(k
.

.
.

=++++−∇∇ s
Q
pp f

T εαρ                           (3.32c) 

     u-p approximation is suitable for medium-speed phenomena. The inaccuracies of 

the u-p version are pronounced only in high-frequency, short-duration phenomena 

(Zienkiewicz et al.,1999). 

. 

Approximation for the Consolidation Phenomena (very slow phenomena): 

If in the u-p approximation formulations (3.32a and 3.32b) , all the acceleration 

terms are neglected then the resulting system corresponds to the well-known, quasi-

static, consolidation equation frequently used in soil mechanics (Zienkiewicz, et al., 

1980). 

                                                                                                      (3.33a) 0=+ bS T ρσ

                                             0mb)(k
.

.
.

=++++−∇∇ s
Q
pp f

T εαρ                      (3.33b) 

 

Undrained Approximation (w=0): 

Another approximation to the full dynamic equation occurs if no relative movement 

of the fluid is permitted (fluid displacement=0 which means w=0 and also k=0) . The 

solution can be obtained either using the u-p variable system or by reduction to the 

variable u (solid displacement) alone providing that Kf (bulk modulus of the pore 

fluid) is finite. Such formulation is of a penalty type when numerical analysis is used. 

(Zienkiewicz, et al., 1980; Zienkiewicz. and Bettess, 1982; Zienkiewicz, et al., 

1988).  (3.34b) is obtained from (3.28) by assuming w=0. 
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                                                                                             (3.34a) 0
..

=+− buS T ρρσ

                                                           iidQdp εα−=                                            (3.34b) 

This formulation needs the tangent stress-strain matrix (D) to be modified as: 

                                                        jlijklijkl QDD δδα ik
2+=                                (3.34c) 

in matrix form, 

                                                           T2 mmQDD α+=                                      

 

     Detailed information about the derivation and the numerical solution procedures 

of the full Biot equations and its approximations can be found in the literature. 

(Zienkiewicz et al.,1999; Zienkiewicz et al.,1991; Zienkiewicz et al.,1982; 

Zienkiewicz and Bettess,1982; Zienkiewicz, et al., 1988; Zienkiewicz and Shiomi, 

1984; Zienkiewicz, et al., 1980)   Literature in the area of saturated porous medium 

formulations and their numerical solution processes is so wide and  new theories are 

being added to the preceding ones. 
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CHAPTER FOUR 
 

FINITE ELEMENT DISCRETISATION OF  
THE GOVERNING EQUATIONS 

 
 

4.1. Introduction 

 
An exact theoretical solution for any engineering problem requires that 

equilibrium, compatibility, material behavior and boundary conditions (both force 

and displacement) must all be satisfied. Taking into account this requirement, current 

methods of analysis being used in the solution of geotechnical engineering problems 

can be grouped into the following categories as presented in Table 4.1. These 

categories simply are closed form, simple methods (limit equilibrium, stress field and 

limit analysis) and numerical methods (beam-spring approaches and full numerical 

analysis) (Potts and Zdravkovic,1999). 

 
Table 4.1 Basic solution requirements satisfied by various methods (Pott

 

According to Table 4.1, it is not possible to obtain closed form analytical solutions 

c soil constitutive models which satisfy all four fundamental 

s, and Zdravkovic, 1999) 

 

 

 

 

 

 

 

 

 

 

 

 

 

incorporating realisti
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requirements. The analytical solution methods (limit equilibrium, stress field 

methods and limit analysis methods) fail to satisfy at least one of the fundamental 

requirements. These approaches only give information on stability, they do not 

provide information on movements or structural forces under working load 

conditions. Simple numerical methods such as the beam-spring approach, can 

provide information on local stability and on wall movements and structural forces 

under working load conditions. Therefore, they are an improvement over the simpler 

analytical methods. However, they do not provide information on overall stability or 

on movements in the adjacent soil and the effects on adjacent structures. On the other 

hand, full numerical analysis (approaches based on finite difference and finite 

element methods) can provide information on all design requirements, so they 

provide the ultimate method of analysis. Especially the capability of full numerical 

methods to incoorporate any soil constitutive model is a very important feature of 

them. However, they require large amounts of computing resources and an 

experienced operator, but on the other hand they can solve incredibly difficult 

problems. 

 

The finite element method is cosidered as a powerful numerical tool for the 

nalysis of geotechnical problems. When dynamic loading conditions like 

ea

 

a

rthquake, wave or traffic loads, etc are included, it becomes essential to consider 

(take into account) the complex  nonlinear dynamic soil behavior.  Additionally, soil-

structure interaction effects contribute to the nonlinear behavior especially under 

dynamic loading conditions. As a matter of fact (honestly saying), most problems in 

geotechnical engineering include soil-structure interaction effects.  The finite 

element method can incorporate complex soil constitutive models and boundary 

conditions that realistically simulate field conditions. Their ability to reflect field 

conditions essentially depends on the ability of the constitutive model to represent 

real soil behaviour and the correctness of the boundary conditions imposed (Potts 

and Zdravkovic, 1999). 
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4.2  Basic Steps of the Finite Element Method 

ted in the literature (Bathe, 1996; 

uges, 2000; Zienkiewicz, 1991; Pots and Zdravkovic, 1999). Therefore, brief 

ov

a) Differential Equations Governing the Problem (Element Equations) 

b) Element Discretisation 

t Matrices 

ar Analysis including the application of 

 

h) s 

T trong mathematical basis. However,  when one 

goes deep into the method, it is interesting to see that this mathematical basis actually 

de

nce of finite element codes emerges as one of the problems when 

ynamic nonlinear analysis is performed. Especially the integration of nonlinear soil 

co

 

The finite element method is well documen

H

erview of the basic concepts will be presented as  applied in the dynamic nonlinear 

soil-pile interaction code developed for this research. These steps are briefly listed 

as: 

 

c) Primary Variable Approximation  

d) Construction of Elemen

e) Construction of Global Matrices 

f) Solution Techniques for Nonline

complex soil constitutive models 

g) Determination of Suitable Time Integration Algorithm 

Application of Boundary Condition

i) Solution of Global Equations 

 

he finite element method has a s

pends on a lot of approximations. Each step briefly discussed above, is an 

approximation itself. There are a lot of algorithms related with these steps in the 

literature.  

 

Performa

d

nstitutive models requires a lot of iterations which affect the speed and 

performance of the FEM code. The remedy for this category of problems lies in 

having the knowledge of the theory behind these algorithms. Additionally, selection 

of the programming language and the efficient programming techniques is of great 
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importance. For example, parallel programming techniques both in the software and 

hardware basis are widely used. 

 

4.3  (For Structural Problems) 

The finite element method models a continuous system as a discrete numerical 

sy

 The governing differential equations of a dynamic saturated porous medium were 

giv

The form of Iai’s strain space plasticity soil constitutive model used in this 

res

 

Therefore, at this point, it will be helpful to present the finite element 

discretisation of  the governing equation for a body obtained by the application of 

  Finite Element Formulations

 

stem. The actual system is idealised as an assemblage of elements. To calculate the 

response of a body under external forces, the governing equations of equilibrium 

need to be established. An approach to express the equilibrium of a structural body is 

to use the principle of virtual displacements which asserts that for any small virtual 

displacement imposed on the body, the total internal virtual work must equal the total 

external virtual work. 

 

en in the previous chapter of this thesis. They are somehow different from the 

governing equations for structural bodies obtained by the application of the virtual 

work principle. The differences come from the additional body forces and inertial 

terms due to the motion of the fluid in the pores of the porous medium and the need 

for a governing equation representing the flow of the fluid. However, when 

discretised, they all reduce to the well known equation of motion, which is obtained 

by the application of  the virtual work principle with minor changes in force terms.  

 

earch allows only the use of undrained loading conditions. Hence, undrained 

approximation of  Biot’s equations which are defined by Zienkiewicz were used in 

analysis. As there is no flow of water relative to the soil skeleton in undrained 

condition which means that the soil skeleton and the pore fluid move together, the 

only necessary governing equation is the equation of motion for overall equilibrium. 

In this case, the effect of the undrained condition is hidden in the stress-strain matrix.   
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vir

y and the discretisation process proceeds together after which the 

ele

rilateral Element 

und the pile will be represented by four noded 2D 

uadrilateral elements which belong to the isoparametric family of elements. This 

ax

       gure Four-noded qua la l contin ement(a) global coordinat
        and the displa nt field, (b) local coordinates 
 

m and  ξ-η 

presents the local coordinate system. The local nodes are numbered as 1,2,3 and 4 

in a counterclockwise fashion as shown. (xi,yi) and (ξi,ηi)  are the coordinates of each 

tual work principle. If Galerkin Method is applied on the governing equations for 

a dynamic porous medium, the discretised equation of motion will be obtained in the 

same format. 

Application of the virtual work principle to obtain the equation of motion of a 

structural bod

ment matrices are obtained.  Hence, selection of the type of the finite element 

which will be used in the analysis should be made. Here, all the formulations will be 

obtained for 2D quadrilateral element since they will be used in the construction of 

the FEM code. 

 

4.3.1  2-D Quad

 

The 20·diameter wide mesh aro

q

isymmetric mesh will be constructed along the depth of the pile at specified station 

points. This process will enable the FEM code to reflect the approximate three 

dimensional  behavior of the model. Local and global coordinates for a two 

dimensional quadrilateral element is shown in Figure 4.1.    
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In the above figure, x-y represents the global coordinate syste

re
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node in the global and local coordinate systems respectively. The geometry and the 

displacement field are represented by the same shape functions which are Lagrange 

shape functions. Due to this fact, this group of elements belong to the isoparametric 

family of elements. Shape functions for each node are as follows: 

 

                                                 )1)(1(
4
1

iiiN ηηξξ ++=  

)1)(1(
4
1

1 ηξ −−=N   Node 1,  ξ1= -1, η1= -1          

)1)(1(
4
1

2 ηξ −+=N

1

 Node 2,  ξ2=  1,η2= -1                                                            (4.1) 

 Node 3,  ξ3=  1,η3=  1          )1)(1(
4
1

3 ηξ ++=N  

 The shape functions for e d

 Node 4,  ξ4=  1,η4=  1          )1)(1(
4

these shape functions as follows: 

4 ηξ +−=N  

 

ach node are define  in local coordinates. It is possible 

to define the coordinates and displacement of any node inside the element by using 

yNyNyNyNy
xNxNxN

+++=

 

4.3.1.1 Coordinates of any point inside the element 

 

                                        11xNx =

44332211

443322

                                                                                (4.3) 

+++
                                      (4.2) 

In m rm

                        

⎩y
   vector of x and y coordinates of any node inside the element 
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General coordinate definition can be expressed as: 
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             (4.4) 

4.3.1.2 Displacement of any point inside the element 

 

The displacements within each element are expressed as a function of nodal 

isplacements through interpolation functions. Hence, using the same shape 

fun  in side the element can be 

xpressed as follows: 
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d

ctions as  geometry interpolation, displacement field in

e

                                              
44332211

44332211

vNvNvNvNv
uNuNuNuNu
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                                                                                                          (4.6) 

⎧u
ements of any node inside the

 { } [ ]
⎭
⎬
⎫

⎩
⎨
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−

uNu
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⎭
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⎩
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u     vector of displac  element 
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General displacement field can be defined as: 
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4.3.1.3 Element Strains 

 

Strain at a point within an element is a function of the derivative of the 

isplacement. Displacement and strain distributions within an element are affected 

onl  di e nodes of that element. The strain vector within an 

lement can be expressed in terms of nodal displacements as: 
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Displacements and strains inside an element can be expressed in incremental form 

hich is essential for nonlinear analysis as follows: 

 

                                                                                                                             (4.10) 

4.3.1.4 Element Stresses 

 
lement total stres vector is expressed as: 
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In the above,  

- { }0ε   represents the  initial strains that the material within the element boundaries 

may be subjected to such as due to temperature changes, shrinkage.   

-  { }  repres0σ

 e step of  dynamic loading. 

ents the initial residual stresses that the body has been subject to.  

-   elastic stress-strain matrix. In nonlinear behaviour this matrix changes at the 

end of each tim

 

The

[ ]D

 relation between stresses and strains can be expressed in incremental form for 

nonlinear behaviour as { } [ ] { }εσ dd D= . 

 

4.3.1.5 Virtual Work Principle to Obtain the Element Matrices 

 

To make the nodal forces statically equivalent to the actual boundary stresses and 

dist loa virtual) nodal 

isplacement and to equate the external and internal work done by the various forces 
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and  this virtual displacement at the nodes results in virtual disp and virtual strains 

within the element as follows: 

isplacements inside the element 

                                                                                                                             (4.13) 
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Internal Work done by per unit volume by stresses and distributed forces =  

          virtual strains inside the element 
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Explanation for matrix operation
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Equating the al work with the total internal w

over the volume of the element V: 

 extern ork obtained by integrating 

 



 41

{ }fud
T

⎭
⎬
⎫

⎩
⎨
−

=
T

ud
⎭
⎬
⎫

⎩
⎨
⎧−

[ ] [ ] { } [ ] { }∫ ∫− T

V V

TT dVB σ⎧ )( ∫{ } −
S

dSNdVN tb                          (4.18) 

 
{ } [ ] { } [ ] { } [ ] { }∫∫ ∫ −−=

S

T

V V

TT dSNdVNdVBf tbσ

∂
− Tµ

                                                 (4.19) 

 
 

{ } [ ] [ ] { } { } { } [ ] { } { } [ ] { }∫∫ ∫ −
∂∂

∂
−
⎭
⎬
⎫

⎩
⎨
⎧−+−=
−

SV V

TT dSNdV
tt

bNdVBf tuuεD )())(( 2

2

00 ρσε            (4.20)  

  
 

{ } [ ] [ ]{ } [ ] { } [ ] { }

[ ] [ ] { } [ ] { } [ ] { }∫−
∂

∂
∫+

∂

∂
∫+

⎭
⎬
⎫

⎩
⎨
⎧

∫
V

−∫+∫−∫=

−

S

TT

V

T

V

T

T

V

T

V

T

V

dSNdV
t

NdV
t

NdVbN

dVBdVBdVDBf

tuu

ε

µρ

σε

2

2

00 ....... 

                       (4.21)      

                          
                                                                              

[ ] [ ]{ } [ ] { } [ ] { }

{ } [ ] { } [ ] { } [ ] { }∫+
⎭⎩

=
∂

∂
∫+

∂

∂
∫+∫

S

T

VVV

T

V

T

V

T

dSN

dV
t

NdV
t

NdVDB

t

uuε 2

2
...... µρ

                (4.22) 

                                                                                                                              
 

[ ] ⎬
⎫

⎨
⎧

∫+∫−∫+
−TTT dVbNdVBdVBf 00 σε

V

[ ] [ ][ ] [ ] [ ] [ ] [ ]

{ } [ ] { } [ ] { } [ ] [ ] { }dSNdVbNdVBdVBf

dVuNNdVuNNdVuBDB

T

S

T

V

T

V

T

V

TTT

t∫+
⎭
⎬
⎫

⎩
⎨
⎧

∫+∫−∫+

=⎬
⎫

⎨
⎧∂

∫+⎬
⎫

⎨
⎧∂

∫+⎬
⎫

⎨
⎧

∫

−

−−−

00

2
.....

σε

µρ

(4.23)                       

 
 

tt VVV ⎭⎩∂⎭⎩∂⎭⎩ 2

    

[ ] [ ][ ] [ ] [ ] [ ] [ ]

{ } [ ] { } [ ] { } [ ] [ ] { }dSNdVbNdVBdVBf

u
t

dVNNu
t

dVuNNudVBDB

T

S

T

V

T

V

T

V

T

V

T

V

T

V

t∫+
⎭
⎬
⎫

⎩
⎨
⎧

∫+∫−∫+

=
⎭
⎬
⎫

⎩
⎨
⎧

∂

∂
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫+

⎭
⎬
⎫

⎩
⎨
⎧

∂

∂
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

∫+
⎭
⎬
⎫

⎩
⎨
⎧
⎟⎟
⎠

⎞
⎜⎜
⎛
∫

−

−−−−

00

2

2
....

σε

µρ

              (4.24)                          

 
 

⎝



 42

[ ] [ ] [ ][ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] { } [ ] { } [ ] { } [ ] [ ] { }dSNdVbNdVBdVBf

dVNN

dVNN

dVBDB

T

S

T

V

T

V

T

V

T

V

T

V

T

V

tF

M

C

K

∫∫∫∫

∫

∫

∫

+
⎭
⎬
⎫

⎩
⎨
⎧+−+=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−

00 σε

ρ

µ
               (4.25) 

 

[ ] [ ] [ ]{ } [ ]FKCM =+
⎭
⎬
⎫

⎩
⎨
⎧+

⎭
⎬
⎫

⎩
⎨
⎧ uuu

...
 

 
 

4.4 Newmark’s Time Integration Algorithm 

 

This method proposed by Newmark is one of the mostpopular one-step methods 

and the recurrance formulas are as follows: 
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2β2>=β1=0.5 the method is unconditionally stable with second order accuracy. 

is of first order. 

 

                                                        

β2=0.25 and β1=0.5 no numerical damping is introduced. 

β1>0.5 numerical damping is introduced but the accuracy 

In order to obtain a stable solution, the parameter β2 should be selected by:
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ther variations of this method are presented in Table 4.2: 
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1985; Chan, 1988). Usually β1=0.6 and β2=0.3025 are used for undrained analysis. 
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Here, 

a: represents unknown degrees of freedom 

b: represents known degrees of freedom 

 

aaaaaa KCM  , , : Rearranged global mass, damping and stiffness matrices  according to 

(unknown x unknown) degrees of freedom, respectively. 

 

bbbbbb KCM  , , : Rearranged global mass, damping and stiffness matrices  according to 

(known x known) degrees of freedom, respectively. 

 

ababab KCM  , , : Rearranged  global mass, damping and stiffness matrices according to 

(unknown x known) degrees of freedom, respectively. 

 

bababa KCM  , , : Rearranged  global mass, damping and stiffness matrices according to 

(known x unknown) degrees of freedom, respectively. 
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In case of linear finite element analysis, (4.26) can be rearranged in the following 
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By using the equation of motion and (4.28) ,(4.29) and (4.30) ; 
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au  is solved from (4.31) and then replaced in (4.30) for and and 

finally, by using (4.29) , support reactions and the forces corresponding to the 

prescribed degrees of freedom are evaluated. 
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2nd. Form (incremental formulation): 

 

{ } { } { }uuu tt ∆+=+1  

{ }
⎭
⎬
⎫

⎩
⎨
⎧−

−
⎭
⎬
⎫

⎩
⎨
⎧

∆
−∆

∆
=

⎭
⎬
⎫

⎩
⎨
⎧

+

..

2

2
.

2
2

2

..

1
5.011

ttt uu
t

u
t

u
β
β

ββ
                                                 (4.32) 



 46

{ } ( ) ( )

{ }
⎭
⎬
⎫

⎩
⎨
⎧
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∆+∆

∆
+

⎭
⎬
⎫

⎩
⎨
⎧
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

⎭
⎬
⎫

⎩
⎨
⎧
⎥
⎦

⎤
⎢
⎣

⎡ ∆−
−∆−+∆

∆
+

⎭
⎬
⎫

⎩
⎨
⎧
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

⎭
⎬
⎫

⎩
⎨
⎧

+

..

2

1

2

1
.

2

1

..

2

21
1

2

1
.

2

1
.

1

2
11          

5.011

tt

ttt

utu
t

u

uttu
t

uu

β
β

β
β

β
β

β
βββ

β
β

β
β

 

 

Substituting (4.32) in (4.28); 
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⎧∆ au  is solved from (4.33) and then replaced in (4.32) for and and 

finally, by using (4.29) , support reactions and the forces corresponding to the 

prescribed degrees of freedom are evaluated. 
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4.5 Solution of Nonlinear Finite Element Equations 

 

The philosophy of the solution of step-by-step nonlinear finite element equations 

is presented in Figure 4.2. According to this figure, iteration on displacement 

increments is performed until convergence criteria is reached after which the real 

displacement increment for that time step is obtained finally. This iteration is based 

on the minimisation of the residuals of the system. 

 

     According to Newton-Raphson method, the incremental formulations are 

rearranged in a way that iterations are possible within a time step in order to reach 

the final total increment value (total displacement increment) for that time step. For 

this reason, the the overall nature of the following formulations  

incremental+iterative.  Equations (4.34), (4.35) and (4.36) represent the relations  
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                              Figure 4.2 Iteration within a time step for nonlinear systems 
                              Newton Raphson Iterations (Chopra, 1995) 
 

between the total displacement increment for the time step, the total displacement at 

the end of the time step, the total displacement increment at the end of an iteration 

within the time step and the total displacement at the end of an iteration within the 

time step. 
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Equation of motion as defined in (4.28) is rearranged for the iterative process as 
shown in (4.37) and (4.38); 
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Rearranging (4.38) results in (4.39) and (4.40): 
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Introducing (4.41) into (4.40), equation set (4.42) can be obtained; 
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And finally, introducing (4.43) into (4.42) results in (4.44); 
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Residuals and Reaction Forces: 
 

{ }
)1(

)(

)1(

)(

)1(

.

.)(

)1(

..

..

)(
)1(

++
++

+
⎭
⎬
⎫

⎩
⎨
⎧

−
⎭
⎬
⎫

⎩
⎨
⎧
⎥
⎦

⎤
⎢
⎣

⎡
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
⎥
⎦

⎤
⎢
⎣

⎡
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
⎥
⎦

⎤
⎢
⎣

⎡
=Ψ

tb

a
k

tb

a

bbba

abaa

k

tb

a

bbba

abaa

k

tb

a

bbba

abaak
t R

R
u
u

KK
KK

u

u
CC
CC

u

u
MM
MM

 

                                                                                                                               (4.44) 
 
 
 
 
 
 
 



 51

4.6 Finite Element Discretisation and  Solution of the Governing Differential 

Equations (u-p Approximation) for Saturated Dynamic Porous Medium 

 

     In chapter 3, it was explained briefly under which circumstances, the full Biot 

equations can be approximated to u-p formulations. In the following sections, finite 

element discretisation and the solution of u-p formulations under dynamic loading 

conditions will be presented.   
 

4.6.1 Finite Element Discretisation in Spatial Coordinates 

 

     Biot’s governing differential equations for the dynamic porous medium was 

approximated in u-p form as shown in (4.45) and (4.46) 

 

                                                                                                (4.45) 0
..

=+− buS T ρρσ

                                   0)(
.

0

.
...

=++++−−∇∇ s
Q
pmbupk ff

T εαρρ                        (4.46) 

In these formulations, the basic variables are the displacement of the soil-pore fluid 

medium(u) and the pressure of the fluid (p). Hence, variables u and p should be 

approximated by suitable shape functions at the beginning of the finite element 

discretisation process (discretisation of the displacement and the pore pressure 

fields).  

                                                                                                         (4.47) ∑
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=
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k
k

u
k uN
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-
u

                                                                                                        (4.48) ∑
=
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k
k

p
k pN

1
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In case of two dimensional quadrilateral elements, each node will have two degrees 

of freedom for displacement variable and one degree of freedom for pore pressure 

variable. For the discretisation of displacement and pore pressure fields, the same 

shape functions are used (4.49). This is not necessary, but especially in 

incompressible,undrained problems, the finite element equations are solvable only if 

nu>=np, which means the parameters of the function defining the displacement field 
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should be greater or equal to the parameters of the function defining the pore 

pressure field (Zienkiewicz and Taylor,1991). Equations (4.47) and (4.48) can be 

expressed in matrix form as shown in (4.50) and (4.51).  
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4
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11 ηξ −−== pu NN  
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4
1

22 ηξ −+== pu NN                                   (4.49)                        

 Node 3,  ξ3=  1,η3=  1          )1)(1(
4
1

33 ηξ ++== pu NN  

 Node 4,  ξ4=  1,η4=  1          )1)(1(
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44 ηξ +−== pu NN  
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where; 

N1
u,N2

u,N3
u,N4

u : displacement shape functions in terms of local coordinates. 

N1
p,N2

p,N3
p,N4

p : pore pressure shape functions in terms of local coordinates. 
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−−−−

4321 ,,, uuuu : displacement degrees of freedom in the X global direction 

−−−−

4321 ,,, vvvv : displacement degrees of freedom in the Y global direction 

−−−−

4321 ,,, pppp : pore pressure degrees of freedom 

{ }p
v
u

,
⎭
⎬
⎫

⎩
⎨
⎧

: represents the displacement and the pore pressure at any node inside the 

element (4.52). 
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     Applying the Galerkin procedure(method of weighted residuals) for the 

discretisation of  (4.45) and (4.46) (Zienkiewicz and Taylor,1991; Zienkiewicz and 

Taylor,1989 ), Eqns. (4.53) and (4.54) are obtained. Galerkin procedure is applied on 

(4.45), by premultiplying it by Nu
T and then integrated by parts, resulting in (4.53) 

and finally (4.54). 
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                                                                                                                               (4.53) 
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BuCuM fdT =Ω++ ∫
Ω

σ                                          (4.54) 

Where; 

∫
Ω

Ω= duTu N)N(M ρ      :mass matrix 

∫
Ω

Ω= duTu N)N(C µ        :damping matrix 
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ΩdTσB                           :force vector due to internal stresses 

Γ+Ω= ∫ ∫
Ω Γ

dtdf TuTu )N(b)N()1( ρ       :force term 

∫
Ω

ΩdTu b)N( ρ                   : force term due to body forces 

Γ∫
Ω

dtTu )N(                       :force term due to prescribed boundary tractions 

 

Furthermore, the term involving the stress can be split into two parts. Remembering 

the relation for effective stress: 
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in matrix form, 
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ΩΩΩ

Ω−Ω≡Ω pddd TTT mBBB w
' χσσ

Introducing (4.57) into (4.54), (4.58) is obtained; 
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Where; 
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Ω∫
Ω

d'TB σ : force vector due to effective stresses (internal) 

If linear analysis is performed, then (4.58) becomes: 

)1(
...

QKCM fpuuu =−++    

where; 

⎟⎟
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⎞
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⎛
Ω= ∫
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dDT BBK    :stiffness matrix,  uK : force vector due to effective stresses 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ω= ∫

Ω

dpT mNBQ wχ    :coupling matrix 

D : stress-strain matrix (constitutive matrix) 

 

     Applying the Galerkin procedure to (4.46) by premultiplied by Np
T and then 

integrating by parts gives (4.59) and finally results in (4.60). 
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where; 
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T

T mBNNmBQ w
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w
T χχ   : transpose of the coupling matrix 

( ) Ω∇∇= ∫
Ω
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T pp NNH  : Permeability matrix 
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Ω

d
Q

T p
*

p N1)(NS   : Compressibility matrix 

( ) ( ) Γ+Ω∇−= ∫∫
ΓΩ

dqSf
T
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TT

w

pp)2( Nb)dk(N ρ    : force vector 
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k,,, wws CSC  depend on p.  

wS : parameter for saturation 

Kf : Bulk modulus of the pore fluid 

Ks : Bulk modulus of the solid phase 

KT : Average bulk modulus of the solid skeleton 

n: porosity 

1≈α  

 

Coupled equation set (4.58) and (4.60) can also be rearranged in the following form 

for linear material behaviour; 
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             (4.62) 

 

(Zienkiewicz et al, 1999, Zienkiewicz and Taylor,1991, Zienkiewicz et 

al.,1991;Zienkiewicz and Taylor, 1985) 

 

 4.6.2 Discretisation of the Coupled System in the Time Domain 

 

     Time discretisation  of the coupled systems is usually achieved by using either 

multi-step methods or the single-step methods. However, multistep methods 

(Wood,1990) are usually inconvenient because they are not self statrting and a 

procedure needs to be established to handle this part. On the other hand, single step 

methods handle each step seperately and no problem occurs in the algorithm for 

restart.   Two families of single-step methods are widely used in the literature for the 

solution of the coupled systems which are; 

1. SSpj Algorithm (Single-Step p th. order scheme for j th. order differential 

equation) This algorithm was introduced by Zienkiewicz et al and then 

extended by Wood (Zienkiewicz et al.,1999). 



 57

2. GNpj Algorithm. This algorithm was first established by Newmark and then 

renamed as Beta-m Method by Katona and finally GNpj algorithm by Katona 

and Zienkiewicz (Zienkiewicz et al.,1999).   

     Both of these methods have similar stability characteristics. SSpj algorithm needs 

no initial conditions, on the other hand, for the GNpj algorithm, all quantities are 

defined at a discrete time station, so the transfer of these quantities between the two 

equations (coupled system) is easier to handle. In the context of this thesis, GNpj 

algorithm will be introduced briefly. GN11 algorithm (4.63) will be used for the pore 

pressure part and the GN22 algorithm (4.64) will be used for the displacement part. 

GN22 algorithm is exactly the same as Newmark time integration algorithm (4.26) 

but expressed in the form of acceleration increments.   
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For the unconditional stability of the recurrance scheme, time integration parameters 

( 121 ,, βββ  ) are usually chosen in the following manner: 

 

                                                    
2
1    and    

2
1

112 ≥≥> βββ                                 (4.65) 

if 
2
1    and    

2
1

112 ≥== βββ  numerical oscillation may occur if no physical damping 

is present. 

if 
51.0  51.0  515.0

6.0  6.0  605.0

112

112

===

===

βββ

βββ
  some numerical damping is introduced. 
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If the coupled equation system (4.58 and 4.60) is written for time (t+1), equation set 

(4.66) is obtained: 

 

                                      1
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                                      1
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11
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T SpHuQ ++++ =−+ tttt fp                                      (4.66) 

 

Replacing the GN11  (4.63) and GN22 (4.64) algorithms in (4.66),  (4.67) is obtained 

for the linear material behaviour: 
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In order for the left hand side matrix to be symmetric, the second row should be 

multiplied by -1. Hence as 11 ββ = , there will be no symmetry problem. If this 

modification is applied to (4.67) , the resulting system will be (4.68); 
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4.6.3 Solution of the Coupled Equation System for the Nonlinear Material 

Behaviour  

 

     For nonlinear material behaviour, the coupled equation system is written in the 

following form in which the effective stress contribution of the internal stress term in 

the first equation is left in integral form; 

                                          )1('
...

pQBuCuM fdT =−Ω++ ∫
Ω

σ
                               (4.71) 

                                                  )2(
..

T SpHuQ fp =−+                                         (4.72) 

 

Writing (4.71) and (4.72) for time (t+1); 
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Replacing the GN11 and GN22 algorithms (4.73) ; 
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Internal effective stress term  can be expressed as : ∫
Ω

+ Ωdt 1
'TB σ
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Replacing the GN11 and GN22 algorithms in (4.74) and multiplying by -1 for 

symmetry ; 
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                                                                                                                               (4.78) 

For the nonlinear solution process , residuals of the system will be expressed as in 

(4.79) and then some form of Newton-Raphson process will be applied as shown in 

(4.80):  
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The jacobien matrix is given by: 
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(Zienkiewicz and Taylor, 1991; Zienkiewicz et al., 1999; Zienkiewicz and Taylor, 

1985) 
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CHAPTER 5 

VERIFICATION OF THE FINITE ELEMENT PROGRAM 

 

 

 5.1  Introduction 

 

     The nonlinear dynamic finite element program constructed for the purpose of 

analysing the nonlinear dynamic soil pile interaction problem has been verified for 

the following cases selected from geotechnical engineering.  

1.  Finite element analysis of the deformations in a linear elastic soil medium under 

self weight. (Static, Linear Elastic ). 

2.   Finite element analysis of the deformations in a linear elastic soil medium due to 

a rigid foundation constructed on the surface of the soil layer. Rigid foundation is 

represented by applying a uniform displacement at the nodes on which the rigid 

foundation is placed. The analysis is performed for both the drained and undrained 

conditions. (Static, Linear Elastic) 

3.   Finite element analysis of the deformations in a linear elastic soil medium due to 

sinusoidal displacements applied at the specified points on surface of the soil layer 

(Dynamic, Linear Elastic). 

4.   Dynamic finite element analysis of a circular linear elastic soil medium around a 

section of  a linear elastic rigid pile with sinusoidal prescribed displacements applied 

on the degrees of freedom of the nodes just on the boundary of the pile with the soil 

medium.  

 

 5.2  Verification Example 1:  

 

    In the following verification example, the deformation behaviour of a linear elastic 

soil medium under gravitational forces will be analysed with the finite element 

method. Naturally, this will be a static finite element analysis, hence, this example 

will enable the verification of the basic steps like construction of the element and 

global matrices, their assemblage, solution of the equation for equilibrium and 

calculation of displacements, strains and stresses for a linear elastic soil medium. 

61 
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     It is possible to determine the initial stress state of the soil medium under 

gravitational forces by applying the self weight of the soil medium as a force 

vector.However, this type of analysis doesn’t give the real displacements under self 

weight.  

 

     The finite element mesh shown in Figure 5.1. is constructed by four noded two 

dimensional plane strain elements which behave linear elastically according to 

Hooke’s Law. The dimensions of the mesh is 30m. in the x direction and 10 m. in the 

y direction with the dimensions of each element being 2m.x1m.. The nodes lying on 

the bottom line of the mesh is constrained both in the x and y directions and the ones 

on the right and left sides of the mesh are constrained only in the x direction.Total 

number of elements and that of nodes are 150 and 176, respectively. For verification 

example 1, the finite element mesh should be considered without taking the external 

excitation into account. Necessary material properties are as follows: 

 

Unit weight: 20 KN/m3

Saturated unit weight : 21 KN/m3

Unit weight of water: 9.81 KN/m3

Elasticity modulus: 50000KN/m2

Poisson’s ratio: 0.35 

                

     Analysis of the vertical deformations of a linear elastic soil medium under its self 

weight is a static problem, therefore parts of the force vector due to mass and 

damping of the system is excluded from the overall finite element equilibrium 

equation as (5.1). This equation is solved for displacements afterwhich strains and 

stresses are obtained by using the stain displacement (5.2) and stress-strain (5.3) 

(constitutive) relations.  Flow chart of the FEM program for the verification example 

1 is given in Figure 5.2. 
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: Force vector including the contribution from gravity forces and the 

support reactions. This vector is also rearranged for the solution process according to 

known and unknown degrees of freedom  

 

                                                           { } [ ]{ }uB=ε                                                  (5.2) 

                                                           { } [ ]{ }εσ D=                                                 (5.3) 

Here, 

{ }ε : strain vector 

{ }σ : stress vector 

[ ]:B strain-displacement matrix 

[ ]:D stress-strain (constitutive) matrix. 

For linear elastic plane strain case, constitutive matrix is given as: 
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Input Data 
1. Material Properties 
2. Mesh Data 

Construct the finite 
element mesh 

Form Element and Global Matrices 
1. Stiffness Matrix 
2. Force Vector 

Apply Boundary 
Conditions 

Solve the equation of equilibrium for 
the unknown displacements 
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Find strains, stresses and 
reaction forces 
{ } [ ]{ }uB=ε  
{ } [ ]{ }εσ D=  

 
Figure 5.2  Flow chart  for Verification Problem 1. 
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     Figures 5.3 and 5.4 present the results of the finite element analysis. According to 

Figures 5.3 (a) and (b) vertical (σy)and horizontal stresses (σx) increase with depth 

for all the cross-sections (A, B, C, D, and E). Horizontal stresses are calculated 

approximately as equal to half of the vertical stresses at the depth of analysis. In 

addition, shear stresses are calculated  close to zero as shown in Figure 5.3 (c).  

 

     FEM analysis performed for this example has the capability to reflect the stresses 

under gravitational forces close to the ones in reality. However, when the 

deformations are considered,  different type procedures called K0 procedure and 

gravity turn-on procedure (Burland,J.B.,1978) should be followed. Hence, the initial 

stress and strain system can be calculated closer to reality with the help of these 

procedures. Under gravitational forces, the real vertical displacement behaviour 

should be like plot(2) as shown in Figure 5.5.      

          

 

 
(a) 

 



                                                                                                                              
 

67

 
(b) 

 
(c) 

                        Figure 5.3  σx-depth (a), σy-depth (b), τxy-depth (c), for Cross-sections A, B,  

                       C, D, and E 
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                         Şekil 5.4 Change of vertical displacements (uy) with the depth of the soil  

                         medium for cross-sections A, B, C, D, and E 

 

 

 

    Figure 5.5 Vertical displacement behaviour under  

                                            gravitational forces  (Burland, 1978) 
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 5.3. Verification Example 2:   

 

     The following verification example simulates the deformation and stress-strain 

behaviour of a linear elastic soil medium when a rigid foundation having a width of 

6m. is constructed at the top of a soil layer and makes a uniform settlement of 50 

mm.  The finite element mesh of the problem (Figure 5.1) and the material properties 

are the same as in verification problem 1. The exaggerated deformed mesh of the 

problem for 2m. settlement is shown in Figure 5.6. 

 

                    Figure 5.6. Exaggerated Deformed Mesh for a Rigid Foundation (B=6m.)  

                    Making a Settlement of 2m.  

 
     Finite element analysis for this problem is exactly the same as that for the 

verification problem 1. So the solution process of the equilibrium equation for 

displacements, stresses and strains follow the same flow chart as in Figure 5.2.  

Figures 5.7, 5.8, and 5.9 show the variation of stresses, strains and displacements 

respectively, for the cross-sections A, B, C, D and E. These curves are obtained by 

considering the values at the middle of each element.  The general trend in these 
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figures is cross-sections B, D which pass through the edges of the rigid foundation 

and A, E which are taken from the left and right sides of the mesh show the same 

trend. Vertical stresses (Figure 5.7 (b)) and strains (Figure 5.8 (b)) decrease with 

depth reaching their maximum values at the cross section C passing through the 

center of the rigid foundation. Similarly, vertical displacements (Figure 5.9 (b)) 

decrease with depth having their maximum values at the top layer for each cross-

section.  

 
(a) 

 
(b) 
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(c) 

     Figure 5.7. Variation of σx, σy, τxy with depth for cross-sections A,  

                              B, C, D,E. 

 
(a) 
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(b) 

 
(c) 

        Figure 5.8 Variation of εx, εy, γxy with depth for cross-sections A, B, C, D,E. 
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(a) 

 
(b) 

                         Figure 5.9 Variation of vertical (uy) and horizontal displacements (ux) with  

                         depth for cross-sections A, B, C, D,E. 
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 5.4. Verification Example 3:   

 

     The following verification example simulates the vertical sinusoidal  

displacements of a rigid foundation on a linear elastic soil medium. This example 

naturally doesn’t represent the actual soil behaviour under such a condition because 

it doesn’t involve the appropriate soil constitutive model , hence it will only verify 

that the incremental form of the equation of motion with the time integration 

algorithm incorporated in it, works properly.  

 

     Figure 5.10 shows the finite element mesh of the problem. The soil medium is 30 

m. and 10 m. in length in the global X and Y directions respectively. As was the case 

in the previous example, the nodes along the bottom length of the soil medium is 

constrained in the x and y directions and the ones along the very right and left 

vertical sides are constrained only in the x direction. Four noded two dimensional 

plane strain elements with sides 1m. in length in both directions are used in the 

construction of the finite element mesh. The nodes and the elements are numbered in 

the same manner as in Figure 5.1. The properties of the linear elastic soil medium 

and that of the vertical dynamic excitation are given as follows: 

 

Material properties of the soil medium: 

Unit weight: 20 KN/m3

Saturated unit weight : 21 KN/m3

Unit weight of water: 9.81 KN/m3

Elasticity modulus: 50000KN/m2

Poisson’s ratio: 0.35 

 

Properties of the dynamic excitation: 

Prescribed displacements, velocities and accelerations are calculated according to: 

d(t)=d0sin(wt) , v(t)=d0wcos(wt), a(t)= -d0w2sin(wt) 

d0: amplitude of the sinusoidal displacements, w: frequency, t :time , d(t): 

displacement, v(t):velocity, a(t):acceleration 

d0 =0.0008763m. ,  w= 1Hz.=6.283 rad/sn. 



 

Figure 5.10 Finite element mesh for verification problem 3 
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     Rigid foundation displacements, velocities and accelerations are presented as a 

function of time in Figures 5.11 (a), (b) and (c), respectively. In addition, Figures 

5.12 (a) and (b), show the deformed finite element mesh under exaggerated cyclic 

excitation 

 

 

(a) 

 

(b) 
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(c) 

                      Figure 5.11 Prescribed sinusoidal displacements (a), velocities (b) and  
                      accelerations (c) 

(a) 
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(b) 

                   Figure 5.12 Deformed Finite Element Meshes in Exaggerated Form, (a) Unloading 

                   (b) Loading 
 

     The flow chart the verification problem 3 is given in Figure 5.13. Calculated 

displacements, velocities and accelerations in the Y global direction for the second 

nodes of the elements lying on the cross-sections 1, 2, 3, 4 and 5 are presented in 

Figures 5.14, 5.15 and 5.16.      
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Input Data Input Data 
1. Material Properties 3. Material Properties 

Figure 5.13 Flow chart for the verification problem 3 

Construct the finite 
element mesh 

Construct the finite 
element mesh 

2. Mesh Data 4. Mesh Data 

Construct  Form Element and Global Matrices 
1. initial stress matrix  1.   Stiffness Matrix 
2. initial strain matrix  2.   Mass Matrix 
for each element (for the  points at the 
middle of each element)   

3.   Damping Matrix 
4. Force Vector 

Construct the global initial 
acceleration vector 

For each time step 

Apply Boundary 
Conditions 

Solve the equation of equilibrium for the unknown displacement increments  u∆
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(a) cross-section 1 

 

 

(b) cross-section 2 
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(c) cross-section 3 

 

(d) cross-section 4 
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(e) cross-section 5 

                           Figure 5.14 Calculated displacements in the Y global direction for the  

                           second nodes of the elements lying on the selected cross -sections  

 

(a) cross-section 1 
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(b) cross-section 2 

 

 

(c) cross-section 3 
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(d) cross-section 4 

 

 

(e) cross-section 5 

                              Figure 5.15 Calculated velocities in the Y global direction for the  

                              second nodes of the elements lying on the selected cross-sections  
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(a) cross-section 1 

 

 

(b) cross-section 2 
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(c) cross-section 3 

 

(d) cross-section 4 
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(e) cross-section 5 

                   Figure 5.16 Calculated accelerations in the Y global direction for the second  

                   nodes of the elements lying on the selected cross-sections  

 
 

5.5. Verification Example 4: 

 

     In the following verification example, dynamic finite element analysis of a linear 

elastic circular soil medium around a section of  a linear elastic rigid pile is 

performed. Hence, the basic parts of the nonlinear dynamic FEM code for the soil-

pile interaction problem will have been verified excluding the constitutive model 

part. 

 

5.5.1. Construction of the Finite Element Mesh 

 

     The finite element mesh shown in Figure 5.17 is constructed by four noded two 

dimensional plane strain elements which behave linear elastically according to 

Hooke’s Law. The diameter of the pile is 0.3 m. and a circular area having a diameter 

of  approximately (20 x pile diameter) around the pile is meshed by using two 

dimensional elements. There are 12 bands of elements around the pile. The angle 
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between the radial lines is taken as15° and each radial line is divided into sections in 

order to construct a finer mesh in the region closer to the pile. Bands 1 through 5 

cover the distance of 0.5 m. from the pile and then come the bands 6 through 9 

covering a distance of 1 m. starting from band 5 and finally, bands 10 through 12 are 

constructed covering a distance of 1.5m. starting from band 9.  

 

     The nodes lying on the outside boundary of the finite element mesh is constrained 

both in the x and y directions. The nodes lying on the boundary of the pile with the 

soil medium  are constrained in the global y direction, however in the x direction, 

prescribed sinusoidal displacements are applied. Numbering scheme for the nodes 

and the elements is given in Figure 5.18. In addition, prescribed sinusoidal 

displacement, velocity and acceleration values for the x degree of freedom of the 

nodes on the pile boundary are given in Figures 5.19, 5.20 and 5.21, respectively.  

Prescribed displacements, velocities and accelerations are applied at frequencies of 

0.25Hz. and 1Hz. Necessary material properties are taken as: 

Unit weight: 20 KN/m3, Saturated unit weight : 21 KN/m3, Unit weight of water: 

9.81 KN/m3, Elasticity modulus: 50000KN/m2, Poisson’s ratio: 0.35 

 

                            Figure 5.17 Undeformed Finite Element Mesh 
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                           Figure 5.18 Numbering Scheme for the Nodes and the Elements 

 

         Figure 5.19  Prescribed Pile Displacements for w=1Hz and w=0.25Hz. 
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   Figure 5.20 Prescribed Pile Velocity for w=1Hz. and w=0.25Hz. 

 

           Figure 5.21 Prescribed Pile Accelerations for w=1Hz. and w=0.25Hz. 
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5.5.2 Analysis Results 

 

     For the rigid pile section problem, dynamic linear analysis is an important stage 

before starting the dynamic nonlinear analysis in which an advanced soil constitutive 

model is used for simulating the soil behaviour under dynamic loading conditions. 

Analysis of the linear case is performed by taking stripes of elements in different 

directions around the rigid pile section as shown in Figure 5.22. This type of analysis 

will be instructive to observe the change in behaviour with distance all around the 

rigid pile section.  

 

     Setting of the boundary conditions is an important stage of FEM analysis. In this 

problem, sinusoidal displacements are applied at the x degree of freedom of the 

nodes on the boundary of the pile section with the sand medium. When the pile 

moves to the right in the global X direction, the sand medium is compressed in front 

of the pile and extended in the back due to the applied prescribed sinusoidal 

displacements. In real life, the sand medium in back of the pile would present the 

same behaviour by following the pile and tensile stresses would occur in this case 

too. Hence, the application of the boundary conditions is sensible. However, it is a 

known fact that soils can’t carry tensile stresses. Then, it is natural to think that 

during the application of cyclic excitation (i.e sinusoidal prescribed displacements), 

if the calculated σx exceeds the  tensile strength of the sand, failure will occur in back 

of the pile. In this case, failure in the back of the pile should occur faster than the 

failure in the front. However, this type of failure can occur when a gap occurs 

between the pile and the soil medium like in clays. In case of sands, no gap occurs 

since the sand medium will follow the pile (Pinto, P., 1998). Hence there will always 

be some confining pressure around the sand elements. In this case, failure is expected 

to occur in the back of the pile due to extension shear which is defined by the failure 

line in the constitutive law.  

 

     The results of the analysis for 0.25 Hz. are presented in the following figures. The 

variation of σx with time, σy with time and τxy with time for the eight stripes (i.e 
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stripes 1 through 8) of elements are given in Figures 5.23 through 5.30, Figures 5.31 

through 5.38 and Figures 5.39 through 5.46, respectively.  

 

 

                           Figure 5.22 Stripes of Elements Selected for Analysis 

  

     In the following paragraphs, general characteristics of the calculated behaviour 

starting from t=0 until the end of initial loading will be investigated. In such a case, 

the pile starts to move in the positive X direction and compresses the soil elements 

on the right until unloading starts. The behavior can be explained by dividing the 

mesh into four regions:    

First region (stripes 1, 2 and 3) 

While moving from stripe 1 towards stripe 3, σx and σy gradually decrease while the 

shear stresses τxy gradually increase. At stripe 3, min σx and σy and max. τxy occur 

which is the expected behaviour. In addition, the sign of σx is negative expressing 

compressive stress state in the global X direction and the sign of σy is calculated as 

positive representing tensile stres state in the global Y direction. 
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Second region (stripes 4 and 5) 

In this region, σx and σy change sign and they gradually increase while τxy gradually 

decreases preserving the same sign. At stripe 5, τxy reaches its minimum value while 

σx and σy reach their maximum values again.  

 

Third region (stripes 6 and 7) 

In this region, σx and σy gradually decrease again preserving the same sign they have 

in the second region while τxy gradually increases, and at the same time, changes its 

sign. τxy once more reaches its maximum value at stripe 7. 

 

Fourth region (stripe 8) 

In this region, σx becomes compressive while σy becomes tensile agan. At the same 

time τxy gradually decreases. 

 

 

         Figure 5.23 Variation of  σx with time for stripe 1 (elements 1,73,  

                                  121, 193, 265) 
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  Figure 5.24 Variation of σx  with time for stripe 2 (elements 3, 99, 195, 267) 

 
 

 
  Figure 5.25 Variation of σx  with time for stripe 3 (elements 6, 102, 198, 270) 

 



 95

 
   Figure 5.26 Variation of σx  with time for stripe 4 (elements 9, 57, 105,  

                           177, 225, 273) 

 
 

 
       Figure 5.27 Variation of σx  with time for stripe 5 (elements 12, 60, 108,  

                            180, 228, 276) 
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      Figure 5.28 Variation of σx  with time for stripe 6 (elements 15, 63, 111,  

                           183, 231, 279) 

 
 

 
        Figure 5.29 Variation of σx  with time for stripe 7 (elements 18, 66, 114, 

                            188, 234, 282) 
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       Figure 5.30 Variation of σx  with time for stripe 8 (elements 22, 70, 118,  

                            190, 238, 286) 

 
 
 

 
          Figure 5.31 Variation of σy  with time for stripe 1 (elements 1, 73, 145, 

                               217, 265) 
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        Figure 5.32 Variation of σy  with time for stripe 2 (elements 3, 51, 147,  

                             219, 267) 

 
 

 
         Figure 5.33 Variation of σy  with time for stripe 3 (elements 6, 54, 150,  

                              198, 276) 
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        Figure 5.34 Variation of σy  with time for stripe 4 (elements 9, 81, 153,  

                             201, 273) 

 
 

 
         Figure 5.35 Variation of σy  with time for stripe 5 (elements 12, 84, 156, 

                             204, 276) 

 



 100

 
      Figure 5.36 Variation of σy  with time for stripe 6 (elements 15, 87, 159 

                            207, 279) 

 
 

 
      Figure 5.37 Variation of σy  with time for stripe 7 (elements 18, 90, 162,  

                           210, 282) 
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     Figure 5.38 Variation of σy  with time for stripe 8 (elements 22, 94, 166, 

                            214, 286) 

 
 

 
         Figure 5.39 Variation of τxy with time for stripe 1 (elements 1, 73, 145, 

                              217, 265) 
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      Figure 5.40 Variation of τxy with time for stripe 2 (elements 3, 75, 147,  

                             219, 267) 

 
 

 
    Figure 5.41 Variation of τxy with time for stripe 3 (elements 6, 54, 126,  

                            198, 270) 
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      Figure 5.42 Variation of τxy with time for stripe 4 (elements 9, 81, 153,  

                            201, 273) 

 
 

 
        Figure 5.43 Variation of τxy with time for stripe 5 (elements 12, 84, 156, 

                             204, 276) 
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     Figure 5.44 Variation of τxy with time for stripe 6 (elements 15, 87, 159, 

                           207, 279) 

 

 
 

    Figure 5.45 Variation of τxy with time for stripe 7 (elements 18, 90, 162,  

                           210, 282) 
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     Figure 5.46 Variation of τxy with time for stripe 8 (elements 22, 94, 166,  

                           214, 286) 

 
 
Figure 5.47 demonstrate the the variation of strain in the x-direction for the elements 

on stripes 1 and 5 emphasizing that the signs of the strains are also compatible with 

the expected, compressive strains being negative and the extension strains being 

positive. 

 

 
(a) 
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(b) 

                           Figure 5.47 Variation of εx with time for (a) stripe 1, (b) stripe 5 

 

 

Figures 5.48 and 5.49 demonstrate the variation of σx and τxy with the distance from 

the pile for each stripe, respectively. σx and τxy data represent the 170. time step 

which corresponds approximately to the end of the initial loading. According to these 

figures, normal and shear stresses gradually decrease while moving away from the 

pile which is the expected behavior. However, some elements approximately in the 

0.2 m. distance from the pile on stripes 1 and 5 present a different behaviour which 

may be due to stress accumulation.  Figure 5.50 representing the deformed mesh 

under an exaggerated loading condition, demonstrate all the behavior mentioned.  
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                          Figure 5.48 Variation of σx with distance from the pile 

 
                          Figure 5.49 Variation of τxy with distance from the pile 
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                          Figure 5.50 Deformed mesh under exaggerated loading conditions 
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CHAPTER SIX 
 

SOIL CONSTITUTIVE MODEL 
 
 
 
6.1    Introduction 

 

Liquefaction and cyclic mobility are considered among the major phenomena in 

which non-linear behavior and cumulative damage effects can occur and hence, a full 

modelling of this soil behavior by means of computational techniques is necessary.  

 

First of all, saturated soils are two-phase media: a soil skeleton and water 

occupying the pores within the skeleton. The geotechnical engineering problems 

emerge basically from the interaction of these two parts under various loading and 

boundary conditions (i.e. static/dynamic loading, drained/undrained assumptions).   

 

Solution of boundary value problems of saturated sands under dynamic loading 

conditions requires numerical methods. Such methods can succeed in achieving this 

task provided that the following aspects of the solution methodology are properly 

handled: 

    

1. Description of a mathematical model for fluid-skeleton interaction such as 

Biot’s equations. 

2. Definition of an adequate soil constitutive model 

3. Development of an efficient computational scheme (usually the finite element 

method) (Zienkiewicz et al., 1988). 

 

Deformation of saturated cohesionless soils undergoing large deformations due to 

dynamic loads may be defined either by the term “liquefaction” or “cyclic mobility”. 

In general “liquefaction” refers to large and permanent deformations (on the order of 

several meters) of saturated cohesionless soils. “Cyclic mobility”, on the other hand, 

is used for limited larger deformations of the soil as the excess pore water pressure 

attains high values temporarily. 

109 
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One should note that soil layers surrounding a pile foundation generally exhibits 

cyclic mobility type of behavior undergoing alternating cycles of contraction and 

dilation, which may result in temporary increase of excess pore water pressure ratio 

up to %100 followed by the generation of negative excess pore water pressure, which 

causes strength recovery. Therefore, soils around a laterally displacing pile do not 

develop full liquefaction due to the action of the pile itself (i.e. inertial interaction).  

 

Because of the above mentioned soil behavior around the laterally loaded pile, the 

strain space plasticity model (Iai et al., 1992) has been chosen as the preferred soil 

constitutive model of this thesis study since it is capable of modeling both 

contractive and dilative soil behavior under dynamic loading.  Details of the strain 

space plasticity model are given in the following subsections along with brief 

presentation of a literature survey regarding soil plasticity models. 

 

6.2  Dynamic Sand Behavior Under Monotonic Loading Conditions 

 

Soil plasticity models attempt to capture various aspects of sand behavior under 

dynamic loading. Although dynamic conditions are of interest, sand response under 

monotonic loading is also important since strength and stiffness degradations are 

described with respect to monotonic parameters. 

 

6.2.1  Sand Behavior Under Drained Monotonic Loading Conditions 

 

A deposit of sand is composed of an assemblage of particles in equilibrium where 

intergranular forces are transmitted through contact points. When shear stress is 

applied, the resulting deformation is always accompanied by a volume change in 

drained condition.  

 

This shear-induced volume change occurs as a result of the rearrangement of the 

sand grains. This rearrangement usually occurs in the form of slip-down and rollover 

particle motion modes. The slip-down movement of the sand grains tends to reduce 

the volume by repacking the sand aggregate into a denser state for loose to medium-
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dense sands. When slip-down motion of sand grains occurs, they usually settle down 

in the voids and do not follow the direction of shearing. Hence, slip-down motion 

takes place without mobilizing large shear strains. For this reason, it is meaningful to 

observe volume reduction at the earlier stage of shear tests performed on sand 

samples either in loose or dense state. Exluding earlier stages of shear tests on dense 

sands; this mode of particle movement is usually seen in loose sand samples. On the 

other hand, rollover motion mode tends to increase the volume and this is a general 

characteristic of dense sands. Rollover mode generates higher strain levels compared 

with the slip-down mode. Therefore, it is understandable why dilation occurs at a 

later stage of shear stress application where the sand is largely deformed. 

 

Figure 6.1 shows a typical loose and dense sand behaviour under drained 

monotonic loading conditions. As revealed in the stress-strain curve (Figure 6.1a), 

during drained shearing of loose sands, the deviatoric stress increases to a maximum 

value accompanied by a decrease in void ratio (Figure 6.1b). There is a critical value 

of the void ratio at which continuous deformation occurs with no change in 

deviatoric stress. This value of the void ratio is called as the critical void ratio.  On 

the other hand, when a dense sand specimen is sheared, the deviatoric stress reaches 

a peak value afterwhich it decreases to a value very close to the maximum deviatoric 

stress for the loose sand (Figure 6.1a). Volume change behavior of dense sand 

(Figure 6.1b) shows that dense sand decreases in volume slightly at the begining, 

then dilates up to a value very close to the critical void ratio.   

 

Confining pressure is the other important factor, which affects the volume change 

(dilatancy) behavior of both loose and dense sand samples during drained shear. 

Figures 6.2 and 6.3 respectively show influence of confining pressure on loose and 

dense sand samples during drained shear. According to these figures, loose sands 

may exhibit dilative behaviour under lower confining pressures whereas dense sands 

may exhibit loose sand behavior showing a decrease in volume at high confining 

stresses (Holtz and Kovacs, 1981; Ishihara, K., 1996). 
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                                     Figure 6.1 Loose and dense sand behavior under drained  
                                     conditions (Pastor et al., 1985) 

 
 

 
                             Figure 6.2 Drained triaxial test results on loose Sacremento River Sand  

a) Principal stress ratio versus axial strain b) Volumetric strain versus  

axial strain (Holtz and Kovacs, 1981) 
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                            Figure 6.3 Drained triaxial test results on dense Sacremento River Sand  

                            a) Principal stress ratio versus axial strain b) Volumetric strain versus  

                            axial strain (Holtz and Kovacs, 1981) 

 

6.2.2 Sand Behavior Under Undrained Monotonic Loading Conditions 

 

Figure 6.4 shows different types of stress-strain relations obtained from undrained 

shear tests on saturated sand samples at different relative densities.  According to this 

figure, it can be concluded that under undrained monotonic loading conditions, the 

sand behaviour can be grouped as: 

1. Contractive (strain-softening)- Flow of the sand occurs  

2. Dilative (strain-hardening)- Non-flow behavior 

3. Initially contractive and then dilative-flow with limited deformation 
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                             Figure 6.4 Classification of undrained behavior of sandy soils based  

                             on their contractive and dilative responses (Ishihara, K., 1996) 
 

Additionally, Figure 6.5 helps to understand how pore pressure changes during 

contractive and dilative behavior of sand specimens. Figure 6.5a, 6.5b and 6.5c 

respectively show deviatoric stress-mean effective confining pressure, shear stress-

shear strain and pore pressure-shear strain curves of loose to dense sands. 

 

Contractive (strain-softening) sand behavior: 

 

Under undrained conditions, loose saturated sands exhibit contractive behavior 

resulting in flow failure of the saturated sand. Here ‘contractive’ means that when 

sand specimen is sheared in the drained condition, it would contract and decrease in 

volume. However, under undrained conditions, this tendency to contract increases 

the pore pressure decreasing the mean effective stress and shear strength. In Figure 

6.4, this is represented by the flow curve at the bottom of the graph. It is seen in this 

curve that shear stress is greatly reduced after reaching a peak value. The sudden 

drop in shear stress is accompanied by unlimitedly large strains under constant shear 

stress. This behavior is also illustrated by the curve (a) of Figures 6.5 a, b and c for 

monotonic loading condition. 
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                                 Figure 6.5  Undrained sand behavior during monotonic loading  

                                 (data from Castro 1969) (a) p′-q, (b) deviatoric stress-shear strain, and  

                                 (c) pore pressure -shear strain variations  (Zienkiewicz et al., 1999) 
 

Dilative (strain-hardening) behavior: 

 

Under undrained monotonic loading conditions, dense saturated sands present 

dilative behavior. In this type of soil response, shear stress increases with increasing 
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strain and therefore no flow type failure takes place. This behavior is called dilative 

since skeleton of monotonically sheared sands under drained conditions would 

increase their volume. However, under undrained conditions, this tendency of 

volume increase decreases the pore pressure causing mean effective stress and shear 

strength to increase. Figure 6.4 shows this strain-hardening type of soil response. The 

curves of (c) and (d) of Figures 6.5a, 6.5b and 6.5c also illustrate dilative dense sand 

response under monotonic undrained loading. 

 

Initially contractive and then dilative behavior: 

 

Moderately dense saturated sands first show a contractive behavior at moderate 

shear strains but then starts to dilate as the strain increases. This kind of behavior 

results in flow with limited deformation (Figure 6.5b). Under drained shear 

conditions, volume of this sand would first decrease and then increase with 

increasing shear strain. However, during undrained shear, tendency to decrease 

volume will generate positive excess pore water pressure. This behavior is then 

reversed at higher shear strains causing negative excess pore water pressure 

development. 

 

     Similar to drained sand behavior confining pressure has a conrolling effect over 

the undrained response as well. Figures 6.6, 6.7 and 6.8 demonstrate this influence 

for loose, medium dense and dense Toyoura Sand samples at different confining 

pressures, respectively. One can notice in these figures that all soil samples 

demonstrate dilative behavior sooner or later in the tests until they reach to the steady 

state condition. The degree of dilation, however, depends on the confining pressure 

for a particular void ratio. Initially contractive behavior is increasingly suppressed as 

the void ratios of the samples are decreased. Note that dense sand samples 

dominantly exhibit dilation irrespective of the applied confining pressure. 
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         Figure 6.6 Undrained behavior of loose Toyoura Sand (Ishihara, 1996) 
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        Figure 6.7 Undrained behavior of medium dense Toyoura Sand (Ishihara,  

                           1996) 
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      Figure 6.8 Undrained behavior of dense Toyoura Sand (Ishihara, 1996) 
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6.3 Strain Space Plasticity Model for Cyclic Mobility 

 

6.3.1   Main Features of the Model 

 

     Strain space plasticity model for cyclic mobility (Iai,S., Matsunaga, Y., 

Kameoka,T.,1992) can be categorised among the modern elasto-plastic soil 

constitutive models for sands under dynamic loading conditions. The form presented 

in the context of this thesis allows the use of this model with only undrained 

conditions since the loading path is established using an empirical path formulation 

called as liquefaction front in the model. The model has been updated for three 

dimensional case (Iai,S., 1993a; Iai,S., 1993b) and also for drained conditions 

(Takeshima et al., 2004). 

 

In the context of this thesis, two dimensional and undrained version of the strain 

space plasticity model for cyclic mobility is incorporated into the finite element code 

as a constitutive soil model to represent the gradual change of effective stress state 

and hence the change in strength and stiffness of the saturated sand medium around 

the rigid pile due to the changes in pore water pressure under dynamic loading 

conditions.  

 

A model for cyclic mobility should be able to represent rapid or persistent 

increase in shear strain ranging from 1% to 10% at which cracks, settlement and 

other important type of deformation initiate. Such large shear strains are only 

generated when the effective stres path becomes very close to the failure line. This 

causes difficulty in numerical analysis because a very small error in the computed 

effective stresses causes a very large error in the computed strains, sometimes 

causing divergence in the solution process. None of the existing models can deal 

with this problem; however, attempt made in the model to overcome this difficulty 

has been reported to be successful (Iai, S. et al., 1990).    
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 Basic characteristics of this model can be defined as follows: 

 

1. It is a generalised plasticity-multiple mechanism type model that means the 

model is developed in the framework of generalised plasticity theory defined 

in strain space (loading and unloading is defined in the strain space).  

 

2. Complex behavior under dynamic loading conditions is represented by a 

single volumetric mechanism and several shear mechanisms (i.e. 

multimechanism model). The motivating factor behind this approach is, any 

model casted in terms of stress or strain invariants will predict no response 

to a pure rotation of principal stress axes. This kind of model can produce 

accurate results if rotation is accompanied by an increase of the deviatoric 

strain as occurs in hollow cylinder device. Multimechanism models can 

represent pure rotation of principal stress axes as the stress state varies in 

some mechanisms (Zienkiewicz et al., 1988).   

 

3. The undrained effective stress path is idealised with the concept of 

liquefaction front, which is defined in the effective stress space as an 

envelope of stress points gradually approaching the failure line.  The correct 

simulation of the undrained effective stress path is important because 

realistic representation for plastic volumetric strains due to dilatancy can 

only be achieved if the stress path is traced correctly under dynamic loading 

conditions.   

 

4. Dilatancy is treated as an additional volumetric strain component in such a 

manner that strains due to creep and temperature are treated in the 

constitutive equation. 

 

5. Most of the soil constitutive models dealing with cyclic mobility of sand 

suffer from the numerical vulnerability when the effective stress path comes 

very close to the failure line. Hence, this model solves this problem 

successfully (Iai et al., 1992). 
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6.3.2 Main Components of the Model  

 

     Strain space plasticity model for cyclic mobility is based on the following 

components: 

1. Loading Criterion: Definition of loading/unloading in the framework of 

generalised plasticity theory defined in the strain space. 

2. Decomposition of the Complex Mechanism into Simple Mechanisms 

2a. Modelling of the Volumetric Mechanism 

      2b. Modelling of the Shear Mechanism  

      2c. Incremental Stress-Strain Relation 

3. Undrained Effective Stress Path  

4. A methodology to overcome numerical vulnerability when the effective stress 

path comes very close to the failure line.  

 

6.3.2.1 Definition for Loading and Unloading (Loading Criterion) 

 

       In plasticity models, definitions for loading and unloading are necessary because 

material behavior depends on the direction of loading. Loading and unloading is 

defined as in Equations 6.1 and 6.2 when expressed in the framework of generalised 

plasticity defined in strain space. The basics of these definitions were established by 

Mroz and Norris (1982) and then updated for multiple mechanism approach. A brief 

review of classical and generalized plasticity theories can be found in Appendix-A of 

the thesis. 

 

The relation between the effective stress increment and the strain increment is: 

                                                                                                              (6.1) εσ Ddd ='

where D is the tangent stiffness matrix. 

 

If the dependence of the material behaviour on direction is considered;  
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If multiple mechanism approach is adopted; 
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If the dependence of material behaviour on direction is defined for each mechanism 

separately,  
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Plasticity theory in strain space assures the uniqueness of stress increment for each 

mechanism, which demands that; 
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Where; 
)()( , i

U
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L DD : tangential stiffness matrix for each mechanism,for loading and 

unloading respectively. 
)()( , i

U
i

L nn : arbitrary vectors defining the directions of stress increments 

)()( , i
U

i
L RR : define the magnitudes of stress increments 

 

Finally, the constitutive relation including all the mechanisms can be given by (6.6); 
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in associated form,  nn UL =/

 

     For the preceding formulations and for the ones coming next, two dimensional 

behaviour of soil under plane strain conditions are considered, and hence the stres 

and strain vectors are defined as: 
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                                             ,                                              (6.7) 
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In addition, compressive stress and the contractive strain are assumed negative. The 

sign of the strains are determined by the nodal point deformations corresponding to x 

and y directions.   

 

6.3.2.2 Decomposition of the Complex Mechanism into Simple Mechanisms 

 

      Constitutive relation (6.6) is composed of I+1 mechanisms of which the first one 

is the volumetric mechanism and the rest (I) are the shear mechanisms. Basically, 

there are two main mechanisms which are volumetric mechanism and the shear 

mechanism. However, when the effects of principal stress axes rotation has to be 

taken into account, the shear mechanism has to be divided into simple mechanisms 

which is the basic philosophy of the multimechanism models. 

 

Volumetric Mechanism: 

Volumetric mechanism is the first mechanism and such a mechanism is defined for 

representing the cumulative pore pressure build up with occasional recovery of the 

mean effective stress. Dilatancy represents this phenomena which is expressed in 

terms of plastic volumetric strain. For the modelling of volumetric mechanism, the 

approach taken fort he densification model by Zienkiewicz et al. (1978). This 

approach is simple and the data obtained from undrained cyclic loading conditions 

can be directly used. The first mechanism of (6.6) can be expressed as : 
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                                                                                                               (6.10) 
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Here, the additional volumetric strain pdε is assumed to represent the whole part of 

the plastic volumetric strain generated by transient and cyclic loads. Then the strain 

increment pdd εε −  becomes elastic and it is reasonable to represent  with the 

elastic tangent bulk modulus of the soil skeleton known as rebound modulus. 
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where,  

K : elastic tangent bulk modulus of the soil skeleton (rebound modulus) 

2

''
' yx
m

σσ
σ

+
= : mean effective stress 

Ka: elastic tangent bulk modulus of soil skeleton at  '
maσ

(Iai,S.,1990) 

 

Shear Mechanism: 

The second mechanism to be modelled is the shear mechanism, which is based on the 

approach by Towhata and Ishihara (1985a). This approach has the ability to represent 

soil behaviour under principal stress axes rotation by decomposing the complex shear 

mechanism into a set of one dimensional seperate shear shear mechanisms as shown 

in Figure 6.9 and  Figure 6.10. 

 



 126

 
          Figure 6.9 Schematic figure for multiple shear mechanisms (pairs of circles indicate  

         Mobilized virtual shear strain in positive and negative modes of compression shear and  

         simple shear) (Iai, 1990) 

 

 

         
          Figure 6.10 Multiple shear spring model (after Towhata and Ishihara)  (Takeshima et al.,2004) 

 

Shear mechanism part of the constitutive relation (Eqn.6) is expressed as; 
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i: one dimensional stres-strain relation defined in a virtual simple shear which is 

mobilized at angle 4/2/ πθ +i to the x axis. 0=iθ represents virtual compression 

mode, 2/πθ =i represents virtual simple shear mode in the x axis direction (Figure 

6.9) 
)(
/
i

ULR : tangent shear modulus for each mechanism 

                                                                                                    (6.13) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

i

i

i
i T

n
θ
θ
θ

sin
cos

cos
)(

 

                                                       
I

ii

/
)1(

πθ
θθ

=∆
∆−=                                                    

 

Hence, the incremental stress – strain relation for the whole system is given as: 
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The spring group (Figure 6.10) represents the two dimensional shear stress-shear 

strain behavior of the two dimensional soil element (actual shear)  by using one-

dimensional springs which are called virtual shear mechanisms. Each virtual shear 

mechanism behaves according to the one dimensional shear stress-shear strain 

relation developed by using Masing rules.   

 

The shear stress-shear strain behaviour of each spring is controlled by hyperbolic 

model for the construction of the backbone and the revised Masing rules for the 

construction of hysteresis curve. Masing rules are revised by Iai due to the fact that 

the hyperbolic relation does not represent the realistic hysteresis loop when the 

amplitude of cyclic shear strain becomes as large as a few percent; at this strain level 
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the hysteresis loop given by Masing’s rule consumes about twice the energy as those 

observed in the laboratory tests (Iai, 1994).   

 

     Construction of initial loading, unloading from initial loading and 

reloading/reunloading portions of the shear stress-shear strain relations of each 

virtual shear mechanism are given in the following paragraphs. 

 

     When a soil element is exposed to strain increment of dε, the virtual shear strain 

increment in each virtual shear mechanism can be expressed as:   

Total strain increment vector: 
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Virtual shear strain increment for the i th. virtual shear mechanism:  
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Loading criterion for each mechanism can be defined as follows: 
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Initial loading: 

Shear stress- shear strain relation belonging to each mechanism is defined as : 
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in normalised form; 
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in these formulations; 
)(iγ : virtual shear strain for the i th. mechanism 
)(iξ : normalised virtual shear strain 

(i)Q : virtual shear stress for the i th. mechanism  
)(iη : normalised virtual shear stress 
)(i

LR : virtual tangent shear modulus for the i th.mechanism 

vQ : virtual shear strength 

vγ : virtual reference strain 

 

Unloading from initial loading: 

In normalised form, unloading from initial loading is represented by (6.20) 

)
2

(
2

rr f ξξηη −
=

−             (In normalised form)                                                   (6.20) 

),( rr ηξ  : coordinates of the reversal point 

 

When unloading occurs from initial loading the reversal points will be on the 

backbone . Hence, the coordinates of the reversal point from the backbone named as 

),( BB ηξ  and Eqn. (6.20) becomes  
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However, Masing’s Rule when combined with the hyperbolic relation does not 

represent the realistic hysteresis rule when the amplitude of cyclic shear strain 
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becomes as large as a few percent, at this strain level, the hysteresis loop given by 

Masing’s rule consumes about twice the energy as those observed in the laboratory 

tests (Iai et al.,1998). To remedy this problem numerically, some scale parameters 

are introduced: 
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Parameters a and b are found by considering the damping factors of each mechanism 

and the damping factor of the actual shear as follws: 
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In order to find b, a should be found first: 
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)( Bh ξ :realistic damping factor to be represented by each virtual simple shear 

mechanism. The strain level is Bξ . 

vh : limiting value of virtual damping factor when virtual strain level is infinity.  

hξ : a parameter similar to virtual reference strain. 

 

Hysteresis loop defined by  Eqn. (6.24) produces the damping as a 

nondimensional damping factor parameter:  
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a is defined using the following relationship; 
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In these formulations hξ  is formulated by; 
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)( : actual damping factor to be measured in the laboratory. The 

relation is proposed by Hardin and Drnevich (1972)                                            (6.28) 

hξ  is found by; 
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Finally the unloading curve is given in the non normalised form as: 
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Reloading and reunloading: 
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The shear strength parameters for the virtual shear mechanisms are defined as: 
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                                                                                            (6.33) 

 

vQ : Virtual mechanism shear strength 

mτ : Actual shear strength 

vγ :Virtual reference strain 

mG : Shear modulus for the actual shear mechanism at low strain level  

 

 

6.3.2.3 Simulation of the Undrained Effective Stress Path 

 

It was stated previously that sands try to change volume under monotonic and 

cyclic loading conditions which is known as dilatancy. This tendency to change 

volume causes pore pressure build up (either increase or decrease) under undrained 

conditions which changes the mean effective stresses. Related with the mean 
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effective stresses soil stiffness and strength change too. Dilatancy is represented in 

terms of plastic volumetric strain. The change in the value of the plastic volumetric 

strains with the progress of cyclic mobility (for any boundary value problem) can be 

traced close to reality if the laboratory undrained effective stress paths could be 

simulated  numerically. In the strain space plasticity model for cyclic mobility, 

components of the numerical simulation of the undrained effective stress path are: 

 

1. Relation between the plastic volumetric strain and the excess pore pressure or 

mean effective stres 

2. Modelling of the effective stress path (Liquefaction front) 

3. Relation between the liquefaction front parameter (S0) and shear work (shear 

work correlation) 

4. Threshold limit 

 

Relation Between the Plastic Volumetric Strain and the Excess Water Pressure  

/Mean Effective Stress: 

 

     Plastic volumetric strain needs to be specified in order to use the constitutive 

relation of the model. As the plastic volumetric strains represent the effects of 

dilatancy, it is natural to think that they are closely related with the change in pore 

pressure or effective mean stress under constant total confining pressure. This 

relation is derived considering that, under constant total mean effective stress  

with undrained condition (no change in volume), volumetric strain due to change in 

effective stress is only due to the volumetric strain of pore water (Iai, 1993). 
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Where,  

pε : plastic volumetric strain 
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eε : elastic volumetric strain 

0eε : initial elastic volumetric strain 

n : porosity 

fK : bulk modulus of water 

'
mσ : mean effective stres 

'
0mσ : initial mean effective stres (under undrained conditions, it represents the total 

mean effective stres) 
5.0
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                                                                                                 (6.35) 

   

     Modelling of Effective Stress Path (Liquefaction Front): 

 

     In this model, effective stress path for cyclic mobility is modelled by using the 

concepts phase transformation line and the envelope of stress points at equal shear 

work (liquefaction front). Phase transformation line is a straight-line seoarating the 

dilative zone from the contractive zone in stress space. The envelope of stress points 

at equal shear work is shown in Figure 6.11. As shear work is accumulated by cyclic 

shear under undrained conditions, the envelope of stress points at equal shear work 

gradually moves from the initial envelope to the failure line (Figure 6.11). This 

envelope is called the liquefaction front and is used in the modeling of cyclic 

mobility. In order to approximate the shape of the liquefaction front, it should be 

defined in normalised stress space defined with effective mean stress ratio and 

deviatoric stress ratio (Figure 6.12).   
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                                   Figure 6.11 Envelope of stres points at equal shear work (after  
                                   Towhata and Ishihara, 1985b) 
                                               
                                               
 
 

 
                             Figure 6.12 Schematic figure of liquefaction front, state variable S and  
                             shear  stress  ratio(Iai, S., 1992) 
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The shape of the liquefaction front is approximated by the following function: 
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0S :liquefaction front parameter. It is a measure which defines the state of 

liquefaction (should be defined by a function of shear work) 

      S0=1 initial stres state if r<m3 

      S0=0 limiting state at which failure occurs due to liquefaction 

m1: inclination of failure line 

m2: inclination of phase transformation line 

m3: introduced for assuring the smooth transition from one zone to the other. 

 

Shear Work Correlation: 

The liquefaction front parameter S0 is given by a function of shear work. 
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Here,  

S1, w1, p1, p2 are the material parameters which characterise the liquefaction 

properties of the cohesionless soil.  

w: normalised shear work. 

 

Threshold Limit: 

 

In order to obtain the shear work correlation, value of plastic shear work should 

be determined. Total shear work concept was used by Towhata and Ishihara (1985b) 

to find the value plastic shear work. Also, it is a known fact that there exists a 

threshold limit in the amplitude of cyclic shear strain or shear stress below which no 

pore pressure build up occurs. This part of the shear work (this part is related with 

the elastic shear work) should be subtracted from the total shear work in order to find 

the correct plastic shear work which is related with pore pressure build up. 

 

Total shear work is defined as: 
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Elastic shear work is defined as: 
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Plastic shear work is defined by: 
 
                                                                                             (6.44) sests dWcdWdW .1−=
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6.3.2.4 Scheme for Numerical Robustness 

 

      A numerically robust scheme is necessary for the following reasons: 

Problem 1: With the progress of cyclic loading, excess pore water pressure builds up 

which changes the mean effective stresses and hence the shear strength and the shear 

modulus of the soil. If the current values of these parameters are obtained from the 

initial values as in equations 6.45, some problems arise. One of these problems is the 

difficulty in numerical analysis when the effective stress path becomes close to the 

failure line.  In such a case, even a very small error in the computed effective stress 

causes a very large error in the computed strains.  
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Problem 2: Shear strains due to cyclic mobility range from about 1% to 10%. Such 

large strains are generated only when the stress path becomes very close to the 

failure line. Although the effective stress path converges to a limiting stress path, the 

stress-strain loop does not converge to a closed hysteresis loop due to significant 

increases in the values of shear strain. Some of the existing models can’t simulate 

this increase in shear strain although they are numerically robust in simulating the 

cyclic mobility. 

Problem 3: This part of the problems is related with the shape of the hysteresis loop. 

Hysteresis loop simulated with this formulation is more of a convex nature even the 

stress path is in the dilative zone. These problems can be solved by the introduction 

of an additional strength mτ∆ for shear strength. The related scheme is given as 

follows: 
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In Figure 6.13, an overall flow chart of the model is given: 

       Figure 6.13 Flow chart of the strain space plasticity model for cyclic mobility 

SHEAR MECHANISM 
(DEVIATORIC COMPONENT) 

 
For Each Virtual Shear Mechanism 
 

1. Virtual Shear Strain γ(i) 
2. Virtual Shear Stress  Q(i) 
3. Virtual Tangent Shear 

Modulus R(i) 
 

is obtained by using Hyperbolic 
Model+modified Masing Rules 
 

VOLUMETRIC MECHANISM 
(ISOTROPIC COMPONENT) 

 
1. Elastic, plastic and total 

shear work increments are 
obtained for the current 
strain increment. 

2. Shear Work Dependent  
Parameter S0 is obtained. 

3. State Variable S is obtained 
4. Effective mean stress state 

corresponding to the strain 
increment is obtained.  

5. When the  effective mean 
stress is valid, accumulated 
pore pressure can be found. 

6. Volumetric plastic strain 
      and 
7. Rebound modulus 

corresponding to the new 
effective mean stress state 
are obtained. 

According to the new effective mean stress , 
1.    Shear strength, shear modulus, reference strain. 
2. Current stress system (σx, σy ,τxy) 
3. Stress-strain matrix are updated. 

CONSTITUTIVE MODEL 

Displacement Increment ∆ut →  Strain Increment ∆εt 
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CHAPTER SEVEN 
 

THE FINITE ELEMENT CODE 
 
 

7.1  Introduction 

 
In this chapter, the components of the nonlinear dynamic finite element code 

developed for the time domain analysis of the problem stated in the second chapter 

of this thesis will be introduced. The code is written in Matlab 7.0 of which the 

capabilities on matrix operations and figure options are extensive. This is a very 

useful feature for the prelimanary coding purposes of dynamic nonlinear finite 

element code due to the fact that nonlinearity under dynamic loading conditıons is 

not an easy task to deal with using higher level of programming languages. A lot of 

things may go wrong and the code developer should be patient, should have an 

instinctive feeling about how the system will behave and understand the 

mathematical basis of the finite element method very well. Below is a quote from 

Irons and Ahmad (1986): ‘We have no idea of how many nervous breakdowns are 

precipitated by the persistent failure of computer programs to solve nonlinear 

problems…’. In the following sections, the components of the code as well as its 

feautures and some shortcomings are given.  

 

7.2   Components of the Dynamic Nonlinear Finite Element Code 

 
General flow chart of the FEM algorithm is presented in Figure 7.1. One should 

note that the main subroutine, which assigns major tasks to other subroutines and 

functions as a controller algorithm is named as “iai_main_undrained.m”. Subroutines 

of the FEM code were generated as distinct small programs. These files are called 

during FEM analysis and are expected to interact each other seamlessly. Maximum 

care has been spend in order to establish sound communication channels among forty 

six Matlab subroutine files.  
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Figure 7.1 Brief flow chart of the dynamic nonlinear FEM code 

INPUT DATA 
1. Data file for the prescribed 

displacements, velocities and 
accelerations 

2. Mesh control data 
3. Material properties 
4. Model Parameters 

PRE-PROCESSING PART 
1. Construction of the mesh 

1a. Obtain nodal coordinate data 
1b. Number the nodes and the elements 

2. Create data process arrays 
2a. ID array 
2b. IEND array 
2c. LMD array 

      3. Assign the coordinates related with the  nodes  
of each element 

4. Coding for the boundary conditions 
5. Gauss points 
6. Preparation for condensation 
7. Space allocation  

PROCESSING PART 
1. Evaluate the initial values for the 

material model 
2. Evaluate global mass matrix 
3. Evaluate initial global stiffness matrix 

and global force vector 
4. Evaluate initial global dispalcement, 

velocity and acceleration vectors 
5. FOR i=1: number of time steps 

INTEGRATE THE EQUATION OF 
MOTION IN TIME AND ALONG THE 
STRESS-STRAIN PATH OF THE 
CONSTITUTIVE MODEL 
END 

POST –PROCESSING 
Draw the deformed mesh  by using the 
calculated displacements at the end of the 
excitation  
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F
 

igure 7.1 Brief flow chart of the dynamic nonlinear FEM code (continue) 

FOR i=1: number of time steps 

1. Replace the prescribed displacements, velocities and 
accelerations corresponding to the i+1 th. time step in the 
corresponding global displacement, velocity and 
acceleration vectors.  

 
2. Evaluate known and unknown parts of the displacement, 

velocity and acceleration vectors corresponding to the i+1 
th. time step 

 
 
3. WHILE a > criteria for Newton-Raphson Algorithm 
 
                        3a. Update system matrices for each iteration   
                              and solve 
                      
                        3b. Evaluate displacement increment vector,  
                              Displacement vector,  velocity vector and   
                               acceleration vector the end of each iteration 
 
                        3c. Evalute strain increment vector 
 
                        3d. Evaluate strain increment vector for all the  
                              shear mechanisms on each element 
 
                         3e. ENTER THE SUBROUTINE FOR  
                               STRAIN SPACE PLASTICITY MODEL  
                               FOR CYCLIC MOBILITY 

 
       END 
4. Evaluate global displacement, velocity and acceleration  
        vector 
 
 
 
 

END 
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7.3    Sample Applications of the FEM Code   

 
7.3.1  Single Element Case 

 

This section is devoted to the discussion of the sample runs performed to check 

the validity of the program in case of soil-pile interaction problem stated in Chapter 

2. Initially, sample runs were obtained for the single soil element case afterwhich the 

assemblage of soil elements for SSPSI problem analysis was attempted. Typical 

results obtained from a single element run are presented which are in good agreement 

with the behaviour expected. In this single element run, harmonic boundary pile 

displacement shown in Figure 7.2. is applied to the element. The single soil-pile 

element is shown at the interface of the pile in Figure 7.3. 
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                        Figure 7.2 Harmonic displacement applied at the pile head 

 

At nodes 2 and 3 of the element in Figure 6.3, the soil element is hold against 

displacements bıth in x and y directions. For nodes 1 and 4, the pile displacement 

increment is the boundary condition along the x direction while these nodes are hold 
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in the y direction. The initial loading and hysteresis loops of the single soil element 

due to the mentioned dynamic loading conditions is shown in Figure 7.4. In addition, 

the initial loading and hysteresis loops for the virtual shear mechanisms are given in 

Figure 7.5. The close similarity in shape between the actual and virtual shear 

mechanisms are due to the fact that virtual shear mechanisms construct the behaviour 

of the actual shear mechanism. 

 

                  Figure 7.3 Single element case 
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                        Figure 7.4 Initial loading and hysteresis loops for a single element 
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             Figure 7.5 Initial loading and hysteresis loops for  the virtual shear mechanisms 

 

According to Figure 7.4, it is clearly observed that ,the code successfully 

represents the change in strength and stiffness of the soil single soil element under 

the applied dynamic loading conditions.The S-shape of the loops is due to the change 

in the effective mean stress state of the soil element (which is dilative for the studied 

case) occuring in parallel with the development of pore water pressure. The variation 

of effective mean stres, pore water pressure and the shear stres of the soil element 

with time are shown in Figures 7.6, 7.7 and 7.8, respectively.  

 

The variation of effective mean stress state of the soil element causes changes in 

the shear modulus, shear strength and reference strain as shown in Figure 7.9, 7.10 

and 7.11, respectively. 

 

A closer examination of the figures reveal that soil parameters such as shear 

strength, stiffness, effective mean stress are all dependent on the computed excess 

pore water pressure, which is the expected type of performance from the model. The 
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sudden reduction in shear modulus, however, is somehow large and needs further 

study. 
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                      Figure 7.6 Variation of effective mean stress with time 
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                      Figure 7.7 Variation of pore water pressure with time 
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                     Figure 7.8 Variation of shear stress with time 
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                     Figure 7.9 Variation of shear modulus with time 
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                         Figure 7.10 Variation of shear strength with time 
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                            Figure 7.11 Variation of the reference strain with time 

 

At this point it will be instructive to present Figure 7.12 which represents the 

numerical simulation of undrained behaviour of saturated sand sample under strain 
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controlled cyclic loading conditions. The soil constitutive model is one of the several 

constitutive models used in the verification studies of  the VELACS Project. The 

soil-pile interaction problem investigated in this thesis is a displacement controlled 

problem and therefore, Figure 7.12 supports Figure 7.4 which represents the shear 

stress-shear strain curve of the single element case. The single element case shows 

that the model part of the FEM code works.  

 
                                    Figure 7.12  Undrained Simple Shear Response to a Strain 

Controlled Cyclic Loading (Isotropic Initial Confining 

Pressure, No lateral Strains are allowed) (Lie, 1993) 

 
 

7.3.2   Assembled Case 

 

The real interaction between the rigid pile section and the saturated sand medium 

under dynamic loading conditions was analysed by using the mesh shown in Figure 

7.13. This is the same mesh used in linear dynamic analysis in Chapter 5 of this 

thesis. The results will be analysed by using the stripes of elements which enable the 

analysis of the behavior according to direction all around the rigid pile section.  

 

During nonlinear dynamic finite element analysis, erroneous results can occur 

because of the convergence problems due to inadequate selection of the mesh, of the 

time integration parameters and mishandling of the nonlinear integration algorithm 

(Newton-Raphson algorithm). Figure 7.14 shows such a problem in which the finite 
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element mesh can not demonstrate the expected deformation mode since the solution 

quickly converges out after a few time steps. This was one of the problems 

encountered during the construction of the FEM code.  At this point, such a problem 

has been necessary to mention since it emphasizes the difficulties of dealing with 

nonlinear dynamic finite element analysis. 

 
Figure 7.13 Finite element mesh used in nonlinear dynamic FEM                

analysis  

 

-60 -40 -20 0 20 40 60 80 100 120 140
-40

-30

-20

-10

0

10

20

30

40

50

60

X

Y

 

 

 

 

 

 

 

 

 

 

 
Figure 7.14 Inappropriately deformed mesh of the SSPSI         

problem analysis 
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     7.3.2.1 Analysis Results 

 

     A sample run using the model parameters of the loose Fuji River Sand (Iai, et al., 

1992) was performed under cyclic excitation with frequency of 1 Hz. Prescribed 

sinusoidal displacements, velocities and accelerations applied on the pile boundary 

with the soil medium under the frequency of 1Hz have been presented in Figures 

5.19 through 5.21. Uncoupled analysis has been performed. Model parameters used 

in the sample run are given as: 
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     Figures 7.15 through 7.23 represent the variation of σx with time for the selected 

elements on each stripe. Tendency of σx to decrease in the neighbourhood of stripes 

3 and 7 is the expected behaviour and very similar to the behaviour observed in the 

dynamic linear analysis. In addition, sign of  σx is negative when the pile applies 

compressive stresses on the sand medium while they become negative in case of 

extension stresses (i.e when the pile is unloading). Change of sign with the direction  

loading is best demonstrated in Figure 7.23 which is compatible with the expected. 

Here, the variation of σx with time is demonstrated for the first band of elements 

around the pile.  Comparing the Figures 7.15 through 7.23, it will be seen that 
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maximum normal stresses are obtained in the bands of elements very near the rigid-

pile section.  

 
Figure 7.15 Variation of σx with time for the elements (1, 49, 121, 

193, 265) along stripe 1 

 

 
Figure 7.16 Variation of σx with time for the elements (3, 75, 147, 

                              219, 267) along stripe 2 
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  Figure 7.17 Variation of σx with time for the elements (6, 78, 150, 

                               222, 270) along stripe 3 

 
 

 
                              Figure 7.18 Variation of σx with time for the elements (9, 81, 153,  

                              225, 273) along stripe 4 
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                             Figure 7.19 Variation of σx with time for the elements (12, 60, 156,  

                             204, 276) along stripe 5 

 
 

 
                              Figure 7.20 Variation of σx with time for the elements (15, 87, 135, 

                              207, 279) along stripe 6 

 



 155

 
                             Figure 7.21 Variation of σx with time for the elements (18, 90, 186, 

                             234, 282) along stripe 7 

 
 

 
                             Figure 7.22 Variation of σx with time for the elements (22,118, 166,  

                             238, 286) along stripe 8 
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     Figure 7.23 Variation of σx with time for the elements in the first band 

                            around the rigid pile section 

 
 
 
     Figures 7.24 and 7.25 represent the variation of σx and σy with the radial distance 

from the pile for each stripe, respectively. The calculated data corresponding to the 

end of initial loading (i.e 40 th. time step) is used for the construction of these 

figures. σx and σy have the tendency to decrease with the radial distance from the pile 

for all the stripes other than 3 and 7. These stresses reach their minimum values at 

stripes 3 and 7. 

 

     Figures 7.26 through 7.35 demonstrate the variation of shear stress and shear 

strain in the deforming medium around the rigid pile section. In Figures 7.34 and 

7.35, calculated data represents the stress state corresponding to the end of the initial 

loading. Shear stress and shear strain reach their maximum value at stripes 3 and 7 

which is expected. Besides, in the radial directions, shear stres and shear strain 

gradually increase at a distance in the vicinity of the pile and as the radial distance 

increases, shear stres and shear strain gardually decrease. This is the behaviour in all 

the stripes other than stripes 3 and 7. In these stripes, shear stres and shear strain 

have the max values at the pile boundary and they gradually decrease with the radial 

distance.  
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 Figure 7.24 Variation of σx with radial  distance from the pile for each stripe 

                      (Data represents the stress state at the end of the initial loading, 40 th. time step)                                           
 

 
 Figure 7.25 Variation of σy with radial  distance from the pile for each stripe 

                      (Data represents the stress state at the end of the initial loading, 40 th. time step)                                           
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                       Figure 7.26 Variation of τxy with time along stripe 1 

 

 
                     Figure 7.27 Variation of τxy with time along stripe 2 
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                     Figure 7.28 Variation of τxy with time along stripe 3 

 

 
                      Figure 7.29 Variation of τxy with time along stripe 4 
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                     Figure 7.30 Variation of τxy with time along stripe 5 

 
 

 
                     Figure 7.31 Variation of τxy with time along stripe 6 
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                     Figure 7.32 Variation of τxy with time along stripe 7 

 
 

 
                     Figure 7.33 Variation of τxy with time along stripe 8 
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Figure 7.34 Variation of τxy with radial  distance from the pile for each stripe 

                    (Data represents the stress state at the end of the initial loading, 40 th. time step)                                             
 

 
                     Figure 7.35 Variation of γxy with radial  distance from the pile for each stripe 

                     (Data represents the stress state at the end of the initial loading, 40 th. time step)                                            
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CHAPTER EIGHT 
 

CONCLUSIONS  
 
 
An attempt has been made to develop a nonlinear dynamic finite element algorithm to 

study seismic-soil-pile-structure interaction problem. The motivation behind this attempt was 

the investigation of seismic inertial soil-pile-structure interaction effects on the response of 

the surrounding soil to the laterally deforming pile. Emphasis has been given to the 

understanding of excess pore pressure development since this parameter governs the 

mechanism by determining effective stress field around the pile. 

 

Such an analysis needs the mathematical formulation of the dynamic porous medium, an 

adequate soil constitutive model representing the problem, the robust numerical procedures to 

be used in analysis with the finite element method and adequate determination of boundary 

conditions.  

 

In the proposed model, sinusoidal displacement boundary conditions are applied at the X 

global direction degree of freedoms of the nodes along the perimeter of the pile section. The 

nodes on the outer perimeter of the sand medium are constrained in both global X and Y 

directions. The fact that the sand medium should follow the rigid pile section while the pile 

makes cyclic displacements is represented adequately by this boundary condition 

configuration. Physically, the pile moving in the global positive X direction, generates 

compressive strains on the soil medium in front (right half of the mesh) and passive lateral 

stress state is formed. The reverse is true for the soil medium in back of the pile in which 

extension strains are generated and in active state of stress. Therefore, the failure conditions 

should be defined seperately for active and passive parts which should be taken into account 

in the constitutive model. Only with this modification, the model is expected to work properly 

for left and right halves of the finite element mesh. 

 

     The finite element discretization and solution of dynamic governing differential equations 

were made using well established FEM solution procedures. Governing equations for the 

dynamic behavior of porous medium were presented by Biot (1941) which are considered to 

be fully coupled. However, it is possible to obtain simpler coupled sets by applying adequate 

assumptions related with the nature of the problem. u-p coupled set and the coupled 
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formulation with undrained assumption can be used for the undrained dynamic analysis of  

saturated sand medium. u-p coupled set is suitable for implicit integration procedures. 

Additionally, when undrained conditions are considered, it is advised to apply more elaborate 

solution procedures (Zienkiewicz et.al, 1999). On the other hand, coupled system with the 

undrained assumption can be solved by using explicit integration procedures (Zienkiewicz et 

al., 1978). 

 

Coupled formulation with undrained assumption is used in the current version of the code 

which is solved using implicit integration procedures. In addition, u-p coupled formulation set 

which is completely effective stress based, can be effectively used in order to determine the 

distribution of pore pressures in saturated sand medium around the pile under dynamic 

loading conditions. 

 

A state of the art strain space plasticity constitutive model has been employed in the finite 

element program. It should be noted that both contractive and dilative soil behavior are 

accounted for in the utilized model. The effect of principal stress axes rotation is modelled in 

the framework of generalised plasticity by representing the shear mechanism with multiple 

shear mechanisms placed in different directions. Besides, the model involves numerical 

robustness features enabling computation of the soil response near failure line where the soil 

attains small strength and stiffness.  

 

Linear dynamic analysis of the soil-pile section interaction gave satisfactory results about 

the stress distribution around the pile under cyclic excitation (i.e sinusoidal prescribed 

displacements applied at the pile boundary with the soil medium). In case of nonlinear 

dynamic analysis, in which the strain space plasticity model has been incorporated into the 

FEM code, single element case gave satisfactory results indicating that the model subroutine 

of the code works properly. In case of nonlinear dynamic analysis with the assembled mesh, 

calculated stress distribution around the pile was compatible with the expected.  

 

     It should be stated that a very comprehensive work was made and a nonlinear FEM 

algorithm was developed which can be considered as a basis for a powerful analysis tool for 

the study of seismic soil dynamic and soil-pile interaction problems. The study was rather 

useful in the accumulation of a knowledge base for the analysis of similar nonlinear problems 

in other engineering fields. 
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